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Abstract

An allocation of indivisible goods is MMS-fair if every agent re-
ceives at least her maximin share, and such allocations need not
exist. We classify the complexity of exact maximin shares for addi-
tive valuations, with the values encoded in binary or in unary. With
values in binary, computing a maximin share is OptP-complete
and computing an MMS-fair allocation is FPNP-complete, already
for two agents with identical valuations. With values in binary,
deciding whether an MMS-fair allocation exists is PNP-complete,
already for four agents holding three distinct valuations. With
values in unary and the number of agents part of the input, com-
puting a maximin share is OptP[O(log n)]-complete and comput-
ing an MMS-fair allocation is complete for Chen and Toda’s class
FNP /OptP[O(log n)], again with identical valuations. In the same
setting, deciding existence is PNP [O(log n)]-complete. An MMS-
fair allocation always exists if all agents but one share a valuation;
so the two existence results need agents with differing valuations,
and the two computation results do not. All four reductions share
one framework, in which a common weight fixes the admissible
partitions and small charges encode a formula, and each uses one of
two devices for satisfiability, one for each encoding. The proofs were
found, and this text was written, in interaction with Anthropic’s
Claude models; the human author has checked the proofs in the
main text, but not yet those in the appendix.
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1 Introduction

The maximin share of an agent is the value she can guarantee herself
by dividing the goods into as many bundles as there are agents
and receiving the worst of them [3]. An allocation is MMS-fair if
every agent receives at least her maximin share. Such allocations
need not exist [11], and most of the literature therefore studies
approximate guarantees (see the survey of Amanatidis et al. [1]).
The complementary question is to recognise the instances in which
an exact MMS-fair allocation does exist. The complexity of this
problem has been open; the survey of Nguyen and Rothe [13] lists
it as an open question.

Existence. Our first main result is the following (Theorem 5.14):
deciding whether an MMS-fair allocation exists is PN -complete for
additive valuations with values in binary, and hardness holds already
for n = 4 agents with three distinct valuations, held by one, one and
two agents, respectively. The class PNF is natural here: fairness asks
whether some allocation reaches the maximin shares, which are
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Table 1: Our results, for additive valuations. All entries are
completeness results. With values in unary and a fixed num-
ber of agents, all problems are in P.

binary unary, n free
MMS-VALUE OptP (n = 2, identical) OptP[O(logn)] (identical)
MMS-Arroc  FPNP (n = 2, identical) FNP/OptP[O(logn)] (identical)
MMS-Exists PNP (n = 4) PN’ [O(logn)]

where Sections 4 and 5 Sections 6 and 7

themselves optima over all partitions. This gives the exact complex-
ity of the problem under additive valuations; the strongest lower
bound known so far is DP-hardness, from concurrent work (see
below). Agents with differing valuations are needed for a reason: if
all agents but one share a valuation, then an MMS-fair allocation
always exists (Remark 2.6). So every reduction based on identi-
cal valuations, and every reduction to two agents, produces only
yes-instances.

Computation. Two further problems ask for a number or an allo-
cation rather than a yes or no: MMS-VALUE asks for the maximin
share of a given agent, and MMS-AtLoc for an MMS-fair allocation,
or the answer that none exists. With values in binary, MMS-VALUE
is OptP-complete, and MMS-Arroc is FPNP-complete (Theorem 4.2),
already for n = 2 agents with identical valuations. Identical valu-
ations are no obstacle here: an MMS-fair allocation then always
exists, but finding one is as hard as computing the optimum of an
NP optimization problem.

Encodings. With values in unary, all numbers are polynomial in
the input size, and for every fixed number of agents all problems
studied here are solvable in polynomial time (Proposition 2.7). So
hardness in unary needs the number of agents to grow. With the
number of agents part of the input, MMS-VALUE is OptP[O(log n)]-
complete, MMS-A1Loc is complete for the class FNP /OptP[O(log n)]
of Chen and Toda [4] (Theorems 6.2 and 6.4), both again for identi-
cal valuations, and deciding existence is PN' [O(log n)]-complete
(Theorem 7.8). Table 1 summarizes the results.

Concurrent work. In independent, concurrent work, Gupta and
Seetharaman [9] show that deciding whether an MMS-fair alloca-
tion exists is DP-hard for additive valuations with values in binary,
and leave its exact complexity open; Theorem 5.14 shows that it is
PNP_complete, which strengthens their lower bound, as DP ¢ PNF,
They also show that the problem is PNP-complete for 2-additive
valuations, and that for additive valuations it is coNP-hard already
for three agents with values in binary, and strongly coNP-hard for
agents of two types. Our PNP[O(log n)]-hardness with values in
unary (Theorem 7.8) implies strong coNP-hardness as well, but with
r + 2 distinct valuations rather than two. Their three-agent result
shows that our four agents are not a lower bound for hardness.
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Technique. All our instances give agent i the valuation u;(g) =
K - w(g) + di(g) for a common weight w and small charges §;, so
that only allocations in which every bundle has the same weight
matter: the weights are a hard constraint, and the charges are soft
preferences among such allocations. Two devices encode satisfia-
bility into the weights. The halving gadget, the standard reduction
from SAT to SUBSET-SuM, splits a set of goods into two halves of
equal weight exactly along the models of a formula; its weights
have polynomially many bits, so it serves the binary encoding. The
gear block splits a set of goods into many bundles of equal weight
along the models of an instance of positive 1-in-3 satisfiability;
its weights are polynomially bounded, so it also serves the unary
encoding. In both, one bundle, the ledger, records the model, and a
charge on the ledger records the model’s value.

For the computational problems, all agents share one valuation,
and the maximin share is the value of the best model, shifted by a
known constant. For existence, a core of twelve goods has exactly
two partitions into bundles of equal weight, and in each of them
one of four agents falls short of her maximin share; so the core
alone is a switch with two positions, neither of them fair. Two
gates, each a halving gadget, repair this conditionally (see Figure 2
for an overview): one sets the maximin share of the agent who
falls short from the lexicographically largest model of a formula f,
and the other sets the best bundle she can be given from that of a
formula « (Section 5.1 makes this precise). An MMS-fair allocation
then exists if and only if the second amount covers the gap, which
is a comparison between the lexicographic maxima of a and f;
taking f = ¢ and a = ¢ A zx yields OpD-LEX-Max-SAT. With values
in unary a gate can carry only one bit. Instead, a core with 2m
agents carries many agents of this kind, each with two gates on one
shared gear block, and existence becomes a disjunction over them
of the conditions “, is satisfiable and f, is not”; by a criterion of
Wagner [16], this is PN?[O(log n)]-hard.

Roadmap. Section 2 defines the problems and the complexity
classes, proves membership for all of them at once, and collects
the source problems of our reductions, with the known lemmas
about them that we use. Section 3 sets up the common framework:
weights, charges and digit blocks, graded values, the two devices
(the halving gadget and the gear block), and the two endgames.
Sections 4-7 prove the four hardness results, in the order binary
computation, binary existence, unary computation, unary existence.
This order uses each device first in its simplest form: the halving
gadget on its own in Section 4 before it is attached to the core in
Section 5, and the gear block on its own in Section 6 before it is
attached to the core in Section 7. Each of these sections opens with
a proof strategy that introduces its vocabulary and says where each
part is proved. Proofs not given in the main text are in Appendix A,
and Appendix B lists the notation. Section 8 describes how Al tools
were used to obtain these results and to write this paper, and how
far the proofs have been checked.

2 Preliminaries

A fair allocation instance is a triple (N, G, U) where N = {1,...,n}
is a set of agents, G = {g1,...,9m} is a set of (indivisible) goods,
and U = {uy,...,un} is a set of utility functions. For each agent
i € N, their utility function u;: 2¢ — Zs maps a bundle S C G

of goods to a nonnegative integer u;(S) called the value of bundle
S. Utility functions are additive: for every i € N and S C G it holds
that u;(S) = Xges ui({g}), and we abbreviate u;({g}) = ui(g). The
agents have identical valuations if u; = uj forall i, j € N.

Encodings. An instance is given by the numbers u;(g). It is given
in binary if these numbers are written in binary, and in unary if they
are written in unary, so that the length of an instance given in unary
is at least the sum of all values u;(g). The number of agents is fixed
if a problem is restricted to instances with a constant number n of
agents, and free if n is part of the input.

An allocation 7 is a partition of goods among the agents, that is, a
mapping 7: N — 29 from agents to bundles with (i) N z(j) =0
foralli, j € N,i # j. An allocation x is complete if | J;c 5 7 (i) = G,
that is, each good is allocated to some agent. In the remainder,
allocations are assumed to be complete.

We define the maximin share of an agent i € N as

n
pi = max minu;(7(j))
nellyg j=1
where I/ g is the set of all allocations of G among N. As this
does not depend on which agent receives which bundle, we also
call an allocation a partition (into n bundles) when we compute
maximin shares, and write partitions as 7 as well. If the agents
have identical valuations, we write yp for their common maximin
share, and call a partition p-optimal if all its bundles are worth at
least p. An allocation 7 is MMS-fair if for all agents i € N it holds
that u; (7 (i)) > p;. Since some bundle of every partition is worth
at most the average, p; < u;(G)/n. If the valuations are identical,
the MMS-fair allocations are exactly the y-optimal partitions.

2.1 Problems

In MMS-VALUE, one is given an instance and an agent i, and the
task is to output y;. In MMS-ALLOC, one is given an instance, and
the task is to output an MMS-fair allocation, or the symbol L if
none exists. In the decision problem MMS-EXIsTs, one is given an
instance, and the task is to decide whether it admits an MMS-fair
allocation. In general, a search problem is a relation IT C =* x Z*.
For an input x, we let Solip(x) = {y : (x,y) € II} if this set is
non-empty, and Solfy(x) = {1} otherwise, and we write Sol(x)
when IT is clear. An algorithm solves IT if on every input x it outputs
some element of Solry (x). We identify a function f with the search
problem {(x, f(x))}, so that Sol¢(x) = {f(x)}. For MMS-Atroc,
Sol(I) is the set of correct outputs defined above. Each problem
comes in two versions, with the instances given in binary or in
unary.

2.2 Complexity classes and reductions

We assume the reader to be familiar with standard notions from
computational complexity theory (e.g., the classes P and NP, and
polynomial-time many-one reductions) [2]. The class PNF, also
known as Ag , consists of all decision problems that can be solved
by a polynomial-time algorithm with access to an NP oracle, and
PNP[O(log )], also known as @5 [16], of those that can be solved
in this way with O(logn) oracle queries on inputs of length n.
The class FPNP consists of all functions that can be computed
by a polynomial-time algorithm with access to an NP oracle, and



FPNP[O(log n)] of those computed in this way with O(log n) ora-
cle queries. For optimization we follow Krentel [10] and Gasarch,
Krentel and Rappoport [8].

Definition 2.1. An NP metric machine is a nondeterministic ma-
chine that runs in polynomial time and on every branch halts and
writes a natural number in binary. A function f is in OptP if f(x)
is, for every x, the largest number written on a branch of some NP
metric machine on input x; it is in OptP[O(logn)] if in addition
f(x) has O(log |x|) bits.

Definition 2.2. A search problem II reduces to a search prob-
lem II’ if there are polynomial-time functions Ti, T> such that
To(x,y) € Solrr(x) for every x and every y € Solpy (T1 (x)).

By the convention for Sol, this says that (A) T, maps every so-
lution of T;(x) to a solution of x, and (B) T;(x) has a solution
whenever x has one, as otherwise T>(x, L) would have to be a solu-
tion of x. Concretely, if Tj (x) had no solution, a solver for II’ would
answer L on it, and T would have nothing to decode; so (B) is what
lets the reductions of Theorems 4.2 and 6.4 say that L is never a
correct output on their instances. Hence every algorithm solving IT’
gives one solving I1, and reductions compose. The quantifier “every”
matters: a solver for I1” may return any element of Solfy (T; (x)), so
T> must decode each of them. Unless said otherwise, To(x, L) = L.
A search problem is in FPNP if some polynomial-time algorithm
with access to an NP oracle solves it.

Convention. Throughout the paper, hardness and completeness
for a class of functions or search problems (OptP, OptP[O(log n)],
FPNP| ppNP [O(logn)] and FNP /OptP[O(logn)] below) are with
respect to the reductions of Definition 2.2, unless stated otherwise.
For a class of decision problems (NP, PNP and pNP [O(logn)]), they
are with respect to polynomial-time many-one reductions.

Metric and Levin reductions. Two familiar notions are special
cases of Definition 2.2. If IT = f and II’ = g are functions, then
Solry (Ti(x)) = {9(Ti(x))}, and the definition says that f(x) =
To(x,g(T1(x))) for all x; this is Krentel’s metric reduction [10]. If
only IT = f is a function, it says that f(x) = Ta(x,y) for every
y € Solr (T1(x)). A Levin reduction [2, 12] between search prob-
lems with polynomial-time checkable solutions is a triple (T3, Tz, T3)
of polynomial-time functions such that Tj is a many-one reduc-
tion between their decision versions, T2 (x, y) is a solution of x for
every solution y of Tj(x), and T3(x,y) is a solution of Tj(x) for
every solution y of x. So T gives (A), and T3 witnesses (B); with
Tr(x, L) = L, the pair (T3, T2) is a reduction in the sense of Def-
inition 2.2. The converse fails, as (B) asks only that Tj(x) has a
solution, not that one can be computed from a solution of x. Hence
completeness results under metric reductions, such as Krentel’s for
OptP below, and under Levin reductions, such as the Cook-Levin
theorem for SAT [5, 12], carry over to Definition 2.2. Our gadgets fol-
low the pattern of a Levin reduction: the Cook-Levin construction
(Lemma 2.10), Lemma 2.11, the halving gadget (Lemma 3.4) and the
gear block (Lemma 3.5) come with polynomial-time maps in both di-
rections between the models of the source formula and the solutions
of the gadget, as the proofs of their converse parts are construc-
tive. Our main reductions are not Levin reductions, and need not
be: their sources are functions in OptP or OptP[O(logn)], search

problems in FNP /OptP[O(logn)], or decision problems in pNP

or PNP [O(log n)], none of which comes with solutions that can be
checked in polynomial time, and Definition 2.2 asks only for (B),
not for a map Ts.

THEOREM 2.3 ([8, 10]). A function that is complete for OptP under
metric reductions is FPNY -complete, and a function that is complete for
OptP[O(log n)] under metric reductions is FPNF [0 (log n)]-complete.

