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Abstract

For a complete d-partite d-uniform hypergraph K(Aq,..., Ag), define its weight as >, | A;].
Consider covers and edge-disjoint exact partitions of an n-vertex d-uniform hypergraph into
such pieces. For every fixed d > 3 and 0 < € < 1, the worst-case minimum total weight among

n

hypergraphs with m < (1 —¢) (d) edges is

The formula is the same for covers and exact partitions. The lower bound uses an exact-density
random hypergraph; the upper bound repeatedly extracts density-sensitive balanced boxes and
then partitions the sparse remainder. Espuna’s extraction algorithm makes the construction
deterministic and polynomial-time. Cone examples show that the average total-weight scale W/n
need not control the maximum number of pieces through one vertex. Complete and near-complete
endpoint bounds are also given, while the sharp transition as v — 1 remains open.

1 Introduction

1.1 Background and motivating problem

All logarithms are natural unless a base is displayed; changing the base only changes constants
depending on d. Let H be a d-uniform hypergraph. A complete d-partite d-graph, or d-clique in the
terminology of [10], is a hypergraph

K(Ay,...,Aq) = {{a1,...,aq} : a; € A; for all i},

where the parts Aq,..., Ay are nonempty and pairwise disjoint. A family of such pieces is a cover of
H if every edge of H is contained in at least one piece, and it is an exact partition if every edge of H
is contained in exactly one piece. In both cases all pieces are required to be subhypergraphs of H.

Krapivin, Przybocki, Sanhueza-Matamala, and Subercaseaux [10| prove the optimal worst-case
local partition theorem for uniform hypergraphs in Theorem 5 of their full version and, separately,
the density-aware graph partition theorem in full-version Theorem 7. Their hypergraph framework
continues the local-decomposition program of Csirmaz, Ligeti, and Tardos [8]. The motivating
direction is the first item of their Section 10:
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Problem 1 (Krapivin et al., full version, Section 10 [10]). Study analogous density-aware results
for d-uniform hypergraphs, with edge density v; = |E(H)|/ (Z)

This is a broad future-work direction rather than a numbered conjecture. The main theorem
answers its total-weight reading for fixed d away from the complete endpoint. It does not determine the
worst-case local-load function at each density. Instead, it identifies a link-concentration obstruction
showing why the total-weight answer divided by n is not a valid maximum-load principle.

The balanced complete-partite subgraph used in the upper bound belongs to the classical
hypergraph Zarankiewicz theory initiated by Erdés [3]. Espufia recently gave a deterministic
polynomial-time algorithm attaining the same order of balanced part size, with explicit density
dependence [4]. Exact partitions of random uniform hypergraphs were studied by Peng [6]; that work
optimizes the number of pieces in a random model, whereas the present result concerns worst-case
total weight at a prescribed edge count.

1.2 Contribution

For a piece P = K(Ay,...,Ay) write

d

d
w(P) =Y |Ail,  eP)=]]lAl
=1

=1

For a cover or partition P, set

W(P)=> wP), L(P)= e {PeP:veV(P)}.
PcP

For later comparison with the complete endpoint, define

Weoy(H) = min{W (P) : P is a cover of H},

Woart (H) = min{W (P) : P is an exact partition of H},
Leov(H) = min{L(P) : P is a cover of H},
Lpart(H) = min{L(P) : P is an exact partition of H}.

The central contribution is the following.

(i) Theorem 2 determines, up to constants depending only on d and the distance from density one,
the worst-case total weight of both covers and exact partitions at every edge count.

(ii) Theorem 3 exhibits link concentration that forces one vertex to have much larger load than the
average W/n, so a local theorem requires information beyond global density.

(iii) Theorem 4 and Proposition 22 place the non-dense result against the complete and small-
complement regimes and isolate the remaining dense transition.

The link example that follows quantifies a limitation already visible in Example 25 of the full version
of Krapivin et al. [10]. The complete-endpoint section is included as context: it presents weighted
reformulations of classical Graham—Pollak 9], Katona—Szemerédi [5], and Alon [1] results, rather
than claiming new endpoint determinations.



Theorem 2 (Density-aware total weight away from the complete endpoint). Fizd > 3 and 0 < e < 1.
Let M = (Z), let 1<m<(1—¢e)M, and put v =m/M. Among all n-vertex d-uniform hypergraphs
with m edges, the worst-case minimum total weight of an exact partition into complete d-partite

pieces s
log(1
9d5<mmin {1, M}) .
’ logn

The same asymptotic formula holds for covers.