Both completeness notions in Theorem 2.3 are under metric
reductions, a special case of Definition 2.2; so a function that is
OptP-complete under metric reductions is complete for OptP and
for FPN? in the sense of our convention. By composition, a search
problem to which every function in OptP reduces is FPN'-hard.
With values in unary, MMS-ALLoc is not captured by these classes,
but by a class of Chen and Toda [4].

Definition 2.4 ([4]). The class FNP /OptP[O(logn)] consists of
the partial multi-valued functions F for which there are a polynomial-
time nondeterministic transducer T and a function g € OptP[O(logn)]
such that, for every x, F(x) is the set of strings that T outputs on its
accepting branches on input (x, bin(g(x))). We view F as the search
problem {(x,y) : y € F(x)}, so that Solg(x) = F(x) if F(x) # 0,
and Solp(x) = {L} otherwise. A search problem II is in this class
if some such F solves it: for every x, F(x) = 0 if x has no solution
inII, and 0 # F(x) C Solrp(x) otherwise.

In Definition 2.4, a string y belongs to F(x) if some accepting
branch of T outputs it. So even when g(x) is known, checking
whether y € F(x) is an NP question: it asks for a branch. (This
matters only in Section 6.4.) Our hardness proof for MMS-AtLLoc
with values in unary (Theorem 6.4) needs solutions that can be
checked in polynomial time once g(x) is known. It writes the check
as a formula by the Cook-Levin construction (Lemma 2.10 below).
Its reduction obtains such solutions by putting the branch into the
solution: it works with pairs (y, ») of an output y and an accepting
branch o that outputs it, and its second map discards o (Section 6.4).
Chen and Toda’s reductions [4, Def. 2.2] ask in addition that T; (x)
always has a solution; ours in Theorem 6.4 does.

In words, FNP /OptP[O(log n)] consists of the search problems
whose solutions can only be checked once a small optimum is
known: first compute a number of O(log n) bits, itself the optimum
of an NP metric machine, and then the solutions become verifi-
able. MMS-A1Loc with values in unary is the model example: an
allocation cannot be checked against the maximin shares until the
maximin shares are known. Membership is read in the same way
as for FPNF: the problem must be solved, not its solution relation
decided. Problems in the class need not have solutions for every x;
on such x, Solg(x) = {L}, so a reduction from F must output L.

2.3 Membership

Membership is proved once, for all problems and both encodings.

PROPOSITION 2.5. For arbitrary n and arbitrary additive valua-
tions:
(i) MMS-VALUE is in OptP, and in OptP[O(log n)] with values in
unary;
(i) MMS-Accoc is in FPNY| and with values in unary it is in
FNP /OptP[O(logn)];



(iii) MMS-Exists is in PNY, and with values in unary they are
in PNP[O(log n)].

The proof is in the appendix. With values in binary, it computes
each y; by binary search. With values in unary, that would cost
too many queries, as there are n agents. Instead, an NP metric
machine guesses n partitions and an allocation, and writes 2 }3; £ +
[the allocation gives every agent i at least ¢;], where ¢; is the value
to agent i of the worst bundle of the i-th partition. The maximum is
attained only when every #; equals y;, so its parity says whether an
MMS-fair allocation exists; with values in unary, this number has
O(log |I]) bits. Lemma 6.3 uses the same device: a low bit guarding
a witness under a high-order optimum.

Hardness requires agents with differing valuations, for the fol-
lowing reason.

Remark 2.6. 1f all agents but one have the same valuation u, then
an MMS-fair allocation exists [6, Prop. 7]: take a partition maxi-
mizing min; u(7(j)), let the remaining agent i pick her favourite
bundle, which is worth at least u;(G)/n > p; to her, and give
the other bundles to the other agents. In particular, this holds for
identical valuations and for n = 2 agents. So a hardness proof
for MMS-Ex1sTs must not give any valuation to n — 1 of the n
agents, and every reduction based on identical valuations or on
two agents produces only yes-instances. Our construction in binary
uses n = 4 agents with three distinct valuations, held by one, one
and two agents, respectively (Section 5), and the one in unary uses
2m agents of two types, each type held by m > 2 agents (Section 7).
The computational problems are not affected: for them, Sections 4
and 6 use identical valuations.

For a fixed number of agents and values in unary, all these prob-
lems are easy; we prove this in the appendix by a dynamic pro-
gramme over the vectors of bundle values.

PROPOSITION 2.7. For every fixed n, with values in unary, MMS-
VALUE, MMS-ALLoc and MMS-ExisTs are solvable in polynomial
time.

So in Sections 6 and 7 the number of agents must grow with the
input.

2.4 Source problems and interface lemmas

Nothing in this section is new. Its lemmas are known, or follow
directly from standard constructions; we state them only to fix our
notation and the exact form in which Sections 4-7 use them. Where
a proof is needed to obtain that form, it is standard, and we include
it in the appendix for completeness.

Let ¢ be a CNF formula over the variables z, . . ., z; with clauses
C1,...,Cq where k, g > 1, none of the clauses empty, and where
we view each clause as a set of literals, so that its width £, is its
number of distinct literals. For an assignment o, we write val(o) =
Zizg(zl):@k_i, A = 2K — 1, and lex(¢) = max,|-, val(o) if ¢ is
satisfiable. Consequently, 0 < val(o) < A and lex(¢) is the value of
¢’s lexicographically largest model, where z; is the most significant
variable. In the decision problem OpD-LEX-MAX-SAT, one is given
a satisfiable CNF formula ¢ as above, and the task is to decide
whether ¢’s lexicographically largest model sets z; to 1, that is,
whether lex(¢) is odd. In SAT, one is given a CNF formula and asked
whether it is satisfiable.

LEMMA 2.8 ([10]). Opp-LEX-Max-SaT is PNF -complete.

Krentel [10, Thm. 3.4] states this without proof and without the
restriction to satisfiable formulas, which our reduction needs; the
standard proof produces satisfiable formulas, and we include it in
the appendix for completeness.

Our reduction compares two lexicographic maxima.

LEMMA 2.9. Let ¢ be a satisfiable CNF formula overzy, . .., zy, and
let = ¢ and @ = ¢ A z. Then ¢ € ODD-LEX-MAX-SAT if and only
if a is satisfiable and lex(a) > lex(f).

The computational problems start from an NP metric machine
instead. We call a CNF formula a 3-CNF if every clause has exactly
three literal occurrences, where a literal may occur more than once.
The next lemma is the Cook-Levin construction [5], applied to
metric machines as by Krentel [10].

LEMMA 2.10 ([5, 10]). Let M be an NP metric machine that writes
exactly p = p(|x|) bits on every branch on input x. There is a
polynomial-time map from x to a 3-CNF formula ¢ over variables
Z1,...,2) withk > p, the output bits z1, . . - 2Zp being the first, such
that the output bits of every model of ¢, read with z1 most significant,
are the number written on some branch of M on input x, and every
number written on a branch arises in this way. Moreover, for every
polynomial-time relation R with polynomially bounded third argu-
ment, there is a polynomial-time map from x to a 3-CNF formula
overzi,...,zp, variables yq, . . SYpsa variable b and further vari-
ables, such that an assignment to the z;, the y; and b extends to a
model of ny, if and only if b = 0 or R(x, c,y) holds, where c is the
number with bits z1, . . ., zp and y the string y1 - - ypr.

For the second part, the Cook-Levin construction gives a 3-CNF
formula 5 with the same property without b; adding —b to each
clause (I; V I V I3) of 7 and splitting the result into (=0 V I; V u) A
(—~uVlIyVvi3) with a fresh variable u gives 1, as the two clauses have
a common model extending an assignment to the other variables if
and only if b = 0 or one of I3, I3, I3 is true.

As every branch of M writes a number, ¢ is satisfiable. The unary
constructions start from positive 1-in-3 satisfiability. A positive
exactly-1 instance  is a finite family of clauses, each a set of at
least two distinct variables; an assignment that makes exactly one
variable of every clause true is an exactly-1 model of ¢, and ¥ is
satisfiable if it has one. In Pos-1-IN-3-SAT, one is given a positive
exactly-1 instance whose clauses have three variables each, and
the task is to decide whether it is satisfiable. The problem is NP-
complete [7, 14]. Clauses of other sizes arise only in Section 7, where
the wildcard (Definition 7.3) adds a fourth variable to every clause.
We use it instead of SAT because the gear block of Section 3.5 needs
clauses that are equations, not inequalities: exactly one variable of
every clause is true. The standard reduction from SAT via Schaefer’s
gadgets gives more than NP-hardness; we state it in the form we
use, in which models translate in both directions and the variables
whose values we grade keep their names.

LEMMA 2.11 (cF. [14]). There is a polynomial-time map from a
3-CNF formula ¢ overz1, . . ., zj to a Pos-1-IN-3-SAT instance i whose
variables include z1, . . ., z., such that (a) every variable of  occurs
in some clause of /; (b) the restriction to z1, . . ., z of every exactly-1
model of Y is a model of ¢; and (c) every model of ¢ arises as such a
restriction.



For completeness, we give the proof with Schaefer’s gadgets [14]
in the appendix. The unary existence result uses a criterion of
Wagner for PNP[O(log n)]-hardness.

LEMMA 2.12 ([16]). Let A be an NP-complete language, B a lan-
guage, and f a polynomial-time function such that for everyk > 1
and all x1, ..., xp withxjy1 € A = xj € A for each j < 2k, the
number |{j : x; € A}| is odd if and only if f(x1,...,x9x) € B. Then
B isPNP[O(log n)]-hard.

Remark 2.13. An optimum of O(logn) bits can be located by
asking, for each j, whether some branch writes at least j; once it
is located, one more NP question at that level asks for a solution.
This is the standard way to use an optimum of O(log n) bits, and
Section 6 realises both steps in a single number with one extra bit
(Lemma 6.3).

3 The Framework

This section sets up what all four constructions share. We first
describe it informally; Sections 3.2-3.6 give the precise statements.

3.1 Overview

Weights and charges. In all our instances, an agent values a good
by a common weight, scaled by a large factor K, plus a small charge
of her own. The weights act as a hard constraint: a bundle that is
one unit of weight short loses more than any charge can make up,
so only the balanced partitions, in which all bundles have the same
weight, matter, both for the maximin shares and for the allocations
that meet them. The charges act as soft preferences among the
balanced partitions. An agent’s maximin share is then a common
value minus her drop, which is how far below this value her worst
bundle lies in the balanced partition that is best for her. So the
weights decide which partitions are possible, and the charges decide
who is happy with them.

Weights from digit blocks. Each constraint on the weights is a
digit block: a number for each good, such that every bundle must
receive the same share of the block’s total. Several blocks are com-
bined into one weight by writing them as the digits of a number in
a large enough base, so that one test on the weight checks every
block at once. A block ignores the goods on which it is zero, so we
build each gadget from its own blocks, and two gadgets constrain
each other only through the goods that both of them see. We will
make each such shared good explicit, and a balanced partition is
then glued together from one partition of each gadget.

Recording a model. To encode a formula, we need a gadget whose
balanced partitions correspond to its models. The halving gadget
is the standard reduction from SAT to SUBSET-SuM, read as the
problem of splitting a set of goods into two halves of equal weight;
the half that does not contain a designated good, the anchor, is
a ledger, which records a model of the formula. A charge on the
literal goods then reads off the value of that model, and a grading
of the variables says how much each variable contributes to it. The
halving gadget is the device for the binary encoding. Its weights
are exponential, so the unary encoding needs a second device, the
gear block, which has polynomial weights but many bundles: one
ledger, and many small bundles that each hold goods of a single
gadget.

Two endgames. Every construction ends in one of two ways.
For the computational problems, all agents share one valuation,
and the maximin share is the value of the best model, shifted by
a known constant; the graded ledger (Lemma 3.7) states what a
construction must provide for this, and turns it into reductions for
all three computational problems at once. For existence, the agents
differ, and a core of goods on which no allocation is fair is repaired
conditionally; its contract, the calculus, is stated in Section 5.2 and
sketched in Section 3.6.

Where to find what. Section 3.2 defines weights, charges and digit
blocks, and shows that only balanced partitions matter (Lemma 3.3).
Section 3.3 defines graded values, Section 3.4 the halving gadget
and its charges (Lemma 3.4), Section 3.5 the gear block (Lemma 3.5),
and Section 3.6 the graded ledger (Lemma 3.7 and Corollary 3.8)
and an overview of the calculus.

3.2 Weights, charges and balance

All our instances are built from integer weights, and the agents’
valuations add small charges to these weights. For a function § on
goods and a bundle B, we write §(B) = X4 5(g). Throughout, n
is the number of agents of the instance under construction, and a
partition of the goods has n bundles. We combine several constraints
into one weight by the following lemma. A digit block on a set of
goods G assigns each good g a digit c(g) € Zxq;its totalis T = c(G),
and a bundle S meets the block if ¢(S) = T/n.

LEMMA3.1. Letcy,...,c, bedigit blocks on G whose totals Ty, . . ., T,
are divisible by n. Let pj = Tj + 1, Wy = 1 and Wj = pj1Wj41
forj < r, andlet w(g) = ¥ Wjcj(g) andt = 3; W;T;/n. Then
w(G) = nt, and w(S) = 7 if and only if S meets every block.

Each digit block is an independent constraint, every bundle re-
ceives an n-th of this block, and the radices are large enough that
no digit sum carries into the next digit; so the single test w(S) = 7
checks all constraints at once. For example, with n = 4 and two
blocks of totals 4 and 12, we get p2 = 13, w(g) = 13c1(g) + c2(9)
and 7 = 13 - 1 + 3, and w(S) is the two-digit number (c1(S), c2(S))
in base 13, which equals (1, 3) if and only if S meets both blocks.
This lets us design the gear block, the core and the gates below
block by block.

We call the set of goods on which a block has a positive digit
its support, and we say that the block sees these goods. Two blocks
constrain each other only through goods that both see. To make
this precise, for a set F of blocks with union of supports Gr, we
call a partition of Gf into n bundles that all meet every block of F
a configuration of F.

LEMMA 3.2. Let Fy,...,Fy be a partition of the digit blocks of
Lemma 3.1, with unions of supports G1, ..., Gy covering G. A par-
tition w of G is balanced if and only if its restriction to each G is a
configuration of Fj. Conversely, given a configuration ; of each F)
and bijections f; from the bundles of m; to {1, ..., n}, the sets x(j) =
U JTl (J) form a balanced partition if and only if, for every good g €
G1NGy , the bundles of ry and 7y containing g are mapped to the same
index. In particular, if G; and Gy are disjoint, the two configurations
can be combined by any bijection.

So, as a block ignores goods outside its support, gadgets built
from disjoint families of blocks interact only through the goods



they share, and we will make each such shared good explicit. The
existence proofs use this to attach gadgets to a core (Sections 5.4
and 7); the computational proofs need only one gadget. When a
balanced partition 7 is combined in this way, we say that a bundle
fl’1 (j) of 7y lies in the bundle 7(j), and that bundles of 7; and 7
lie together if they lie in the same bundle of 7. So the second part
of Lemma 3.2 says that two bundles containing the same shared
good must lie together. The weights of Lemma 3.1 are less than
[1; pj, so they have at most }}; log, p; bits; in particular, if there
are a constant number of blocks and every total is polynomial in
some parameter, then so are all weights. Our instances have the
following form.

CONSTRUCTION. Let G be a set of goods with positive integer
weightsw andw(G) = nt,andlet by, ...,0n: G — Z be charges with
6i(G) = 0and|6;(S)| < M foralliand allS C G. Let (61, ...,6n)
be the instance with agents {1, ...,n} and goods G in which agent i
has the valuation u;(g) = K - w(g) + 6i(g), forK = 2M + 1.

We call §; the charge of agent i: all agents value the goods by the
common weight w, scaled by K, and the charge is the small, agent-
specific part on top of it; M is a bound on how much a charge can add
to or take from a bundle. Valuations are positive,as K > M > |5;(g)|.
We call a partition of G into n bundles balanced if every bundle
has weight 7. In a balanced partition, bundle S is worth Kz + §;(S)
to agent i; we call §;(S) its offset for i, as it measures how far the
bundle is from the common value K7 for her. The drop of agent i
is d; = —max, min; §;(n(j)), where  ranges over the balanced
partitions: if she divides the goods herself into a balanced partition,
her worst bundle lies at least d; below Kz, and she can achieve
exactly d;. As the n offsets sum to §;(G) = 0, we have d; > 0.

The valuations thus work on two levels. The weights are a hard
constraint: a bundle that is one unit of weight short loses K > 2M,
which no charge can make up. The charges are soft preferences,
which only decide between balanced partitions. The next lemma
makes this precise: both the maximin shares and the allocations
that meet them live on balanced partitions, and the maximin share
of agent i is Kt — d;, where —d; is the smallest offset, that is, the
offset of her worst bundle, in the balanced partition that is best
for her; so the drop is exactly how far her maximin share drops
below Kz.

LEMMA 3.3. Let 7 be a partition of the goods of I(d1, . . .,0n).

(1) Ifui(x(j)) = Kr—M for some agenti and all j, or ifu; (7 (i)) >
Kt — M for all i, then r is balanced.
(ii) If balanced partitions exist and d; < M, then y; = Kt — d;.

3.3 Graded values

The value val(o) of Section 2.4 weighs the variable z; by k=i,
This is what the existence proofs need, as they compare two lex-
icographic maxima, but the computational problems need other
weights. A function in OptP is the largest number written by a
branch of a machine, and this number sits on the few variables that
encode the machine’s output bits: these must be weighed as the
bits of a number, and all other variables not at all (Section 4). With
values in unary, the total weight must moreover be polynomial
(Section 6). We call a vector { = ({1,...,{x) € Z’;O a grading of the

variables z1, . . ., zx, and write

k k
valg (o) = ; i o(zi), Ay = ; &, lex(¢) = gl‘i); valy(0)

for the graded value of an assignment o, its largest possible value,
and the largest graded value of a model of a satisfiable formula ¢.
So 0 < valy(0) < A;. A grading may be 0 on some variables,
which then do not count; in particular, Valg(o) is also defined for
an assignment o to more variables than z1, . . ., zx, and only depends
on the restriction of o to z1, . .., z,. We call ¢; = 2K~ the default
grading, and leave out { for it, here and in all notation below that
depends on a grading; so the default grading gives back val, A
and lex.

3.4 The halving gadget

The halving gadget is the reduction from SAT to SUBSET-SUM, read as
a halving problem: to split a set of goods X, into two parts of equal
weight, one picks one literal good per variable and tops up every
clause with slack goods, which is possible exactly when the picked
literals satisfy every clause. An extra good, the anchor, tells the two
parts apart, and the assignment is read off the part without it, the
ledger, so called because it records the assignment. Formally, we
call the goods X, of the next lemma the halving gadget of ¢; for X,
with weights w and w(Xy) = 27, we call a subset S C X, a half
if w(S) = Tp; We call a the anchor, a half not containing a a ledger,
and P; and Nj the goods of the literals z; and —z;, respectively; for
S C Xy, we let o5 be the assignment with o5(z;) = 1 if and only if
P;eS.

LEMMA 3.4. There is a polynomial-time computable function map-
ping a CNF formula ¢ as in Section 2.4 to a set of goods X, = {P;, N :
i<k}u {sj. 1¢ <q, j <t} U{a} with positive integer weights w
such that w(X,) = 21, for an integer 7y, and:

(a) every ledger S contains exactly one of P;, Nj for each i, and og
is a model of ¢;
(b) every model of ¢ equals os for some ledger S.

Clauses of width 1 are allowed; such a clause has no slack goods.

Complements of halves are halves, as w(X,,) = 27,. As exactly
one of every two complementary halves contains a, every half is
either a ledger or the complement of one, which we call its anchor
side, as it is the half that holds the anchor. In particular, Xy has a
half if and only if ¢ is satisfiable. We record two properties of the
construction in the proof.

(W1) All weights, and Ty, are multiples of b = 2¢ + 1 > 3, where
{ = maxc, {; the weights are written in base b, and b > 2¢
ensures that adding weights never carries from one digit into
the next.

(W2) All weights, and 7, are less than pk+a+l 5o they have O((k+
q) log ) bits.

The weights are thus exponential in the size of ¢, but their bit length
is polynomial.

Next, we define the charges that let an agent read off which
assignment a half encodes. For a grading {, we define two charges
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Figure 1: The gear block on the single gadget = {C1,C2} with C; = {z1,22,23} and C2 = {z3,z4}, at n = 15 bundles, in the
configuration in which z; and z4 are true; the gadget index is suppressed throughout. Squares are teeth, circles are gaps, and the
labels on the edges are edge goods. Each variable owns a gear, drawn as the cycle H — A; — By — - -+ — A1 — H that alternates
between gaps and teeth, with an edge good riding on each of its edges: a 4-cycle for z1, z and z4, which occur once, and a 6-cycle
for z3, which occurs in both clauses. A thick edge is a bundle: part (i) of Lemma 3.5 says that every bundle but the ledger is one
tooth, one gap and one edge good of a single gadget, and an even cycle has exactly two perfect matchings (the triples T1-T4 of
Lemma A.1), which are the two truth values: U-mode, which takes P and the U-copies, for false, and V-mode, which takes the
V-copies and N, for true. Part (iv) puts the terminal not in the ledger with the hub H, so the matching decides which terminal is
left over; part (ii) collects those, one per gear, into the ledger A beside the anchor a. The dashed edge goods also have to go
somewhere, and the absorbers are the only bundles left: each clause C has one U-absorber, the edge Y — Y’, which accepts only
a U-copy of C, and |C| — 1 V-absorbers, drawn as the edges R; — R}, which accept only V-copies of C. A true variable leaves a
U-copy of each of its clauses, and a false one a V-copy, so exactly one variable of each clause is true, which is part (iii). The two
occurrences of z3 cannot disagree: its gear turns as a whole, so it leaves V-copies of both clauses, as here, or U-copies of both.

The digits are in Table 7 in the appendix.

Xp — Z, the lex charge and its negative form, by

)(lix(a) =-Ag, and 0 on all other goods;

1) =4y,

X (P =0
XL (N = =2,

Following our convention, yjex and y;_ are the charges for the
default grading. Both sum to 0 over X, so the anchor side of a ledger
always carries the opposite charge of the ledger. By Lemma 3.4(a),
a ledger S contains P; exactly for the variables that os sets to 1,
and N; exactly for those it sets to 0, so the charges are:

and 0 on all other goods.

anchor side X, \ S
—valy (o)
Ay - Valg((rs)

‘ ledger S
X valy (0)
15|~y —valy (0s))

Under either charge, the best ledger for the agent is that of a model
of largest graded value; so, by Lemma 3.4(b), if ¢ is satisfiable,
the largest charge of a ledger is lex; (¢) under the lex charge and
—(Ag = lexg(¢)) under its negative form.

The two forms differ in which half is the worse one. Under the
negative form, the ledger carries at most 0 and its anchor side at
least 0, so the ledger is the worse half, and a maximin share, which
is determined by the worst bundle of a partition, reads off the best
model. Section 4 and the drop gate of Section 5 use it in this way.
Under the lex charge, the ledger is the better half, so it can be
handed to an agent on top of another bundle, to raise its value; the
relief gate of Section 5 uses it in this way. The grading changes only
the charges, and never the weights.

Interface: the rest of the paper uses the halving gadget only
through Lemma 3.4, properties (W1) and (W2), and this table.

3.5 The gear block

With values in unary, the halving gadget is too long: by (W2), its
weights have ©((k + q) logb) bits, so written in unary they are
exponentially long. Sections 6 and 7 therefore need a device built
from a bounded number of digit blocks with polynomial totals,
whose weights are then polynomial by Lemma 3.1. The gear block
is such a device. It pays for its small weights with many bundles:
instead of one ledger and its complement, it has one ledger and
many small bundles, each of which holds goods of a single gadget.

The gear block’s source problem is positive exactly-1 satisfiability
(Section 2.4), with clauses of any size at least two. We use it instead
of SAT because of how the block checks a clause. Every occurrence
of a variable in a clause C leaves one edge good over, of one kind if
the variable is true and of another if it is false, and C has a fixed set
of bundles to absorb these goods: one that accepts only the kind
left by a true variable, and |C| — 1 that accept only the kind left by a
false one (Figure 1). So the block fixes the number of true variables
in every clause: a clause is an equation, not an inequality. A clause
of SAT can be satisfied by one, two or three true literals, and the
halving gadget accommodates this with slack goods, one digit per
clause; positive exactly-1 clauses need no slack, and no negated
literals either. Lemma 2.11 translates a 3-CNF formula into such
clauses, keeping its models.

Vocabulary. The gear block is built from a list ¢/, . .., Yr of posi-
tive exactly-1 instances, in each of which every variable occurs in
some clause; we call each ; a gadget, and take their variable sets to
be disjoint. We write ny, n¢ and n,, for the total numbers of variables,
clauses and variable occurrences of all gadgets. A gear is a pair
(9. z) of a gadget g and a variable z of {5, so there are ny gears, and



we say that the gear belongs to gadget g. The block occupies a set of
goods Ggear consisting of a designated good a, the anchor, and fresh
goods. Every fresh good has a kind, which is tooth, gap or edge, and
belongs to exactly one gadget. Among these goods, the rest of the
paper refers by name only to three per gear (g, z): the hub H??, a
gap, and the terminals P9? and N9%, two edges, all three belonging
to gadget g. In a configuration of the block with n bundles, we call
the bundle containing the anchor the ledger A. Unlike the ledger of
the halving gadget, which is the half without the anchor, the ledger
of the gear block is the bundle with it: there, the anchor only tells
two complementary halves apart; here, it marks the one bundle,
among many, that collects a terminal of every gear. The letters are
mnemonic: the ledger holds the positive terminal P9 if z is decoded
as true, and the negative terminal N%Z if it is decoded as false, just
as a ledger of the halving gadget holds P; or N;.

Roles. The goods are best read as a graph, as in Figure 1. The
teeth and the gaps are its vertices, on the two sides of a bipartite
graph, and the edge goods lie on its edges. A bundle other than
the ledger holds one tooth, one gap and one edge good, so it is an
edge of the graph together with an edge good on it, and outside the
ledger a configuration is a perfect matching. The goods belong to
units, which are the gears and the absorbers of the clauses (below);
by unit and kind, with the superscripts dropped, they are these:

unit ‘ teeth gaps edges
gear (g, z) At,..., A1 H,By,...,Bxy P,N,U;,V;
U-absorber of C | Y Y’ none
V-absorber of C | R; R none

for a gear with k occurrences, j < k, a clause C and i < |C|. The
anchor counts as both a tooth and a gap. The absorbers have no
edge goods of their own; they take the copies that the gears leave
over. The construction is in the appendix, which shows that the
digits admit exactly the triples of the roles below (Lemma A.1); its
parts play the following roles, which Figure 1 shows on two clauses
that share a variable.

o Teeth and gaps. The digits put exactly one tooth and one gap
into every bundle; as the anchor counts as both, the ledger
holds no other tooth or gap. The blocks unit and edge let a
tooth share a bundle only with a gap of the same unit, and
with exactly one edge.

o Gears. A variable with k occurrences has k+1 teeth Ay, ..., Agyq
and k+1 gaps, its hub H and By, . . ., By, which may pair only
along the cycle H— Ay — By — Ay — -+ =B —Apy —H. As
on a gear wheel, teeth and gaps alternate around the cycle.
A cycle of even length has exactly two perfect matchings,
and they are the two truth values of the variable: each seats
every tooth in a neighbouring gap, so the gear turns as a
whole, one step one way or the other. We call the matching
that pairs A; with H, and hence puts P in the hub’s bundle,
U-mode, and the other one, which puts N in the hub’s bundle,
V-mode. So U-mode leaves N for the ledger, and V-mode
leaves P.

e Edges. Each pair takes the edge good on its edge of the cycle.
Atits j-th occurrence, in a clause C, the gear takes one of two
copies of C, a U-copy or a V-copy according to the matching,
and leaves the other copy over.

o Absorbers. Each clause C has |C| tooth-gap pairs of its own
for the copies left over: one U-absorber, which takes only
a U-copy of C, and |C| — 1 V-absorbers, which take only
V-copies. A true variable leaves a U-copy, so exactly one
variable of C is true.

e Hub and terminals. The hub is the one gap of a gear that
belongs to no occurrence; its two edges of the cycle carry
the terminals P and N, so its bundle keeps exactly one termi-
nal, chosen by the matching, and the digits allow the other
terminal only in the ledger. The hub thus turns the state of
the gear into a good that leaves the gear.

e Anchor. The anchor marks the ledger, which collects these
terminals, one per gear.