The lower bound is a density-controlled random construction; the upper bound is a density-
sensitive extraction and peeling argument. The theorem gives ©4(m) in the sparse range m < n~!

and log(1
o
0. (m12211)
logn
in the intermediate range 1/n <v <1 —e.

Theorem 2 supplies an average-load bound W/n for its constructed partition. The next theorem
shows that this average need not control the busiest vertex.

Theorem 3 (A link-concentration example). Fizd >3, let N >d—1, and let n > N + 1. Let U
have N vertices, add an apex x and n — N — 1 isolated padding vertices, and let

H={{z}US:5¢ <d?1>}.

Then H is an n-vertex hypergraph of density ©4(N9='/nd). Writing k = |(d — 1)/2], every ezact
partition has apex load at least

(%) } d-1)/2
max{ N —d+2, = = Qy( NLd-D/2] :
{ ) ( )

and every cover has apex load at least [logy(N —d + 3)].

For instance, if N = n® with 0 < a < 1/(d — 2), then the apex lower bound Q(N) for partitions
is asymptotically larger than the average scale |E(H)|/n = ©4(N%'/n). Thus link data are
indispensable for a per-instance local statement at the total-weight scale. Determining the density-
constrained worst-case local parameter remains open.

The complete endpoint also behaves differently from the entropy-type non-complete formula.

Theorem 4 (Complete endpoint benchmarks). For fivred d > 2, covers of the complete d-uniform
hypergraph KT(Ld) have optimal total weight ©4(nlogn) and optimal mazimum load ©4(logn).

For exact partitions and fixed d > 3,

Whart (K0) > Qa(nl 1), Lyt (K1D) > Qa(nl 2171,

and there is an exact partition with

Wpart(Ky(Ld)) S Od (n’—d/z“ (log n)ld even) , Lpart(qud)) S Od (nlrd/Q‘lfl(log n)ld even) i
In particular, for odd d = 2s + 1 the ezact-partition values are ©4(n*Tt) for total weight and ©4(n*)
for mazimum load.

The remaining dense transition v — 1 is not settled here. Section 4.3 records repair bounds

for K}Sd) with few missing edges, but these do not yet interpolate sharply between Theorem 2 and
Theorem 4.



2 Total weight away from the complete endpoint

2.1 The random lower bound

Lemma 5 (Exact-density random lower bound). Let M = (7)), let 1 <m < M, set v =m/M, and

put
logn }
R=max<1l, ———— .
{ log(1/7)

For fized d, there is an m-edge d-uniform hypergraph H on [n] such that every complete d-partite
subhypergraph P C H satisfies
€(P) S CdR w(P)

Consequently every cover or exact partition P of H satisfies

W(P) chmmin{l,lolgo(glq/j)}.

Proof. Choose H uniformly among all m-edge subhypergraphs of ([Z]). Fix an ordered candidate
piece P = K(Ay,...,Aq) with total part size s = w(P) and edge count a = e(P). If a > m, then
P C H has probability zero. Otherwise

Pr(P C H) = < () =0
(P e H)= (M) —(M) -
For a fixed s, the number of ordered choices of pairwise disjoint parts with total size s is at most
(M)d* < (dn)*. Since Rlog(1/v) > logn, if a > K4Rs then
Pr(P C H) < exp[—KyRslog(1/7)] < n~Kas,

The probability that some ordered candidate of total size s and edge-to-weight ratio above K R is
contained in H is therefore at most

(dn)sn—de _ dsn—(Kd—l)s_

For K, sufficiently large, summing over s > 1 gives o(1). Hence with positive probability every piece
contained in H has e(P) < CqRw(P).
For such an H, if P covers H, then

m=|EH)| <Y e(P)<C4R> w(P)=CaRW(P).

PeP pPeP
Since lox(1
Rl min{l, og( /7)}7
logn

the claimed lower bound follows. Exact partitions are a special case of covers for this argument. [



2.2 Sparse ordered-star partitions

Lemma 6 (Sparse universal partition). Every m-edge d-uniform hypergraph on an ordered vertex
set has an exact partition into complete d-partite pieces with

W§m+(d—1)min{m, (d:)} < dm.

Proof. For each (d — 1)-set S = {s1 < -+ < 841}, define
T(S)={v:sq_1 <v, SU{v} € E(H)}.

If T'(S) is nonempty, form
Ps = K({s1},...,{sa-1},T(9)).

This piece is contained in H. Every edge {z1 < --- < 24} belongs to the unique piece indexed by
S ={x1,...,24-1}. Thus these pieces form an exact partition.
Their total weight is

Y ((d=D)+|T(S)]) =m+ (d—1){S: T(S) # 0}.
S:T(S)#£0

The number of nonempty S is at most m and at most ( dfl), proving the bound. O

2.3 The extraction lemma

The upper bound in the intermediate-density range uses a complete partite piece with a density-
sensitive edge-to-weight ratio. For constant density, the existence of a balanced box of this order is
classical [3]; the lemmas below give the precise variable-density form needed by the peeling argument.

Lemma 7 (Homomorphic boxes). Let G be an r-partite r-uniform hypergraph with vertex classes
X1,..., X, and partite density

e(G)
[ Xa] - [ X ]

If one chooses independently and uniformly ordered s-tuples x; € X} for i = 1,...,r, allowing
repetitions, then the probability that all s™ transversals are edges of G is at least o

o =

Proof. The proof is by induction on r. The case r = 1 is immediate. For r > 2, first expose
X1,...,Xp—1. Let Z be the fraction of vertices y € X, such that every transversal using y in the last
coordinate is an edge. Conditional on the first » — 1 tuples, the last tuple completes a homomorphic
box with probability Z¢, so the desired probability is EZ*.

For y € X,, let oy, be the partite density of the link of y on X;,...,X,_1. By the induction
hypothesis,

IX\ Z = IX\ Doy =a

yeXr

where Jensen’s inequality is used and the average link density is a. A second application of Jensen
gives

T

EZ* > (EZ)*®



Lemma 8 (Balanced honest box). Let G be a d-partite d-uniform hypergraph with vertex classes
X1, ..., Xgq, mintmum part size Ny, and partite density p. If

N*psd_1 > 4d32,
)

then G contains a copy of Ks(ds with s distinct vertices in each class.
Proof. Choose random ordered s-tuples in X1, ..., X4_1, allowing repetitions. Let Y be the number
of vertices y € X, that complete all transversals. By Lemma 7 applied to links and Jensen’s
inequality,

EY > |Xqp* .

Let B be the event that at least one of the first d — 1 sampled tuples has a repeated entry. By the
union bound,

d—1
(5) _ ds®
Prif) < 2; Xi] = 2N,

Writing 8 = p*' ', the hypothesis gives Pr(B) < /8. Since always Y < | X/,

7 7
E(Y15) 2 |Xal8 ~ | Xal Pr(B) = {|Xul8 > (N5 >

Thus some repetition-free choice of the first d — 1 tuples has at least s common neighbors in Xj.
Choosing any s of them gives the required honest complete d-partite box. O

Lemma 9 (Balanced slice). Let H be a d-uniform hypergraph onn vertices with density p = e(H)/(}}).
Put N = |n/d|. There are pairwise disjoint sets Xi,...,Xq C V(H), each of size N, such that the
transversal d-partite subhypergraph across them has partite density at least p.

Proof. Choose the ordered disjoint N-sets uniformly at random. For a fixed edge e € E(H), the
probability that it is transversal across the selected classes is

dIN?
(n)a

The expected number of transversal edges is therefore e(H)d!N%/(n)q. Dividing by the total number
N4 of possible transversals, the expected partite density is

dle(H) e(H)
(n)d (%)
Some choice has density at least the expectation. O

Proposition 10 (Non-dense extraction). Fixz d > 2 and qo > 0. There is ¢ = ¢(d, qo) > 0 such that
every nonempty n-vertex d-uniform hypergraph H of density p with ¢ = log(1/p) > qo contains a
complete d-partite piece P C H satisfying

iy e i)




Proof. The finitely many small n may be absorbed into the constant, so assume n is large in terms
of d and ¢qo. Put T'=logn/q.

If T is bounded by a constant Tj, a single edge gives e(P)/w(P) = 1/d, which is a constant
multiple of max{1,7T"} after decreasing c.

Assume T > Ty. Choose a constant a € (0,1) with a~! < 1/2 and set

s = LaTl/(d_l)J .

For Ty large, s > (a/2)T"/(4=1) > 1. By Lemma 9, H has a balanced d-partite slice with all parts of
size N = |n/d| and partite density p’ > p. Since s9~! < a?~1T,

(')’

Also 52 < a?(logn/qo)?/ (4=, Because 1 — a® ! > 0, for all sufficiently large n we have

d—1 1 d—1

> p = exp[—gs? ] >0

gd—1

N > 4ds>.