Each gear with k occurrences supplies k + 1 tooth—gap pairs, no +ny
in all; each clause C supplies |C| pairs for its absorbers, n, in all;
and the ledger is one more bundle. So there are exactly 2n, + ny + 1
bundles, one per tooth.

How a clause is checked. A variable decoded as true has its gear in
V-mode. A gear in V-mode takes the V-copy of each of its clauses
and leaves the U-copy over, and a gear in U-mode does the opposite.
Each clause C has exactly one U-absorber and |C| — 1 V-absorbers,
so exactly one of its variables leaves a U-copy: exactly one variable
of each clause is true. For example, in Figure 1, z; is true and leaves
Ul1 to the U-absorber Y — Y’ of C; = {z1, z2, 23}, while z3 and z3
are false and leave Vl2 and V13 to its two V-absorbers. The letters
are crossed: V-mode leaves U-copies and puts P in the ledger.

LEMMA 3.5. Let Y,...,Yr be gadgets with ny variables and n,
occurrences in all, letn = 2ny +ny +1, and let a be a good. There are a
set of goods Ggear as in the vocabulary above, of size3(n—1) +ny +1,
and seven digit blocks with digit 0 on all goods outside Ggear and with
totals polynomial in n, all computable in polynomial time, with the
following properties. Let & be a configuration of the seven blocks, with
n bundles, and A its ledger.

(i) Locality: every bundle other than A consists of exactly one
tooth, one gap and one edge, and all three belong to the same
gadget.

(if) Ledger: A consists of a and exactly one of P9?, N9* for every
gear (g, z).

(iii) Decoding: for every g, the assignment o4 with 04(z) = 1 if
and only if P9% € A is an exactly-1 model of .

(iv) The other terminal: for every gear (g, z), the terminal of
P%% N9Z that is not in A lies in the bundle of the hub H%%;
by (i), that bundle is not A, and all its goods belong to gadget g.

(v) Converse: for all exactly-1 models o1, . . ., or of the gadgets,
some configuration decodes to them as in (iii).

In particular, the seven blocks have a configuration if and only if every
gadget is satisfiable.

Remark 3.6. The seven blocks have digit 0 outside Ggear, so for
every balanced partition of a larger instance that has the seven
blocks among its digit blocks, Lemma 3.5 describes the restriction
of the partition to the goods Ggear: the bundle of H%Z is then the
bundle of the partition containing H%%, and part (i) says what that
bundle holds of Ggear, not what else it may hold. The anchor may be
fresh, or it may be a good that the larger instance has already built,
which the block borrows; the block does not distinguish the two



cases. Section 6 uses a fresh anchor and one gadget, and Section 7
borrows a core good as the anchor and uses many gadgets.

Part (i), locality, is the one the later sections rely on most: no
bundle other than the ledger holds goods of two different gadgets.
So a charge placed on a good of gadget g that does not go to the
ledger lands on a bundle all of whose other goods of Ggear belong
to g; charges attached to different gadgets meet only in the ledger,
whose contents part (ii) fixes exactly. Part (iv) says where the other
terminal goes.

Charges. The ledger is one bundle among many, and the terminal
of a gear that is not in the ledger lies in that gear’s hub bundle. If
we put negative charges on terminals, as the negative form does
for the halving gadget, the charges of the terminals outside the
ledger would be scattered over many bundles, and the minimum
over bundles would see only the largest of them, not their sum. So,
to read a graded value off the ledger, we orient the charge the other
way: for a grading { of the variables of the gadgets, we put —A;
on the anchor and +{; on the terminal P%% of each gear (g, z); as
the anchor now lies in the ledger, the ledger carries its —A,. Then,
by (ii) and (iii), the ledger carries ~Ay +valy (o) < 0 for the decoded
assignment o, and every other bundle carries at least 0. Section 6
uses this charge. Section 7 instead puts charges on bundles other
than the ledger, where, by locality, charges of different gadgets
never meet.

Interface: the rest of the paper uses the gear block only through
Lemma 3.5 and Remark 3.6.

3.6 Two endgames

Each construction ends in one of two ways. The computational
problems use identical valuations and read a single number off
the instance: the maximin share. The following lemma, the graded
ledger, says when that number is the optimum of a source problem.
It applies whenever the balanced partitions decode to assignments,
for instance to the models of a formula, and the worst bundle
of each balanced partition carries exactly the graded value of its
assignment, shifted by a constant. For identical valuations §; = y,
we write y() = min; y(7(j)) for the charge of the worst bundle
of a partition 7.

LEmMA 3.7. LetI =1(y,..., x) have n agents with identical val-
uations, let { be a grading with Ay < M, and let 3 be a nonempty
set of assignments. Let 7t +— o be a polynomial-time map from the
balanced partitions to X such that

(GL1) x(7) = —A; +valy (o) for every balanced partition r, and
(GL2) every o € X equals oy for some balanced partition .

Then i = Kt — Ay + maxgex valy (0); MMS-fair allocations exist and
are balanced; and val; (o) = maxges valy (o) for every MMS-fair
allocation .

Proor. By (GL1) and (GL2), balanced partitions exist and the
common drop is d = Ay — maxs valy (o), which lies between 0
and A( < M,as0 < valgv < Aév; so u = Kt — d by Lemma 3.3(ii).
As the valuations are identical, the MMS-fair allocations are the y-
optimal partitions, and one exists, as y is attained by some partition.
All bundles of such a partition 7 are worth at least y > Kz — M, so

7 is balanced by Lemma 3.3(i), and its worst bundle has offset at
least —d; by (GL1), valy (07) = Ay — d = max, valy (o). o

So a construction that wants the maximin share to encode an
optimum owes two things: (GL1), a charge computation, and (GL2),
the converse half of its device’s interface lemma. The lemma then
yields reductions for both computational problems at once.

COROLLARY 3.8. Let x — Ix be a polynomial-time map to in-
stances as in Lemma 3.7, such that K, © and Aév are computable
from x in polynomial time, and let V(x) = maxgey valy (o). Then
Ti(x) = (I, 1) and Tz (x,y) =y — Kt + Ay form a metric reduction
from V' to MMS-VALUE. Moreover, the correct outputs of MMS-ALLOC
on I do not include L, and every correct output 7 is balanced and
has valy (o) = V(x).

ProoOF. The first claim is the formula for pi. The correct outputs of
MMS-ALLoc are the MMS-fair allocations; the restis Lemma 3.7. O

The second endgame decides existence rather than computing a
number. Here the agents must differ, as with identical valuations
an MMS-fair allocation always exists (Remark 2.6). Both existence
proofs contain a core, a small set of goods on which no allocation is
fair. The core has exactly two balanced partitions, its phases, and the
agents come in two types, each of which loses a fixed cost s on some
bundles of one phase and nothing in the other. So every allocation
hurts some agent. Some agents, the blockers, carry no further charge
and have maximin share Kr; they force every fair allocation into
one phase, and into giving one special agent, the dial, a bundle
that costs her s. The rest of the instance, the gates, adds a charge
of the dial that supplies two numbers: her drop dr, a maximum
over partitions, which puts her maximin share at Kt — dr, and her
relief rl, a maximum over allocations, which says how much of the
cost the bundle she receives can make up. The calculus of the core
(Lemma 5.7 in Section 5.2, and Lemma 7.2 for several dials) lists two
conditions on the dial’s charge under which an MMS-fair allocation
exists if and only if —s +rl > —dr (the reader may take this on trust
until Lemma 5.7). So a construction that wants existence to encode
a comparison owes these two conditions, as it owes (GL1) and (GL2)
to the graded ledger; the gates are built from the halving gadget in
Section 5 and from the gear block in Section 7. Sections 4 and 6 use
the graded ledger, and Sections 5 and 7 use the calculus.

4 Computation with Values in Binary

This section shows that MMS-VALUE is OptP-complete and MMS-
Arroc is FPNP-complete, already for two agents with identical
valuations (Theorem 4.2).

4.1 Proof strategy

The target. Fix a function f € OptP. From an input x we build an
instance I, with two agents of identical valuations whose maximin
share is K7 — Ay + f (x), for numbers K, 7 and A; computed from x.
With identical valuations, the MMS-fair allocations are exactly the
p-optimal partitions, and we arrange that each of them decodes to
a branch of the machine that writes f(x). We reduce from every
f € OptP directly, via the Cook-Levin construction of Lemma 2.10,
so that the output bits of the machine are the only graded variables.



The device. By Lemma 2.10, f(x) is the largest graded value
lex; (@) of a model of a formula ¢, for the grading { that gives
the output bits the weights 2271, ..., 2% and every other variable

weight 0. The goods of I are the halving gadget X,,, and both agents
x4

carry the negative form ){1; .. as their charge. With two agents, a
balanced partition is a pair of halves: a ledger and its anchor side.
The ledger carries —(A; — valy (o)) for the model o it records, and
the anchor side carries the opposite, which is at least 0; so the ledger
is the worse bundle, and the best balanced partition for the agents
is one whose ledger records a model of largest graded value.

The endgame. This is the shape of the graded ledger (Lemma 3.7):
(GL1) is the charge computation just described, and (GL2) is part (b)
of Lemma 3.4. The lemma gives p(Iy) = Kv — Ay + f(x).

The reduction. For MMS-VALUE, the second map of the reduction
subtracts the known constant K7 — Aév. For MMS-ALLOC, it reads
the model off the ledger of the output allocation and returns the
number on its output bits. Every branch of the machine writes a
number, so ¢ is satisfiable; hence MMS-fair allocations exist, and L
is never a correct output.

Where to find what. Section 4.2 builds I, and Lemma 4.1 verifies
(GL1) and (GL2) and computes the maximin share. Theorem 4.2
concludes. The halving gadget is in Section 3.4 and the graded
ledger in Section 3.6.

4.2 The instance

Let f € OptP be computed by an NP metric machine M that
writes exactly p = p(|x|) bits on every branch on input x (padding
with leading zeros if necessary). Let ¢ be the 3-CNF formula of
Lemma 2.10, over zi, ..., z; with g clauses, whose first p variables
are the output bits. We grade the variables by

Gi=2P""fori < p, fi=0fori>p, so that Ay = 2P — 1.

Then valy (o) is the number written on the branch described by a
model o, so by Lemma 2.10,

lex; (¢) = f(x). (1)

CONSTRUCTION (THE INSTANCE Iy). Let X, be the halving gadget

of Lemma 3.4 for ¢, with weightsw and w(X,p) = 21, and let y = Xl;f

be its negative form for the grading {. Let M = Ay = 2P — 1 and
K =2A;+1. Then Iy = I(), x) is the instance with two agents and
goods X, in which both agents have the valuationu =K - w + .

The charge y is Aév on the anchor, —{; on Nj, and 0 elsewhere.
Its positive values sum to Ay and its negative values to —A;, so
[x(S)| < Ay = M for all S, as the construction requires.

LEmMA 4.1. The balanced partitions of I are exactly the pairs of a
ledger S of X, and its anchor side, and I satisfies (GL1) and (GL2) of
Lemma 3.7 with X the set of models of ¢ and o = os for the ledger S
of . Hence p(Iy) = Kt — Ay + f(x). Moreover, Iy is computable
from x in polynomial time, and every value has O(p + k + q) bits.

THEOREM 4.2. MMS-VALUE is OptP-complete under metric reduc-
tions, and hence FPNY -complete; MMS-ArLoc is FPNP -complete. Hard-
ness holds already for n = 2 agents with identical valuations, on
instances that always admit an MMS-fair allocation.
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ProOF. Membership is Proposition 2.5(i) and (ii), as OptP C
FPNP by binary search. For hardness, let f € OptP and map x to Iy.
By Lemma 4.1 and Corollary 3.8, T1(x) = (Iy,1) and To(x,y) =
y — Kt + Ay form a metric reduction from f to MMS-VALUE, as
K, 7 and A are computable from x in polynomial time; with

Theorem 2.3, MMS-VALUE is FPNP—Complete. For MMS-ALLoC, let
Ti(x) = L and let Tz(x, 7) = valy(os), for the ledger S of =, the
bundle without the anchor. By Corollary 3.8, every correct out-
put 7 is balanced, so its bundle without the anchor is a ledger, and
To(x, ) = f(x); and L is not a correct output. So every f € OptP
reduces to both problems, and by Theorem 2.3 and composition of
reductions, so does every function in FPNP, O

This section needs no core: with identical valuations an MMS-
fair allocation always exists (Remark 2.6), and what is hard is to
find one. What costs magnitude is the grading, which lives in the
charge, with p + 1 bits, and not in the weights.

5 Existence with Values in Binary

This section shows that MMS-ExisTs is PNF-complete, already for
four agents with three distinct valuations (Theorem 5.14). For hard-
ness we reduce from Opp-LEX-MAX-SAT (Lemmas 2.8 and 2.9) to
instances I, g.

5.1 Proof strategy

This section outlines the hardness proof and introduces its vocabu-
lary informally; Sections 5.2-5.5 give the precise definitions.

The comparison. By Lemma 2.9, it suffices to decide, for formulas
a and p with f satisfiable, whether « is satisfiable and lex(a) >
lex(f3). We build an instance I, g with four agents that has an MMS-
fair allocation exactly in this case. One agent, the dial D, carries
all information about the formulas; the other three, the blockers,
only enforce the structure. Fairness for the dial comes down to the
inequality —s +1l > —dr: the cost s is fixed, her drop dr = A —lex(f)
is how far her maximin share lies below a common value, and her
relief 11 = lex(a) (or 0 if « is unsatisfiable) is how much of the
cost can be made up. With s = A, the inequality reads lex(a) >
lex(f). So lex(p) enters through a maximum over partitions, her
maximin share, and lex(«) through a maximum over allocations,
the best bundle she can be given. Two gadgets are needed for this.
Anything the dial can be handed in an allocation, she can also
place in a partition of her own. So with a single halving gadget
on one formula ¢, her maximin share and the best bundle she
can receive are both determined by lex(¢), and after cancelling
the core’s cost s, the fairness condition becomes lex(¢) > ¢ for
a constant ¢ computable from the instance. This is a single NP
question, so it gives no PN?-hardness unless NP = PN’ With two
gadgets, lex(f) enters as a maximum over partitions, the dial’s
maximin share, and lex(«) as a maximum over allocations, the
bundle she receives; their comparison is PNP-hard by Lemmas 2.8
and 2.9.

Weights and charges. Every valuation is K - w + §; as in Sec-
tion 3.2: a common weight w, scaled by a large K, plus a small,
agent-specific charge §;. Only balanced partitions, into four bun-
dles of equal weight, matter: both the maximin shares and the fair



allocations live on them. The weight is assembled from digit blocks,
and blocks interact only through goods that both see (Lemma 3.2),
so we build separate gadgets from separate blocks and join them at
a few named shared goods. A balanced partition is then glued from
one configuration of each gadget.

The core. The core consists of twelve goods with exactly two
balanced partitions, the phases PV and PY. Two perturbations &y
and 8y, carried by the agents of type V (D and EV) and of type U
(Egj and Eg) are each neutral in one phase and cost s on three
bundles of the other, the deficit bundles; we write Bady and Bady;
for the deficit bundles of PV and of PV. So a blocker’s maximin
share is computed in her neutral phase, where she loses nothing,
while every allocation uses one phase and hurts some agent there. A
bundle that costs a blocker s is worth less to her than her maximin
share, so no MMS-fair allocation gives it to her; hence every fair

allocation must use phase PV and give the dial a bundle of Bady-.

The fourth bundle, the host bundle, is safe: it has offset at least 0 for
both perturbations in both phases, so no agent loses anything on
it, and it is not a deficit bundle. In both phases, each bundle holds
exactly one of the four B-side goods By, By, By, By, and is named
after it; the host bundle is the bundle of By, the host. These four
goods are the only core goods that the rest of the instance touches.
The core’s contract, the calculus (Lemma 5.7), lists two conditions
on the dial’s charge under which fairness is exactly —s + 1l > —dr.

The halving gadget. For a formula ¢, the halving gadget X, of
Section 3.4 splits into two halves of equal weight exactly along the
models of ¢; the half without the anchor is a ledger, which records
a model, and the other is its anchor side. The lex charge yjex and
its negative form y;__let the dial value a ledger by its model; the
anchor side always carries the opposite charge.

The gates. A gate is a digit block that places a halving gadget X,
next to the core, with a charge of the dial on X,,. Next to the core
means that the gate is a separate block, which sees no core good
apart from some of the B-side goods, but whose goods are divided
over the same four bundles as the core goods: each bundle of a
balanced partition holds one bundle of the phase and one class
(see below) of each gate. The bundles of a configuration of a gate
are its classes. In both phases each bundle holds exactly one B-side
good, so a gate block can pin a class to a named bundle by giving
that good a digit: it labels the class. Besides Xy, each gate has two
carriers, each of which carries one half of X, into a bundle, and two
goods that each fill a bundle on their own. Light carriers force the
split; heavy carriers also let the gate be switched off; keeping X,
whole. The drop gate, light on X with x,_ , always gives the dial a
drop ledger class of charge at most —dr, and a drop anchor class of
charge at least 0; it sets her drop. Its carriers are By and By, and B,
is also the anchor of Xj. The relief gate, heavy on X with )jex, has
two relief classes, each of charge at most rl, and one of them can
carry exactly rl; it supplies her relief. Its carriers are fresh goods,
and By and B; fill a bundle each. The relief gate must be able to be
switched off because o may be unsatisfiable: then X, has no half,
and a light gate would leave no balanced partition at all, whereas
the switched-off gate gives relief rl = 0. The drop gate must not
be switchable, or the dial could avoid her ledger; it can be light
because f is always satisfiable.
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labels By, By

core drop gate

relief gate

twelve goods labels light, on Xpg heavy, on Xy
phases pV,pY charge ;. charge yjex
cost s drop dr relief 1

Figure 2: The three gadgets of I, 5 and the goods they share.
Each gadget has its own interface lemma. The drop gate sees
all four B-side goods of the core and the relief gate sees B;
and By; these are the only goods seen by the blocks of two gad-
gets. The last line of each box is what the gadget contributes
to the dial’s inequality —s+1l > —dr, with s = A, dr = A —lex(f)
and 1l = lex(a).

Coupling. The labels join the gadgets. The drop gate names By as
the anchor of X, 5 and By as its second carrier, so in every balanced
partition the drop anchor class lies in the host bundle, where it
cannot help the dial, and the drop ledger class in the bundle of Bj.
The relief gate lets By and B, fill a bundle each, so the relief classes
lie in the bundles of By and B;. No relief class can meet the drop
ledger class or the host, and the dial’s drop depends on f alone.
All other goods are fresh; the goods outside the core, together
with the B-side goods, are the gate goods. The coupling lemma
(Lemma 5.12) shows that a balanced partition is a phase together
with one configuration of each gate, glued at the B-side goods; from
it, Lemma 5.13 checks the core’s contract, which proves the theorem.
Figure 2 shows the three gadgets and the goods they share.

Where to find what. Section 5.2 builds the core (Lemmas 5.1-5.4),
says how gates may attach to it (Definition 5.5 and Lemma 5.6), and
states its contract (Lemma 5.7). Section 5.3 builds the two gates in
isolation on the halving gadget of Section 3.4 (Lemmas 5.8-5.11),
and Section 5.4 couples them to the core (Lemma 5.12). Section 5.5
checks the contract (Lemma 5.13) and proves Theorem 5.14.

5.2 The core

The core is a set of twelve goods for four agents with exactly two
balanced partitions; we will perturb it so that, in each of them, some
agent falls short of her maximin share. It is the part of the instance
that makes fairness fail, and the gates attach to it. We need a weight
system with exactly two balanced partitions, such that each of two
types of agents is harmed in exactly one of them, and with a bundle
that is safe for everybody in both. Section 7.2 generalises the core
to 2m agents, which Section 7 needs; here, four agents suffice.

The picture behind the core is the cycle A;B1A2B; of Figure 3,
in which V; joins A; to By, Uj joins Bj to Az, Va joins Aj to By, and
U; joins By to Aj. Every bundle will hold an edge together with
its two endpoints, either the vertices themselves or copies of them,
their shadows. The bundles of vertices form a perfect matching of
the cycle, and the bundles of shadows take the edges that it leaves
unused. The cycle has exactly two perfect matchings, {V, V2} and
{U1, Uz}, so the core is a switch with two positions.
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Figure 3: The cycle of the core and its two perfect matchings,
the phases. Each thick edge forms a bundle with its endpoints;
each dashed edge forms a bundle with the shadows of its
endpoints.

CONSTRUCTION (THE CORE X3). The core goods are the four ver-
tices A1, A2, B1, B2 and the four edges V1, Vo, Uy, Ua of the cycle, and
ashadow A;, B; of each vertex. The goods A;, A; are the A-side goods,
and B;, B; the B-side goods, as each edge of the cycle has one endpoint
of each kind. They carry six digit blocks side4, sidep, edg, rol, L1, Ly,
whose roles we explain below; their digits are in Table 8 in the ap-
pendix. Their totals are 4 for the first four blocks and 12 for the link
blocks L1 and Ly, so that, with n = 4 bundles, a bundle meets them if
its digit sums are (1,1,1,1, 3, 3).

The blocks sidey, sideg and edg give each bundle one A-side
good, one B-side good and one edge; the role block rol gives each
bundle exactly one of an A-vertex and a B-shadow, so a bundle
holds either two vertices or two shadows, which fixes the role of
the bundle; and the link blocks L1 and Ly, through their digit sums 3,
link the indices of these two goods to the edge, so that the edge
joins its own endpoints. The two partitions of the core goods that
meet all six blocks, PV and PY, are listed in Table 2. We call them
the two phases, named after the edges of their matchings. In both
phases, each bundle contains exactly one of the goods By, Bz, B;
and Bs, and we name the bundle after it, which lets us refer to the
same bundle in both phases, as the rows of Table 2 do.

LEMMA 5.1. The partitions of the core goods into four bundles that
meet all six blocks are exactly PV and PY.

Next, we define two perturbations, charges on the core goods,
with a scale s > 1 that we fix later; s is the amount by which a
perturbation can hurt an agent. Each perturbation is neutral in one
phase, that is, 0 on each of its bundles, and hurts in the other, and
we name it after the phase in which it is neutral: §y is 0 on every
bundle of PV, and on PY it costs s on three bundles and pays on the
fourth; dy is its mirror image, neutral on PY.

Sy : Ay 25, By —s, By s, UL, Us > —s;
Suy: Ay =25, By s, By 3s, Vi,Vo > —s,

and 0 on all other goods (including all goods outside the core, later
on). Reading off the bundles gives the following.

LEMMA 5.2. Both 8y and 8y sum to 0. The perturbation Sy has
offset 0 on every bundle of PV, and on PY it has offset —s on the
bundles of By, By and By, and 3s on the bundle of By. Symmetrically,
Sy has offset 0 on every bundle of PV, and on PV the same offsets as
8y on PY.

We call a bundle of the core safe if it has offset at least 0 for both
perturbations in both phases. An agent of either type who receives
a safe bundle thus loses nothing on the core goods, whichever phase
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Table 2: The two phases of the core, bundle by bundle, with
the offsets of 6y and &y .

bundle pY P9 S5y (PV/PY) Sy (PV/PY)
deficit, By AiB1Vi AyBU; 0/-s -s/0
deficit, > By A2B;Va  A1ByU; 0/-s -s/0
deficit, Bl AzBlUl AlﬁlVl 0/-s -s/0
hOSt, E) Bz AleUZ A232VZ 0/3s 3s/0

is used. By Lemma 5.2, exactly one bundle is safe, the bundle of B,
which we call the host bundle, and B itself the host. The other three
bundles, those of By, By and By, are the deficit bundles: each of them
costs s to one of the two types, in each phase. We let Bady be the
set of deficit bundles of PY, on which 8y has offset —s, and Badgs
the set of deficit bundles of PV, on which Oy has offset —s.

The B-side goods are where the gates will attach to the core: in
both phases each bundle holds exactly one of By, Bz, By and B,, and
we name the bundle after it, so a gate may pin one of its classes
to a named bundle by giving the good of that name a digit. A gate
may share with the core only B-side goods, and every other core
good will be seen by the core blocks alone. A charge that is 0 on all
core goods other than the host therefore puts on each core bundle
exactly the charge of its goods outside the core, together with the
host if it holds it; so the rest of the paper refers to core bundles
only by their names, as the deficit bundles and the host bundle,
and by the sets Bady and Bady. In a balanced partition of a larger
instance, we name each bundle after the core bundle that lies in it;
for example, the host bundle is the bundle that contains B.

Agents. The four agents are two agents of type V, who carry dy,
and two agents of type U, who carry 8y7. One of the type-V agents
is the dial D, who carries an additional charge y, which is how the
formulas enter: it turns her maximin share, and her value for some
bundles, like a dial. The other three agents are blockers, who carry
nothing else: EV of type V, and Eij and Eg of type U. Each blocker
is neutral in the phase that her type is named after, so her maximin
share is the full Kr. A bundle of offset —s is worth K7 — s to her,
less than her maximin share, so no MMS-fair allocation can give
it to her; the blockers exist only to block every way of passing the
core’s deficit to someone other than the dial. A fair allocation must
use the phase that hurts the dial’s type, PY, because only the dial
can absorb a deficit: the blockers of type U force this phase, and
the blocker of type V forces the deficit onto the dial. In the final
instance (Lemma 5.13), the agents are:

agent ‘charge neutral phase maximin share

D Sy +x PV (for 8y alone) Kr—dr
EV Sy 4 Kr
EV.EY | 8y PY Kt

LEMMA 5.3. (a) If the bundles of PU are handed to the four agents,
one each, some type-V agent receives a bundle of Bady ; likewise for
PV, typeU andBady. (b) For each type-V agenti and every S € Bady,
the bundles of PU can be handed out so that i receives S and every
other agent receives a bundle of offset at least 0 for her perturbation.

Proor. (a) The three bundles of Bady cannot all go to the two
type-U agents. (b) Give S to i, the host bundle to the other type-V



agent, and the two remaining bundles to the type-U agents, on
which & is 0. o

Already the core alone, a small and structured instance, has no
MMS-fair allocation, which is what the gates will repair. Every agent
has a phase that is neutral for her, so all maximin shares are Kr;
but an allocation uses a single phase, and in it the two agents of
the harmed type have only one safe bundle between them.

PROPOSITION 5.4. Let w be given by Lemma 3.1 for the six blocks
of 2o, and let Iy = I(Sy, 8y, 8y, Ou) be the instance with four agents
on the twelve core goods, with M = 4s. Then yi; = Kt for every agent i,
and Iy admits no MMS-fair allocation.

Gated instances. The gates are built by different means than the
core, and must not disturb its rigidity. A gated instance fixes the
only goods through which they may interact with it, the B-side
goods.

Definition 5.5. Let s > 1. A gated instance is an instance I(Sy +
X 0v, 0y, 8y) of the construction of Section 3.2, with agents D, EV,
EY,EY, in which

(G1) the goods are the core goods and further goods;

(G2) the weights are given by Lemma 3.1 for the six core blocks,
which have digit 0 on all goods outside the core, and further
gate blocks, which have digit 0 on all core goods other than
the B-side goods By, Ba, By, B2;

(G3) the dial’s charge y sums to 0 and is 0 on all core goods other
than By;

(G4) M > s.

The goods outside the core, together with the B-side goods that the
gate blocks see, are the gate goods.

So the B-side goods seen by the gate blocks are both core goods
and gate goods, and they are the only channel between the core and
the gates. The definition is syntactic: it is checked on the blocks and
the charge, not on the balanced partitions. The next lemma then
shows, once for all gated instances, that every balanced partition
has a phase, which the calculus needs; Section 7 reuses both for the
core X,,, with the gear block as its gate blocks. A balanced partition
then factorises into a phase, a configuration of the gate blocks, and
a pinning condition on the B-side goods.

LEMMA 5.6. A partition i of the goods of a gated instance is bal-
anced if and only if (i) its restriction to the core goods is PV or PY,
its phase; (ii) its restriction to the gate goods is a configuration of
the gate blocks; and (iii) for each B-side good seen by a gate block,
the bundle of the configuration containing it lies in the bundle of the
phase named after it. Conversely, if the B-side goods seen by the gate
blocks lie in distinct bundles of a configuration of the gate blocks, then
every phase and this configuration combine to a balanced partition
by every bijection between their bundles that satisfies (iii).