(d)

Lemma 8 gives a copy of K, ', inside H. For this piece,

d d—1
e(P) _ s s 20’(d,qo)10gn.
q

This proves the proposition. O

2.4 Peeling proof of the upper bound

Proposition 11 (Non-dense total-weight upper bound). Fizd > 2 and g9 > 0. There is C = C(d, qo)
such that every n-vertex d-uniform hypergraph H with m edges, M = (Z), density v = m/M, and
0 <~ <e D has an exact partition into complete d-partite pieces with

W < Cmmin{l,bg(w}.
logn

Proof. Let g = log(1/v). If ¢ > logn, then v < 1/n and Lemma 6 gives W < dm, which is the
desired bound.

Assume ¢ < logn. Then m > M /n. Starting with Hy = H, repeatedly apply Proposition 10 to
the current hypergraph H; while its edge count x; = e(H;) is greater than M /n. Put

¢ = log(M/x;).

Since z; < m and x; > M/n, we have gy < ¢; < logn. The extracted piece P; satisfies

e(F;) - clogn
w(B) ~

Let a; = e(F;). Then

a;q;
P) < :
wh) < clogn

Delete the edges of P; and continue. When the process stops, let H, be the leftover hypergraph,
with z, = e(H,) < M/n. Partition H, by Lemma 6, at cost at most dz, < dM/n.



It remains to estimate the peeled cost. During step ¢, the edge count decreases from x; to x; — a;.
Since y — log(M/y) is decreasing,

;

a;q; S/ log(M/y) dy.
T;—ay;

Summing all steps gives

S eiai < [ log(M/y) dy < mlog(M/m) +m = mlg + 1)

Thus the peeled pieces have total weight at most

m(q+1) mq

<
clogn > Cl(da qO)

logn’

The leftover cost is absorbed in the same scale. Since m > M /n, we have v > 1/n. There is
co = ¢o(qo) > 0 such that

logn

Ylog(1/7) = co (1/n <y < &),

n

Indeed, if v < e~! the function ¢log(1/t) is increasing on [1/n,e!], and if v > e~! then go < 1 and
ylog(1/7) > e tqo. Since m = yM and q = log(1/7), rearranging this inequality yields

mq
M/n <C —
/n < Calao) 1 on
Therefore the leftover ordered-star cost also has size Og4,(mg/logn). Since ¢ < logn, this is exactly
the asserted intermediate-range bound. O

Proof of Theorem 2. The lower bound is Lemma 5. For the upper bound, apply Proposition 11 with

qo = —log(1 —¢),

because m < (1 — )M means 7 < e~ 9. The proposition gives an exact partition and therefore also
a cover. The lower bound applies to both covers and partitions, so the two estimates match up to
constants depending only on d and e. 0l

Corollary 12 (Polynomial-time construction). For fired d > 3 and 0 < & < 1, an ezact partition
attaining the upper bound in Theorem 2 can be found by a deterministic polynomial-time algorithm.

Proof. For a current hypergraph of density p, Espuna’s algorithm [4, Thm. 1; arXiv v2, Thm. 1.2]
finds in polynomial time a balanced complete d-partite subgraph with side length

=[]

returning a single edge when this quantity is smaller than two. Throughout the peeling regime,
g = log(1/p) > qo = —log(l — ¢), and hence log(16/p) = ¢ + log16 = O.(q). The returned
piece therefore has the same edge-to-weight order Q4 .(max{1,logn/q}) used in Proposition 11.
Repeatedly call this algorithm, delete the edges of the returned piece, and finish with the ordered-star
partition from Lemma 6. At least one edge is removed per call, so there are at most m calls; the
construction and the output are polynomial in the input size. The cost analysis of Proposition 11 is
unchanged. O



3 Maximum load and link obstructions

We use two elementary facts about complete graphs. They are included to make the link argument
independent of external decomposition theorems.

Lemma 13 (Bicliques in a complete graph). An ezact partition of K, into complete bipartite graphs
has at least r — 1 pieces. A cover of K, by complete bipartite graphs has at least [logy | pieces.

Proof. Suppose first that K, is exactly partitioned by K(A;, B;), 1 <i < k, and that k < r — 1.
The homogeneous equations

i%:o, d ay=0 (1<i<k)
v=1

vEA;
impose fewer than r linear constraints, so they have a nonzero real solution x. Exactness gives

k

Z:L‘uxvzz qu va = 0.

u<v i=1 \u€A; veDB;

On the other hand, the first constraint gives

2
Zd?uxv:% (va> —Zx% :—%Za:%<0,
v v v

u<v

a contradiction. This is the Graham-Pollak argument [9].

For a cover, orient the two sides of each of its k bicliques and assign to each vertex v the set
C(v) of indices for which v lies on the first side. If u # v, some biclique covers uv; in that biclique
one endpoint is on the first side and the other on the second, so C(u) # C(v). Thus the r vertices
receive distinct subsets of [k], whence r < 2. O

Lemma 14 (Link trace). Let H be a d-uniform hypergraph and v € V(H). If P is an ezxact partition
of H into complete d-partite pieces, then the pieces containing v induce an exact partition of the link
Ly (v) into complete (d — 1)-partite pieces. If P is a cover, they induce a cover of the link.

Proof. Suppose P = K(Aq,...,Aq) contains v, say v € A;. Its trace on the link of v is
K(Al, R ,Aj_l,Aj_H, . ,Ad).

Every edge of this trace, together with v, is an edge of P and hence of H. Conversely, every edge
S € Ly (v) corresponds to the d-edge S U {v}, which is covered by some piece containing v. In the
partition case the covering piece is unique, so the induced link pieces are also an exact partition. [

Proof of Theorem 3. The link of the apex z is the complete (d — 1)-uniform hypergraph on U. By
Lemma 14, every piece containing x gives a complete (d — 1)-partite piece in this link.

For exact partitions, fix an (d — 3)-set S C U; when d = 3, take S = (). Restrict attention to link
edges containing S. After deleting the fixed vertices of S, these edges are precisely the edges of a
complete graph on N — d + 3 vertices. The induced traces of the (d — 1)-partite link pieces give an
exact biclique partition of this complete graph. Lemma 13 gives at least (N —d+3) —1=N —d+2
bicliques. Hence the apex load is at least N —d + 2.



There is also a stronger higher-rank estimate. The link traces themselves form an exact partition
of K](\?_l). Lemma 19, applied with » = d — 1 and k = |[(d — 1)/2], shows that their number is
at least (]IZ ) / (dzl). Taking the larger of the two lower bounds gives the asserted exact-partition
estimate.

For covers, the same restriction gives a biclique cover of Kx_g+3. The second assertion of
Lemma 13 gives apex load at least [logy(N —d + 3)].

Finally,

pani= () B - euv

-1 (@

4 Known endpoint benchmarks and weighted reformulations

4.1 Covers of the complete hypergraph

The minimum total order of complete partite pieces covering a complete uniform hypergraph was
studied by Radhakrishnan [7] and, in the modern hypergraph-covering literature, by Babu and
Vishwanathan [2]|. In particular, the ©4(nlogn) total-weight scale below is known. A proof is
included to relate that parameter to the maximum-load notation used here.

Lemma 15 (Weighted biclique-cover bound). If bicliques K(A;, B;) cover K,, then

Z(‘Az" + |Bi|) > nlogyn.

(2

Proof. Orient the two sides of each biclique. For every vertex v, form a partial word o, € {0, 1, *}*:
its ith coordinate is 0 when v € A;, is 1 when v € B;, and is * otherwise. Let ¢(v) be the number
of specified coordinates, and let @, C {0,1}* be the subcube of binary words extending o,. Then
‘Qv‘ — 9k—c(v)

If u # v, a biclique covering uv assigns opposite bits to u and v in some coordinate. Consequently
Q. N Q, = . The subcubes therefore satisfy

Z ok—c(v) < ok or equivalently ZQ*C(”) <1.
v v

Since x +— 277 is convex, Jensen’s inequality yields

-1 1
9—n" 2,c(v) « Z N T o—c(v) <
s EU <

S |-

Thus >, c(v) > nlogyn. Counting specified coordinates by bicliques instead of vertices gives

>y e(v) = 25(1Ail + [ Bil). =

Proposition 16 (Known complete-cover endpoint). For fived d > 2, covers of KT(Ld) by complete
d-partite pieces have optimal total weight ©4(nlogn) and optimal mazimum load ©4(logn).

Proof. For the upper bound, take k = Cylogn independent random colorings f; : V(Kfld)) — [d]. A

fixed d-set is rainbow under one coloring with probability pg = d!/d? > 0, so for Cy large enough
the probability that some d-set is rainbow under none of the colorings is below 1. Hence there
are Og4(logn) colorings so that every d-set is rainbow in at least one. Each coloring gives one

10



complete d-partite piece with parts f;l(l), ce f;l(d), of weight n. These pieces cover K,(ld), giving
W = Og4(nlogn) and L = Og4(logn).