Proor. Apply Lemma 3.2 to the core blocks and the gate blocks,
whose supports share exactly the B-side goods seen by the gate
blocks. The configurations of the core blocks are the phases by
Lemma 5.1, and each B-side good lies in the bundle named after it
in both phases. o
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Condition (iii) holds automatically for the restrictions of a bal-
anced partition, as each good lies in one bundle; it is the condition
of Lemma 3.2 that a phase and a configuration must satisfy to be
glued together. The gate block of Section 7 sees only the host By,
and then (iii) says that the bundle of B; lies in the host bundle; so
the lemma covers it verbatim.

The core’s contract. The following lemma, the calculus, reduces
the existence of an MMS-fair allocation to two properties of the
dial’s charge on balanced partitions; it turns fairness into arithmetic
with two numbers: her drop dr, by which y lowers her maximin
share, and her relief rl, by which y can raise her value for a bundle
of Bady, as it relieves part of the deficit s that the core puts on
that bundle. It applies to every gated instance. For a partition 7, we
write y(7) = min; y(x(j)). The lemma has two hypotheses on the
charge, and we refer to them by the names (drop) and (relief); they
are conditions that must both hold, not cases. They pull in different
directions, and this is the heart of the construction. Her maximin
share is determined by her worst bundle, in either phase, so (drop)
asks that y is small on some bundle other than the host bundle in
every partition; an allocation can hand her whichever bundle it
likes, so (relief) asks that y can be large on one bundle of Bady in
some partition. The host bundle is excluded from (drop) because it
is the one bundle where the core pays the dial: in phase PY it has
Sy -offset 3s, while every other bundle lies in Bady and has offset —s,
so a small charge there bounds her offset in both phases. A fair
allocation must use phase PU and give the dial a bundle of Bady,
so fairness comes down to —s +rl > —dr.

LEMMA 5.7. Let I be a gated instance, and let dr and 1l be integers
with 0 < dr < M such that the following two conditions hold.

(drop) Balanced partitions of phase PV exist, and some balanced parti-
tion of phase PV has y > —dr on every bundle. Every balanced
partition, of either phase, has y < —dr on some bundle other
than the host bundle.

(velief) Every balanced partition of phase PY has y < 1l on every
bundle in Bady,, and some balanced partition of phase PY has
x(S) =1l for some S € Bady.

Then every blocker has maximin share Kr, the dial has maximin

share Kt — dr, and I admits an MMS-fair allocation if and only if

rl > s —dr.

Proor. Every balanced partition has a phase by Lemma 5.6.
Blockers. A balanced partition of phase PV gives the type-V blocker
offset 0 on every bundle (Lemma 5.2), and one of phase PY, which
exists by (relief), does so for the type-U blockers; so their drops
are 0, and their maximin shares are K7 by Lemma 3.3(ii). The dial.
In phase PV, the offsets of D are her charges, so the partition of
(drop) has all offsets at least —dr, and her drop is at most dr. Con-
versely, let S be the bundle of (drop), other than the host bundle,
with y(S) < —dr. In phase PV its offset for her is y(S) < —dr; in
phase PU it lies in Bady, so its offset is —s+ y(S) < —dr. So her drop
is exactly dr, and her maximin share is K7 — dr by Lemma 3.3(ii),
asdr < M.

(=) An MMS-fair allocation gives every agent at least K7 —
dr > K7 — M, so it is balanced by Lemma 3.3(i). In phase PV, by
Lemma 5.3(a), some type-U agent would receive a bundle of off-
set —s; both type-U agents are blockers, so this is below her maximin



share K. So the phase is PV, and by Lemma 5.3(a) some type-V
agent receives a bundle S € Bady. This is not the blocker EV: her
maximin share is K7, and S is worth K7 — s to her, as she car-
ries no charge. So the dial receives S. Her offset on S is the sum
Oy (S) + x(S) = —s+ x(S), which is at most —s +rl by (relief), and at
least —dr as the allocation is fair; so rl > s — dr. (&) Letrl > s —dr,
take a balanced partition 7 of phase PU and a bundle S € Bady
with y(S) = rl as in (relief), and hand it out as in Lemma 5.3(b),
with D receiving S. Then D gets offset —s + rl > —dr, and every
blocker gets offset at least 0, so every agent receives at least her
maximin share. ]

Interface: the rest of the paper uses the core only through its
phases (Lemma 5.1), the deficit bundles, the host bundle and the
host, the fact that each bundle holds exactly one B-side good, the
factorisation (Lemma 5.6), and its contract (Lemma 5.7).

5.3 Gates

Each gate is built on the halving gadget X,, of Section 3.4, with the
lex charge Xjex or its negative form y; _ for the grading {; = 2k=i,
so that ledgers carry val(os), respectively —(A — val(os)).

Gate blocks. A gateis a digit block that places a halving gadget X,
next to the core, together with a charge of the dial on X,; it is the
channel through which a formula ¢ reaches the dial’s valuation.
Next to the core means, as in Section 5.1, that the gate is a block of
its own, which sees no core good except some of the B-side goods,
but whose goods are divided over the same four bundles as the core
goods: by Lemma 5.6, each bundle of a balanced partition holds one
bundle of the phase together with one bundle of a configuration
of each gate. In both phases each bundle holds exactly one B-side
good, so a gate block can pin one of its classes to a named bundle
by giving that good a digit. Each gate is the halving problem of X,
spread over four bundles: two goods whose digit is the target of a
bundle fill a bundle each and take no part in the split, and the other
two bundles share X,, and two carriers equally. Normally each of
these two bundles holds one carrier together with one half of X,
so the carrier carries that half into its bundle, hence its name. A
carrier of digit 1 cannot stand in for part of a half, as the weights
in X, come in multiples of b by (W1), so each of these bundles
takes one carrier and one half; a carrier that weighs as much as a
half lets the two carriers sit together instead, while X, stays whole.
So with light carriers the block must split X,, into two halves, and
with heavy carriers the block can also be switched off : the carriers
share one bundle, carrying no half, and Xo fills the other.

We use one gate of each kind, and name each after what it gives
the dial. The drop gate is light, on a halving gadget Xz whose anchor
is the host By; its carriers are By and the anchor By, and By and B
fill a bundle each. The relief gate is heavy, on a halving gadget X,
with a fresh anchor ag; its carriers are fresh goods y3, y4, and B
and B, fill a bundle each. With wp(Xp) = 215 and wqe (Xa) = 274,
their digits are as follows. A digit equal to the target fills a bundle
on its own; digit 1, on top of the weight in X if any, is a light
carrier, and digit 7, a heavy one. In the drop block, B, plays two
roles at once: it is the anchor of Xj, with weight wg (B2), and a
light carrier, with the extra 1, and its digit is the sum of the two.
So the carrier B, always takes the half that holds the anchor, the

14

anchor side; this is how the drop block pins the anchor side to the
bundle of B,. In the relief block, B; only fills a bundle: every good
of Xg has digit 0 there, so its role as anchor plays no part. Roles are
per block, and the weight of a good adds its digits over all blocks
(Lemma 3.1). The last column gives the role of each good in the
drop block, and then in the relief block.

good drop block  relief block | role (drop; relief)

x € Xg, x # By wp(x) 0 gadget good

By Wﬁ(Bz) +1 274 anchor ofXﬂ and light carrier;
fills a bundle

By 1 274 light carrier; fills a bundle

B1, By 5+ 1 0 fills a bundle

x € Xo 0 we (x) gadget good

Y3, Ya 0 Ty heavy carrier

target p+1 2T -

and 0 on all other goods. The totals are 2rg+1+1+2(7g+1) = 4(rg+1)
and 27, + 274 + 474 = 874, so a bundle meets a block if its digit
sum is the target. The next two lemmas describe each block on its
own, without the core; their proofs use only W(X(p) = 214, (W1)
and these digits.

LEMMA 5.8. In every partition into four bundles that all meet the
drop block: the bundles of By and of By hold no other good of the
block; the bundle of By holds, besides By, exactly a ledger S ofXﬁ; the
bundle of By holds exactly the anchor side Xp \'S; and By and B lie
in different bundles. Every ledger S gives such a partition.

LEMMA 5.9. In every partition into four bundles that all meet the
relief block: the bundles of Bz and of By hold no other good of the
block; and the other two bundles hold, as goods of the block, either

S) {y1}VT and{y;_1}U (X \T), for a halfT and somel € {3, 4},

or
U) {ys,ya} and X,.
Every half T gives an instance of (S), and (U) always meets the block.

The drop gate always hands the dial a ledger of f, and so sets her
drop, and with it her maximin share. It must be light, so that the dial
cannot avoid a bundle carrying her ledger’s charge; otherwise she
could switch it off and put all of X, with total charge 0, into one
bundle. A light block on X has a configuration only if § is satisfiable
(Lemma 5.8); this is why our source problem supplies a satisfiable f.
The relief gate can provide her relief, by raising her value for one
bundle. It must be heavy, that is, it must be possible to switch it off,
for two reasons. First, @ = ¢ A z; may be unsatisfiable. Then X,, has
no half, so a light block on X, would have no configuration, and
by Lemma 3.2 the instance would have no balanced partition at all;
Lemma 3.3(ii) and the calculus would not apply, and we would have
no control over the maximin shares. With heavy carriers, case (U)
always gives a configuration, in which both relief classes carry
charge 0; so an unsatisfiable « gives relief rl = 0, and Lemma 5.13
shows that the instance is then a no-instance. Second, even for a
satisfiable «, the dial switches the relief gate off in her own best
partition (the proof of (drop) in Lemma 5.13): in case (S) one of its
classes may carry a negative charge, which could push her worst
bundle below —dr and make her drop depend on a.

For a gate, we call the bundles of a configuration of its block
(Lemma 3.2) its classes, and name each class that contains a B-side
good after that good. In a balanced partition of the whole instance,
each class lies in one bundle, in the sense of Section 3.2. We first



describe each gate in isolation, with its own charge, which is x;_
on X for the drop gate and y|ex on Xy for the relief gate, and 0 on
the other goods of the block; the charge of the dial is their sum.

LEMMA 5.10. Let 8 be satisfiable. In every configuration of the drop
block, the classes of By and By are {B1} and {B1}, and carry charge 0;
the class of By, the drop ledger class, is {B2} U S for a ledger S, and
carries —(A — val(o)) < —(A — lex(f)), where o = og is the model
of B encoded by S; and the class of B, the drop anchor class, is Xg\S,
and carries A — val(o) > 0. Some configuration has a drop ledger
class of charge exactly —(A — lex(p)).

LEMMA 5.11. Letrl = lex(«) if « is satisfiable and 1] = 0 otherwise.
In every configuration of the relief block, the classes of By and By are
{Bz} and {B:}, and carry charge 0, and the two classes not containing
By or By are the relief classes. In case (S), they are {y;} U T and
{y721} U (X \ T) for a half T and somel € {3,4}, and carry xjex(T)
and — yiex (T); in case (U), they are {y3, ya} and Xy, and both carry 0.
Every relief class carries at most rl. Case (U) gives a configuration,
and some configuration has a relief class of charge exactly rl.

Interface: the rest of the paper uses the gates only through Lem-
mas 5.10 and 5.11, and through Lemma 5.8 for where B and B,
lie.

5.4 Coupling the gates to the core

The drop block names By as the anchor of Xg and By as its second
carrier, so in every balanced partition the drop anchor class lies in
the host bundle, which is not a deficit bundle, and the drop ledger
class lies in the bundle of Bs. The relief block gives By and B, the
target as their digit, so the relief classes lie in the bundles of By
and By. So no relief class can meet the drop ledger class or the host,
and the dial’s drop depends on S alone.

CONSTRUCTION (THE INSTANCE I, g). Let a and f§ be CNF for-
mulas over z1, . . .,z as in Section 2.4, and let s = A (this choice is
explained in Section 5.5). The goods of I, g are

o the twelve goods of the core Xy;

e the goods X of Lemma 3.4 for B, with weights wg and wg(Xp) =
2tg, where the anchor of Xg is the core good B, and all other
goods are fresh (the conclusions of Lemma 3.4 concern weights
and do not depend on names);

o the goods X, of Lemma 3.4 for at, with weights wy and wy (Xy) =
274, all of them fresh, with anchor ag;

o fresh goods y3, ya.

The two halving gadgets are built independently, each with its own
base b. The weights w of the goods are given by Lemma 3.1 for eight
digit blocks: the six core blocks, with digit 0 on every good outside
the core, and the drop block and the relief block of Section 5.3. The
dial’s charge y is the negative form y,_ on Xg (so x(B2) = A),
the lex charge Xiex on X, and 0 on all other goods. Then I, g =
I(dy + x,dy, 8y, Sy) with agents D, EV, Eif Eg and M = 5A.

So I, g is a gated instance, with the drop block and the relief
block as its gate blocks. Table 3 summarizes the two gates. Figure 4
shows the resulting shape of a balanced partition; Lemma 5.12 states
it.

The block totals are 4 and 12 for the core, 4(z4 + 1) for the drop
block and 87, for the relief block, all divisible by 4. The charges
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Table 3: The two gates of I, g.

drop gate relief gate
halving gadget ~ Xp Xa
carriers B, B, (light, digit 1) 3, ys (heavy, digit 7o)
fill a bundle each By, By By, By
anchor By (label) ag (fresh)
dial’s charge Xiox Xlex
interface Lemma 5.10 Lemma 5.11
gives the dial her drop dr her relief rl
drop gate on Xg relief gate on Xy

(light carriers By, Bp):
sets the dial’s maximin share via lex(f)

(heavy carriers y3, y4):
raises one bundle via lex ()

host bundle bundle of By bundle of By bundle of B;

drop anchor class: drop ledger class: a relief class: the other relief class:
anchor side of X/; Bz and a ledger Sy T S) va, Xa \ T
(contains Bg) of Xp (model o) ©) y3, v4 U) Xer
¥ =A-val(o) ||x=—(A-val(o)) ) x=x(T) ) x=—x(T)
@x =0 Uy =0

Figure 4: The gate goods of a balanced partition of I, 4
(Lemma 5.12), with the dial’s charge y on each bundle. Each
box also holds the core goods of the bundle of the phase
named in its heading; the two relief classes may also be
matched with the bundles of B; and B; the other way round.

dy, 0y and y each sum to 0, so the largest |§;(S)] is the sum of the
positive values of §;: 4s for type U and 3s+2A = 5A = M for the dial,
from 8y on Az and By, y;__on the host By, and ey on the goods P;
of X,; and M = 5A > 4s. Every good has a positive digit in some
block, so its weight is positive: the core goods in the core blocks,
the goods of X other than By in the drop block, and the goods
of X, and y3, y4 in the relief block. All digits have polynomially
many bits by (W2), hence so do the weights by Lemma 3.1, and
K =2M +1 has O(k) bits; so I g is computable in polynomial time.