For the lower bound, let P be any complete d-partite cover. From each piece P = K(A4,...,Ay)
form all (g) bicliques K (A;, A;) for i < j. Their total weight is (d — 1)w(P). These bicliques cover
the complete graph K,: any pair of vertices can be extended to a d-edge, and any piece covering
that edge places the pair in two distinct parts.

Lemma 15 says that the induced biclique cover has total weight at least nlog,n. Therefore
(d—=1)W(P) > nlogygn, so W(P) = Q4(nlogn). Since L(P) > W(P)/n, the load lower bound
follows. O

4.2 Exact partitions of the complete hypergraph

Alon proved that the minimum number of complete r-partite pieces in an exact partition of K,(f)
is ©,(nl"/2)), and that the exact value for r = 3 is n — 2 [1]. The split-product construction and
inclusion-matrix argument below are weighted versions of this classical Graham—Pollak line; they are
retained to track total weight and local load.

Lemma 17 (Weighted split-product construction). For fized d > 2, K,(Ld) has an exact partition into
complete d-partite pieces with

W g Od<n’—d/2-‘ (logn)ld even) , L S Od(n"d/Q.l_l(lOg n)ld even) .

Proof. Define recursively a family D, (V') of complete r-partite pieces partitioning (‘;) If <,
take the empty family. For r = 1 and V # &, take the single 1-partite piece on V. In the
remaining case r > 2 and |V| > r, split V.= AU B as evenly as possible. Include the pieces of
D,(A) and D,(B), and for every 1 < k < r —1, every P = K(Py,...,P;) € Di(A), and every
Q=K(Q,...,Qr_) € D,_(B), include the product piece

P®Q:K(Pla"'7P/<37Q11"'7Q'r'—k)-

Every r-edge e has a unique value k = [eN A|. If k = 0 or k = r, induction partitions it inside one
side. If 1 < k <r — 1, induction gives unique pieces covering e N A and e N B, and their product
covers e. Thus D, (V) is an exact partition.

Let Cy(n), Wy(n), Ly(n) denote the number of pieces, total weight, and maximum load in this
recursive construction. The product rule gives, for a = [n/2| and b = [n/2],

r—1
Cr(n) < Cr(a) + Cr(b) + > _ Ci(a)Cr_g(b),
k=1

r—1
Wi (n) < We(a) + We(b) + > _(Cr—r(b)Wi(a) + Cr(a)Wy_p(b)),
k=1

and, after bounding separately the load of vertices in A and in B,

r—1
Lr(a) + OT (Z Cr—k(b)Lk(a)> )
L,(n) < max o

L)+ or(

11



Both alternatives are estimated below with the actual values a = |n/2] and b = [n/2]. The
inductive estimates apply separately to a and b; since each is at most [n/2]| and h(a), h(b) < h(n),
no monotonicity of C, or L, is being assumed. We verify the asymptotics rather than suppressing
the parity bookkeeping. Put h(n) = log(2n). Unrolling a two-sided recurrence

F(n) < F(|n/2])+ F([n/2]) + KnPh(n)?

by levels shows that the level-j toll is at most KnP2~7P=Dh(n)9. Hence F(n) = O(nPh(n)?) for
p > 1, while for p = 1 there are O(h(n)) nonzero levels and F(n) = O(nh(n)4!). Similarly, a
one-sided recurrence G(n) < G([n/2]) + KnPh(n)? has order O(nPh(n)?) for p > 0, and O(h(n)?)
for p = 0.

We prove simultaneously, by induction on r, that

Co(n) = O, (nLr/QJh(n)"’"> , (1)
We(n) = Oy (nI"/ () ), (2)
L.(n) = O, (nfr/ﬂ—lh(n)‘%) : (3)

where 7, = 1 for odd r > 3 and is zero otherwise, while 6, = 1 for even r and is zero for odd r. The
caser=1is C; =1, Wy =n, and L1 = 1.

For the piece count, r = 2 has constant cross toll and hence Cs(n) = O(n). For r = 3,
the two cross terms are Cj(a)C2(b) + C2(a)Ci(b) = O(n); the p = 1 recurrence therefore gives
C3(n) = O(nh(n)). If r = 2s > 4, every even—even product among the cross terms has order O, (n®),
while an odd-odd product has order O,.(n*"th(n)?) = O,(n®). Thus the cross toll is O,(n®) and the
p = s > 1 recurrence gives Cos(n) = O,(n®). If r =2s+ 1 > 5, one factor in every cross product has
odd uniformity and the other even uniformity; the toll is O,(n°h(n)). Since s > 1, the two-sided
recurrence preserves this order. This proves (1).

For total weight, r = 2 has toll O(n) and hence Ws(n) = O(nh(n)). For even r = 2s > 4, each
term Cp_p Wy, + CpW,._i has order O,(n°h(n)): an even weight factor supplies one logarithm, while
an odd count factor supplies it in the opposite parity case. The two-sided recurrence with s > 1 gives
Was(n) = Op(n®h(n)). For odd r = 2s+ 1, the terms pairing an even count with an odd weight have
order O,(n*t1); the remaining terms are O, (n*h(n)?) = O,(n**!). Since s + 1 > 1, the recurrence
gives Was11(n) = O,(n*T1). This proves (2).

Finally consider the one-sided load recurrence. For r = 2 its cross toll is constant, so La(n) =
O(h(n)). For even r = 2s > 4, every cross term C,_jLy is O,(n*"1h(n)); since s — 1 > 0, the
one-sided recurrence preserves this order. For odd r = 2s+ 1, the cross toll is O,(n®): the potentially
logarithmic terms have the smaller order O,.(n*~*h(n)?) and are absorbed. The one-sided recurrence
gives Lost1(n) = Or(n®). This proves (3). Taking r = d establishes the lemma. O

Lemma 18 (Full row rank of inclusion matrices). Let 0 < k <m < N — k. Form the matriz I,?fm
whose rows are the k-subsets S C [N], whose columns are the m-subsets U C [N], and whose (S,U)
entry is 1 when S C U and is 0 otherwise. Then Iévm has full row rank over R.

S es= @

Proof. Suppose coeflicients cg satisfy

for every m-set U. We prove cg = 0 by induction on k. For k = 0 this is immediate. Let k > 1,
fix distinct x,y € [N], and write Q = [N]\ {z,y}. For every (m — 1)-set R C €, subtract (4) for
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RU{z} and for RU{y}. The terms indexed by subsets of R cancel, leaving

Y (cavtay — cavgyy) =0

ACR
|A|=k—1

The induction hypothesis applies on the (N — 2)-element ground set with parameters k — 1, m — 1,
because k —1 <m —1< (N —2) — (k—1). Hence cyuqzy = caugy) for every (b —1)-set A C Q.
Thus two k-sets that differ by one element have equal coefficients. The graph of k-sets joined by
one-element exchanges is connected, so all coefficients equal a common value c¢. Substitution into (4)
gives (T]g)c =0, and therefore ¢ = 0. O

Lemma 19 (Rank lower bound for complete partitions). Let r > 2, n > r, and k = [r/2]. Every
(r)

exact partition of Ky’ into complete r-partite pieces has at least

()
()

preces.

Proof. Put £ =r — k. Let D be the matrix whose rows are k-subsets S C [n], whose columns are
(-subsets T' C [n], and whose entry is 1 if SNT = () and 0 otherwise. Complementing a column
identifies D with the inclusion matrix whose columns are the (n — £)-sets. Since n > r =k + ¢ and
£ > k, the inequalities k <n — ¢ < n — k hold. Lemma 18 therefore gives

rank(D) = (Z)

For one complete r-partite piece P = K (A1, ..., A,), the corresponding submatrix D decom-
poses as
= Z uvy,
IC[r]
[|=k

where uy indicates k-sets choosing one vertex from each part A; with ¢ € I, and vy indicates ¢-sets
choosing one vertex from each complementary part. Hence rank(D”) < (}).

If Pp,..., P, exactly partition K,ST), then D = Zﬁzl DPi. By rank subadditivity,

t
<Z> = rank(D Z rank( DP <l:>’

=1
which proves the claim. O

Proof of Theorem 4. The cover statement is Proposition 16. The exact-partition upper bounds are
) and fix a vertex v. By Lemma
14, the pieces containing v induce an exact partition of the link of v, namely K ( ) Lemma 19
applied with r = d — 1 implies that at least Qg(nl@=1/2]) = Qg (nld/ ﬂ 1) pieces contam v. This is
the load lower bound. Summing over all v gives the total-weight lower bound.

For odd d = 2s+1, the lower and upper exponents match exactly: W = 04(n’t!) and L = ©4(n?).

For even d = 2s, the bounds differ by at most one logarithmic factor. O

Lemma 17. For the lower bounds, let P be an exact partition of Ky, (

13



Example 20 (The median partition of K,sg); [1]). Order the vertices 1 < 2 < --- < n. For each
2<b<n-—1,let
P,=K({1,...,b—1}{b},{b+1,...,n}).