The gate goods are the goods of the two gate blocks: Xz, which
contains By, X4, ¥3, y4, and By, By, B. The next lemma puts the core
and the two gates together.

LEMMA 5.12. Let f3 be satisfiable, and let rl be as in Lemma 5.11
fora.

(2) The balanced partitions of I, g are exactly the combinations, in
the sense of Lemma 3.2, of a phase of the core, a configuration
of the drop block and a configuration of the relief block, glued
at the B-side goods: each class that contains a B-side good lies
in the bundle named after it, and the two relief classes lie in the
bundles of By and By, in either order. Every such combination
is balanced.

Consequently, in every balanced partition: the host bundle
holds the drop anchor class, with y > 0; the bundle of By holds
the drop ledger class, with y < —(A —lex(p)); the bundles
of By and By hold one relief class each, with y < rl; and in
phase PV these three bundles are exactly Bady . For each phase,
some balanced partition puts the drop ledger class of charge
exactly —(A — lex(p)) on the bundle of B and a relief class
of charge rl on the bundle of B1, and some balanced partition

(b)



puts the drop ledger class of charge exactly —(A — lex(f)) on
the bundle of By with the relief block in case (U).

5.5 Instantiation and the theorem

Our choice of the scale s is made for the calculus. With s = A,
dr = A —lex(p) and rl = lex(), the core’s penalty s and the A in
the drop cancel, and only lex(a) > lex(f) remains.

LemMaA 5.13. Let f8 be satisfiable with lex(f) > 1. Then I,z
satisfies the hypotheses of Lemma 5.7 with dr = A — lex(f) and
with 1l as in Lemma 5.11 for a. Hence ppv = Hpu = Hpy = Kz,
pp = Kz = A+lex(p), and 1, g admits an MMS-fair allocation if and
only if a is satisfiable and lex(a) > lex(f).

PrROOF. We have 0 < dr < A < M and rl > 0. (drop) By
Lemma 5.12(b), every balanced partition has y < —dr on the
bundle of By, which holds the drop ledger class and is never the
host bundle; and some balanced partition of phase PV has charges
dr, —dr, 0, 0, with the drop ledger class of charge —dr and the relief
gate switched off, in case (U), so it has y > —dr on every bundle.
(relief) By Lemma 5.12(b), in phase PU the bundle of B carries at
most —dr < 0 < rl, and the bundles of B; and Bj carry at most rl;
and some balanced partition of phase PU has y = 1l on the bundle
of By, which lies in Bady.

By Lemma 5.7, an MMS-fair allocation exists if and only if rl > s—
dr = lex(p). If « is satisfiable, this says lex(«) > lex(f). Otherwise
it says 0 > lex(f), which is false as lex(f) > 1. O

So the two lexicographic maxima enter in different places: lex(f)
through the dial’s maximin share, a maximum over partitions, and
lex(er) through the best bundle she can be given.

THEOREM 5.14. MMS-Exists is PN -complete. Hardness holds al-
ready for n = 4 agents with additive valuations, of which exactly
three are distinct: agent EV has ugv = K-w+dy, agents Eij and Eg
have Uy = Upy = K -w+dy, and agent D hasup = ugv + x.

Proor. Membership is Proposition 2.5(iii). For hardness, we re-
duce from Opp-LEX-MAX-SAT, which is PN -complete by Lemma 2.8.
Given a satisfiable CNF formula ¢ over zy, .. ., zx, rename each z;
to z;+1 and add the unit clause (z1) for a fresh most significant vari-
able z;. The resulting formula ¢* is satisfiable, lex(p*) = 2K +
lex(p) > 1, and ¢* € ObpD-LEX-MaX-SAT if and only if ¢ €
ODD-LEX-MAX-SAT, as 2K is even. Let f = ¢* and & = ¢* A zp41,
whose unit clauses are allowed by Lemma 3.4, and map ¢ to I g.
which is computable in polynomial time. As f is satisfiable with
lex(f) = 1, by Lemmas 5.13 and 2.9, I, 5 admits an MMS-fair allo-
cation if and only if ¢ € ODD-LEX-MAX-SAT, that is, if and only
if ¢ € OpD-LEX-MAX-SAT. The three valuations are distinct, as
Sy # 8y and y(Bz) = A > 1; so no valuation is held by three
agents, as Remark 2.6 requires. O

6 Computation with Values in Unary

This section shows that, with values in unary and the number of
agents free, MMS-VALUE is OptP[O(log n)]-complete and MMS-
Arroc is FNP /OptP[O(log n)]-complete, already for identical val-
uations (Theorems 6.2 and 6.4).
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6.1 Proof strategy

Why the setting changes. Two things change with values in unary.
First, for a fixed number of agents every problem is in P (Propo-
sition 2.7), so the number of agents must grow with the input.
Second, the budget changes. The weights of the halving gadget
have ©((k + g) log b) bits by (W2), so written in unary they are ex-
ponentially long; and a charge of size 2P written in unary is too long
unless p = O(logn). So the device must be built from a bounded
number of digit blocks with polynomial totals, whose weights are
then polynomial by Lemma 3.1, and the graded quantity must have
polynomial range, which is exactly what the value of a function
in OptP[O(log n)] has.

The device. The gear block of Section 3.5 is such a device. We
recall its shape. It takes a list of gadgets, instances of positive exactly-
1 satisfiability, and has one gear per variable of each gadget. Its
goods include an anchor a and, per gear, a hub and two terminals, P
and N; in every configuration, the bundle containing the anchor is
the ledger. The whole section rests on one sentence: the ledger reads
off a satisfying assignment of every gadget at once, one terminal per
variable, and every other bundle holds goods of a single gadget. The
terminal of a gear that is not in the ledger lies with the gear’s hub.

Charge orientation. All agents carry the charge of Section 3.5:
—A; on the anchor and +{; on the terminal P of each graded variable,
the opposite orientation of the negative form y;_  of the halving
gadget. Then the ledger carries —A; + valy (o), and every other
bundle carries at least 0.

The class. Membership in FNP /OptP[O(log n)] (Proposition 2.5)
is an optimum of O(log n) bits together with one NP witness. So
hardness must encode a witness y, and not only a number, and must
return L when the source problem has no solution. Two devices do
this. The witness is carried by the formula ¢ A 1}, where 7, checks
the solution relation at the level written by the machine unless
b = 0, and the guard variable b gets the lowest graded weight; then
the optimum is 2g(x) + [F(x) # 0] (Lemma 6.3), which carries both
steps of Remark 2.13 in one number.

The endgame. The endgame is the graded ledger again (Lemma 3.7):
(GL1) is the charge computation above, and (GL2) is the converse,
part (v) of Lemma 3.5.

Where to find what. The gear block and its interface (Lemma 3.5
and Remark 3.6) are in Section 3.5, with its construction and proof
in the appendix. Section 6.2 builds the instance and verifies (GL1)
and (GL2) (Lemma 6.1), Section 6.3 proves Theorem 6.2, and Sec-
tion 6.4 adds the witness bit and proves Theorem 6.4.

6.2 The instance

The instance is built once, for any 3-CNF formula and grading;
Theorems 6.2 and 6.4 use it for two different formulas.

CONSTRUCTION (THE INSTANCE J, ;). Let ¢ be a satisfiable 3-CNF
formula and { a grading of its variables. Let i be the Pos-1-IN-3-
Sart instance of Lemma 2.11 for ¢, with ny variables, n. clauses and
no = 3n¢ occurrences. Apply Lemma 3.5 to the single gadget {, a fresh
anchor a, and n = 2n, + ny + 1, and let w be given by Lemma 3.1
for its seven blocks, with n bundles. The charge y is x(a) = —A,



x(P?) = {; for each variable z of ¢, and 0 on all other goods. Let
M = Ay and K = 2A; + 1. Then J, o = I(x, ..., x) is the instance
with n agents and goods Ggear in which all agents have the valuation
u=K-w+y.

The charge sums to 0, its positive values sum to A, and its
negative values to —A, so | x(S)| < M for all S. We write o for the
assignment decoded by a balanced partition 7 as in Lemma 3.5(iii),
and oy |, for its restriction to the variables of ¢.

LemMa 6.1. The instance J,, ;- satisfies (GL1) and (GL2) of Lemma 3.7
with % the set of exactly-1 models of Y. Hence ji(J, r) = Kt — Ay +
lex; (), and oy |, is a model of ¢ of graded value lex; (¢) for every
MMS-fair allocation nr. Moreover, ], » is computable in polynomial
time, and all its values are polynomial in |p| + A

6.3 The value

THEOREM 6.2. With values in unary and the number of agents free,
MMS-VALUE is OptP[O(log n)]-complete under metric reductions,
and hence FPNY [O(log n)]-complete, already for identical valuations.

Proor. By Proposition 2.5(i), MMS-VALUE is in OptP[O(logn)],
which is contained in FPNY [O(log n)] by binary search. For hard-
ness, let f be a function in OptP[O(logn)], computed by an NP
metric machine that writes exactly p = O(log|x|) bits on every
branch, and let ¢ and { be as in Section 4.2, so that lex; (¢) = f(x)
by (1). Now Ay = 2P — 1 is polynomial in |x|, so by Lemma 6.1,
the instance Jx = J, s is computable in polynomial time even in
unary, and p(Jx) = Kt — Ay + f(x). By Corollary 3.8, the maps
Ti(x) = (Jx, 1) and To(x,y) =y — K7 + Ay form a metric reduction.
The second claim follows by Theorem 2.3. O

6.4 The witness bit, and the allocation

For MMS-AtLoc, the source is a search problem F € FNP /OptP[O(log n)], ;¢ F(x) £ 0, and Ty (x, 7) =

given by a transducer T and a function g € OptP[O(logn)] as in
Definition 2.4, and the reduction must return some y € F(x), or L
if there is none. Let R(x, ¢, w) hold if w = (y, ) for an accepting
branch w of T on (x, bin(c)) that outputs y. Then R is a polynomial-
time relation with |w| polynomially bounded, and F(x) # 0 if and
only if some w satisfies R(x, g(x), w); we reduce with these pairs,
and at the end discard w. Let g be computed by an NP metric ma-
chine that writes exactly p = O(log |x|) bits on every branch. Let
¢ and 1, be as in Lemma 2.10 for this machine and R, with a fresh
guard variable b, where the variables y, . . ., Yp' of Lemma 2.10, the
witness variables, encode w, and with the variables of 7, other than
Z1 -5 Zp,s the witness variables and b fresh. Let ¢’ = ¢ A 1, which
is a 3-CNF formula. We grade z1, .. .,zp and b by

= 2Pl for i < P, ng; =1, so that Ay = 2Pl _q,
and all other variables by 0; so val;s () = 2c + o(b), where c is the
number with bits 0 (z1),...,0(zp).

LemMa 6.3. lexyr (¢”) = 2g(x) + [F(x) # 0]. Every model o of ¢
of this graded value has o(b) = [F(x) # 0], and if o(b) = 1, then
the witness variables of o form a pair w = (y, w) with R(x, g(x), w),
andy € F(x).

Proor. Setting b = 0 leaves the z; and y; unconstrained by 7,
and b = 1 is possible together with the output bits of a number ¢
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exactly if R(x, ¢, w) holds for some w. So the largest graded value of
amodel with output bits c is 2c+[3w R(x, ¢, w)], for every number ¢
written on a branch. The largest such c is g(x), and 2¢ + 1 < 2g(x)
for every smaller c; so the maximum is 2g(x) + [3w R(x, g(x), w)] =
2g(x) + [F(x) # 0], and it is attained only with output bits g(x)
and b = [F(x) # 0]. If b = 1, then n;, forces R(x, g(x), w) for the
string w of witness variables, so w = (y, w) with y € F(x). O

The guard is needed because F need not have solutions for ev-
ery x. Without it, that is, with the unguarded formula # of Sec-
tion 2.4 in place of , the formula ¢ A 1 might still be satisfiable at
a level ¢ below g(x), and the decoding would return a y certified at
the wrong level instead of L; or it might be unsatisfiable, so that no
balanced partition exists at all. The high bits locate g(x) whatever
F is, and the low bit says whether a solution exists at that level.

THEOREM 6.4. With values in unary and the number of agents free,
MMS-Arroc is FNP [ OptP[O(log n)]-complete, already for identical
valuations.

ProOF. Membership is Proposition 2.5(ii). For hardness, let F be
given by a transducer T and g as in Definition 2.4, and let R(x, ¢, w)
hold if w = (y, w) for an accepting branch w of T on (x, bin(c)) that
outputs y; R is a polynomial-time relation with |w| polynomially
bounded, and F(x) # 0 if and only if some w satisfies R(x, g(x), w).
We reduce with the construction of Section 6.4 for this R, and
at the end discard @. Let Ti(x) = J, /, which is computable in
polynomial time in unary by Lemma 6.1, as Ay is polynomial. On
it, L is not a correct output of MMS-Arroc (Corollary 3.8). For a
correct output 7, let o = O'n—|<pf, read off the ledger; by Lemma 6.1,
o is a model of ¢’ of graded value lexys (¢”). Let T(x, ) = L if
o(b) = 0, and otherwise let it be the y-part of the pair w = (y, »)
formed by the witness variables of 0. By Lemma 6.3, T (x, ) € F(x)
1 otherwise; that is, To (x, 7) € Solp(x)
for every correct output i, as Definition 2.2 requires. As L is never
a correct output on Tj (x), this is also a reduction in the sense of
Chen and Toda [4, Def. 2.2]. O

Table 4 sets the two computational constructions side by side.
Only two differences are choices: the device changes, because a
halving gadget written in unary is too long, and the range of A,
changes, because a charge of size 2P written in unary is too long
as well. The rest follows from the device: the gear block buys its
rigidity by counting bundles rather than by the size of its weights,
so it needs 2nq + ny + 1 agents where the halving gadget needs two.

7 Existence with Values in Unary

This section shows that, with values in unary and the number of
agents free, MMS-EXISTS is pNP [O(log n)]-complete (Theorem 7.8).