The edges of P, are exactly the triples whose median is b. Every triple has a unique median, so the
n — 2 pieces P, form an exact partition. Every piece has weight n, and every vertex belongs to every
piece; hence

W =n(n-2), L=n-2.

These values are optimal. Indeed, for every vertex v, the link-trace lemma turns the pieces containing
v into an exact biclique partition of K,_1. Lemma 13 forces at least n — 2 such pieces. Thus every
vertex has load at least n — 2, and summing the loads gives weight at least n(n — 2).

4.3 Near-complete repair

Lemma 21 (Deleting forbidden transversals from one box). Let B = K(Ai,...,Aq) and let
Fp C E(B) with |Fg| = h. Then E(B)\ Fp has an exact partition into complete d-partite bozxes

with total weight at most
(1+(d—1)h)w(B),

and every vertex of B has local load at most 1 + (d — 1)h inside this repair.

Proof. Delete the forbidden edges one at a time. Suppose the current exact partition contains a box
Q = K(C4,...,Cy) containing the next forbidden edge f = {x1,..., 24} with z; € C;. Replace @
by the boxes

K({xl}, ceey {.%'j_l}, Cj \ {.’Ej}, Cj+17 ce ,Cd), j = 1, ce ,d,

discarding empty boxes. Every edge of @ \ {f} has a first coordinate in which it differs from f, and
this first differing coordinate assigns it to exactly one replacement box. Thus the replacement is an
exact partition of E(Q) \ {f}.

Each replacement box has weight at most w(Q) < w(B). Therefore one deletion step increases
total weight by at most (d — 1)w(B) and increases the load of any fixed vertex by at most d — 1.
Starting from the single box B and performing A steps proves the lemma. O

Proposition 22 (Near-complete exact partitions). Let H = KW \ F with |F| =t and fized d > 3.
Then H has an exact partition with

W < Oy (nfd/ﬂ (log n)e ) +(d—1)nt

and
L <0y (n(d/ﬂ—l(log n)ta ) +(d— 1)

Conversely every exact partition satisfies

W > cqnl¥/?l — dt, L > cqn!#/?1-1 dt/n.

Proof. Start with the recursive exact partition of K;Ld) from Lemma 17. For each complete box P in
that partition, let Fp = F'N E(P). The sets Fp partition F. Apply Lemma 21 to P with forbidden
set Fp. Since every original box has weight at most n, the total added weight is at most

(@—1)n Y |Fp| = (d— nt,

P
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and the load at each vertex increases by at most (d — 1)¢. This gives the upper bounds.

For the lower bounds, let P be an exact partition of H. For each vertex v, let t,, be the number
of missing edges containing v. The link Ly (v) is obtained from KT(Ld__ll) by deleting ¢, edges. The
pieces of P containing v exactly partition this link. If we add each missing link edge as a singleton
complete (d — 1)-partite piece, we obtain an exact partition of Kfld__ll)

Lemma 19 gives

using at most ¢p(v) +t, pieces.

Up(v) + ty > cqn!¥?1-1,

Thus £p(v) > ¢qn!¥?1=1 —t,. Summing over v and using >, tv = dt gives the weight lower bound,
choosing a vertex with ¢, < dt/n gives the load lower bound. O

Remark 23. Proposition 22 is useful only in small-complement regimes. It does not determine the
full transition between the non-dense formula of Theorem 2 and the complete-endpoint behavior of
Theorem 4. The corresponding transition for covers is also open.

5 Concluding remarks

Theorem 2 gives a sharp density-sensitive answer to the total-weight part of Problem 1 whenever the
edge density stays a fixed distance below one. The proof is robust across the sparse/intermediate
boundary: singleton-prefix pieces are optimal at the sparsest scales, while balanced boxes of side
O((logn/log(1/4))/(¢=1) drive the intermediate peeling argument. The exact-density random
model supplies matching obstructions for both covers and partitions.

Three issues remain outside the result. First, the transition 7 = 1 — o(1) is not determined by
either the non-dense extraction theorem or the linear-in-the-number-of-holes repair. Second, for even
uniformity the weighted exact complete endpoint still has a logarithmic gap. Third, Corollary 12
supplies a polynomial-time implementation, but a near-linear or output-sensitive algorithm with
a sharp running-time bound remains open. On the local side, the cone example shows that link
concentration must be incorporated before one can expect a per-instance theorem comparable to the
total-weight scale.
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