7.1 Proof strategy

Same contract, one bit per gate. The calculus (Lemma 7.2) says
that a gated instance admits an MMS-fair allocation if and only
if rle > s — dr for some dial D,. Section 5 made drop and relief
lexicographic maxima, but the budget of Section 6.1 forbids this
with values in unary: a charge of size 2K written in unary is too
long. Instead, each gate carries one bit. With A = Pos-1-IN-3-SAT,



Table 4: The two computational constructions side by side.

binary (Sec. 4) unary (Sec. 6)

endgame graded ledger, 1 = K7 — Ay + max, valy (o)
valuations identical; no core, no dial, no gate

constants M = Asv, K = ZASV +1

device halving gadget gear block

blocks 1,base b < 7 7, polynomial totals
source 3-CNF ¢ Pos-1-IN-3-SAT instance
Ay 2P — 1, exponential 2P — 1, p = O(logn)
agents 2 2no +ny +1

ledger the half withouta  the bundle of a
charge —{ion Nj, +Ay ona +{; on P*, Ay ona
size O(p + k + q) bits polynomial values
value OptP OptP[O(logn)]
allocation FPNP FNP /OptP[O(logn)]

we take

s =4, dre =2 [Be ¢ Al

for instances ae, fle of A. As dre,rle € {0, 2}, the inequality rl, >
4 — dr, holds exactly if both are 2, so the condition reads: @, € A
and B ¢ A for some e. This is the idea of Section 5 in another
encoding;: there, a large lex(f) gave a small drop and made fairness
harder, and here f. € A likewise gives drop 0 and makes fairness
impossible for that dial; in both constructions, fairness asks that
her relief covers the part of the cost s that her drop does not. This
is a disjunction over polynomially many dials, and on chains this is
exactly the parity condition of Wagner’s criterion (Lemma 2.12), as
the members of A form a prefix.

rle =2 [ae € A]

Why the number of agents grows. For a fixed number of agents
the problem is in P (Proposition 2.7). Here the core X, of Section 5.2
has m set by the size of the formulas, with n = 2m agents, of which
r < m — 1 are dials and the others blockers. The blockers let the
number of bundles exceed the number of dials, which the gates
need, as each gate occupies many bundles.

The device. The gates are built on the gear block of Section 3.5,
now with 2r gadgets, two per dial, all sharing one ledger. The anchor
is the host Bo, a core good that the block borrows (Remark 3.6), so
the ledger A is the host bundle, which is safe. Locality replaces the
pinning of the relief classes, and the host replaces the pinning of
the drop anchor class (Section 5.4). Locality (Lemma 3.5(i)) says
that charges on different gadgets never meet in a bundle other than
the ledger; and the ledger, where charges do meet, is pinned to the
host bundle, outside Bady .

The wildcard. The gear block has a configuration only if every
gadget is satisfiable, and without a configuration there is no bal-
anced partition at all. So we make every gadget satisfiable by adding
a fresh variable w, the wildcard, to each of its clauses: w = 1 al-
ways gives a model, and w = 0 gives one if and only if the original
instance is satisfiable. This plays the role of the heavy carriers of
Section 5.3, which let the relief gate be switched off.

The gates as two charges. Dial D, carries —2 on the terminal N,,
of the wildcard of her f.-gadget, and +2 on the terminal P,, of the
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Sy —4 each -4 +12 +4 each
deficit, defici B host bundle o_ther safe_, E)
By,....B eficit, 3 By =A> B, Bs,...,Bm

Bady: m + 1 bundles safe: m — 1 bundles

Figure 5: The 2m bundles of J in phase PY, with the offsets
of Sy ats = 4. The host bundle is the ledger A of the gear block,
as its anchor is the host B,. Dial D, carries two charges: —2 on

Neﬁ and +2 on PY.Each lies in A or in a bundle of its own gadget
(Lemma 7.6); the —2 must leave A if f, ¢ Pos-1-I1N-3-SAT, and
the +2 can leave it only if o, € Pos-1-IN-3-SAT. The existence
question is whether some dial’s +2 can reach a bundle of Bady
while her -2 has left the ledger.

wildcard of her a.-gadget, and nothing else. The —2 lies in the ledger
if w is decoded as false, which is possible exactly if f. € A, and
otherwise in the hub bundle of that gear. The +2 lies in the ledger
if w is decoded as true, which is always possible, and otherwise,
which is possible exactly if @, € A, in the hub bundle of that gear,
which may be placed on any bundle other than the ledger. So the
+2 can reach a bad bundle only if ¢, € A, and the —2 can join the
+2 in the ledger, where they cancel, only if . € A. Figure 5 shows
the bundles of phase PU.

Where to find what. Section 7.2 generalises the core, gated in-
stances and the calculus to 2m agents and many dials (Lemmas 7.1
and 7.2). Section 7.3 adds the wildcard (Lemma 7.4). Section 7.4
builds the instance J and bounds its constants (Lemma 7.5). Sec-
tion 7.5 states the two gates (Lemma 7.6) and checks the calculus
(Lemma 7.7), and Section 7.6 proves Theorem 7.8.

7.2 The core for general m

The core of Section 5.2 has four agents, one of them a dial. Here we
need 2m agents, with m growing with the input, and many dials; we
generalise each ingredient in turn, and the gates will again attach
at the single host By. Fori < m,leti* =i+ 1ifi < mand m* =1,
the cyclic successor.

The cycle is now A1B1A2B3 - - - Ay B, in which V; joins A; to B;
and U; joins B; to A;+; it still has exactly two perfect matchings,
{V], ey Vm} and {Ul, ey Um}.

CONSTRUCTION (THE CORE Xr;). The core goods are the 2m ver-
tices A;, B; and the 2m edges V;,U; of the cycle, fori < m, and a
shadow A;, B; of each vertex, 6m goods in all. They carry six digit
blocks, with digit 0 on all goods not listed: sidea is 1 on the A-side
goods A;, A;, sideg is 1 on the B-side goods B;, B;, edg is 1 on the
edges, and rol is 1 on A; and B;; and

Li: A,’,Ai - 0,
Ly: Bi,Bi — i,

Vilbm+1—i, U m+1-i;

Vi,Uy>m+1—i.

Their totals are 2m for the first four blocks and 2m(m + 1) for the
link blocks, so that, with n = 2m bundles, a bundle meets them if its
digit sums are (1,1,1,1,m + 1,m + 1). For m = 2, this is the core 2
of Section 5.2 (Table 8 in the appendix).



The phases are
PV . bundles {A;, B;,V;} and {A;+, B;, U;} for i < m;
PY : bundles {A;+, B;, U;} and {A;, B;, V;} for i < m,

and, as before, each bundle contains exactly one of the goods B;
and B;, and we name it after it. The perturbations are

Sy : Ay 25, By —s, Bi s (i > 2), Uj = —s;
5U:A20—>—23,B2'—>3S, BiHs(l'iZ),Vi'—)—S,

and 0 on all other goods; for m = 2 they are those of Section 5.2. The
deficit bundles are now the m + 1 bundles of By, ..., By, and By, and
the safe bundles, in the sense of Section 5.2, are the m — 1 bundles
of By, ..., By; the host bundle is still the bundle of the host By. As
before, Bady and Bady are the sets of deficit bundles of PY and
of PV,

LEMMA 7.1. Letm > 2.

(a) The partitions of the core goods of 2, into 2m bundles that
meet all six blocks are exactly PV and PY.

(b) Both 8y and 6y sum to 0. The perturbation Sy has offset 0 on
every bundle of PV, and on PY it has offset —s on every deficit
bundle, 3s on the host bundle, and s on the other safe bundles.
Symmetrically, 5y has offset 0 on every bundle of PV, and
on PV the same offsets as 8y on PY. In particular, the bundles
ofBg, ...,Bm are safe.

(c) Let there be m agents of each type. If the bundles of PV are

handed to the 2m agents, one each, some type-V agent receives

a bundle of Bady; likewise for PV, type U and Bady. For each

type-V agent i and every S € Bady, the bundles of PY can be

handed out so that i receives S, the other type-V agents receive
safe bundles, and every agent other than i receives a bundle of
offset at least O for her perturbation.

With m agents of each type and M = (m + 2)s, the instance

I(dy,.. ..,0y) on the core goods has p; = Kt for

every agent i, and admits no MMS-fair allocation.

CY

.oy, 8y, .

Parts (a), (b) and (d) are proved in the appendix, and for m = 2
they are Lemmas 5.1 and 5.2 and Proposition 5.4. Part (c) is proved
as Lemma 5.3: the m + 1 bundles of Bady cannot all go to the m
type-U agents; and for the second claim, give S to i, the m — 1 safe
bundles to the other type-V agents, and the m remaining bundles
to the type-U agents, on which & is 0.

Agents and gated instances. The n = 2m agents are m agents
of type V and m of type U. Among the type-V agents,r < m—1
are dials Dy, . .., Dy, and dial D, carries an additional charge y. on
top of dy; all other agents are blockers. A gated instance over 2,
is defined as in Definition 5.5, with the core X, these 2m agents,
and condition (G3) for each of the charges yi,..., xr; for m =
2 and r = 1, it is a gated instance as before. Lemma 5.6 holds
for gated instances over X, verbatim, with the same proof, using
Lemma 7.1(a) in place of Lemma 5.1.

The contract. With several dials, the calculus gains one condition:
handing a bundle of Bady to one dial must leave every other dial
at or above her maximin share. For a partition 7z, we write y.(7) =
min; ye(7(j)). The (drop) condition changes in phase PY for the
following reason. For m > 3, the safe bundles other than the host
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bundle have dy-offset +s in phase PY, 50 a small charge on them
does not bound the dial’s offset, and (drop) speaks about Bady
instead of about the bundles other than the host bundle. For m = 2,
the new (drop) follows from (drop) of Lemma 5.7, as every bundle
of PY other than the host bundle lies in Bady .

LEMMA 7.2. LetI be a gated instance over X, withdialsDy, ..., Dy.
For each dial D, let dr. andrl, be integers with 0 < dr, < M such
that the following two conditions hold.

(drop) Balanced partitions of phase PV exist, and some balanced par-
tition of phase PV has y. > —dre on every bundle. Every
balanced partition of phase PV has y, < —dr, on some bundle,
and every balanced partition of phase PY has y. < s — dre on
some bundle in Bady .

(velief) Asin Lemma 5.7 for ye and1le, where the balanced partition it
with xe(S) = 1le has in addition ye (7) > —dres for every
other dial D, .

Then every blocker has maximin share Kz, every dial D, has maximin

share Kt — dre, and I admits an MMS-fair allocation if and only if

rle > s — dr, for somee.

Proor. The proof of Lemma 5.7 applies, with Lemma 7.1 in place
of Lemmas 5.2 and 5.3; the maximin shares are computed for each
dial separately. For the drop of De: in phase PV the bundle of (drop)
has offset y, < —dre, and in phase PY the bundle of (drop) in Bady
has offset —s + y. < —dre. In (=), the type-V agent who receives
a bundle S € Bady is not a blocker, so she is some dial D, and
the same computation gives rl, > s — dr,. In (<), let rl, > s — dr,
and S € Bady, take the balanced partition 7 of phase PV given by
(relief), and hand it out as in Lemma 7.1(c), with D, receiving S.
Then D, gets offset —s + 1l > —dr, and every blocker gets offset
at least 0, as before; the only new case is another dial D,/, who
receives a safe bundle, of offset at least 0 + y/ () > —dre. o

7.3 The wildcard

Definition 7.3. For a positive exactly-1 instance ¢ and a fresh
variable w, let " = {C U {w} : C a clause of /}. We call w the
wildcard of Y.

LEMMA 7.4. (a) " is satisfiable. (b) Yy has an exactly-1 model
with w false if and only if { is satisfiable.

PROOF. (a) Set w true and every other variable false: each clause
then contains exactly the true variable w. (b) With w false, each
clause CU{w} has exactly one true variable if and only if Chas. O

We apply this to Pos-1-IN-3-SAT instances, after two harmless
normalisations: we delete the variables that occur in no clause, and
we replace an instance without clauses, which is a yes-instance, by
the yes-instance {{a, b, c}}. Then every instance has a clause, every
variable occurs in a clause, and " is a positive exactly-1 instance
with clauses of four variables in which every variable occurs, as
the gear block requires.

7.4 The instance

CONSTRUCTION (THE INSTANCE J). Let (a1, 1), ..., (ar, Br) be
normalised Pos-1-IN-3-SAT instances. For each e, let the f.-gadget
be lﬁ/‘i = B;¥ and the ae-gadget be Yy, = a;’, each with its own



Table 5: The two gates of dial D, in ], with A = Pos-1-IN-3-SAT
and w the decoded value of the wildcard, that is, the wildcard
mode of the gadget.

threshold gate relief gate
gadget B ag’
dial’s charge —2on Neﬁ +2 on P¢
in A if w=0;iff o € A w = 1; always
off A if w = 1; always w=0;iffae € A
interface Lemma 7.6 Lemma 7.6

gives the dial drop dre = 2[f ¢ A] reliefrl, = 2[a, € A]

fresh wildcard w, and write Pf, Nf and Hf for the terminals and
the hub of the wildcard’s gear in the Be-gadget, and P¥, N& and HY
likewise for ate. Let N = 2nq + ny + 1, where ny and n,, are the total
numbers of variables and occurrences of the 2r gadgets. A gadget
with v variables and o occurrences contributes 20 + v to N, so N
has the parity of ny + 1. If N is odd, append one further gadget, the
padding gadget, the normalised instance Y,,q = {{a, b, c},{a, b, d}}
on four fresh variables with its own fresh wildcard; it is satisfiable
(c =d =1 and all else 0), every variable occurs, and with its wildcard
it has 5 variables and 8 occurrences, so it adds 21 to N and makes N
even. From now on, ny and n, count all gadgets, the padding gadget
included, and N = 2ny + ny + 1 is even. Let m = N /2. Each of the
2r > 2 gadgets has, with its wildcard, at least 4 variables and 4
occurrences, soN > 2-8+8+1=25,andm > 13 > 2. Then ] is the
gated instance over Xy, with

e scales = 4 and r dials;

e as gate blocks, the seven blocks of the gear block of Lemma 3.5
for the 2r gadgets and the padding gadget, if any, withn =
2m = 2no + ny + 1 bundles and anchor a = By;

e for each dial D, the charge y. with )(e(Nf) =-2, ye(P%) =
+2, and 0 elsewhere;

e M=(m+2)sand K = 2M + 1.

The padding gadget is attached to no dial and carries no charge;
Lemma 7.6 applies to it like to any other gadget, and in the proof
of Lemma 7.7 it is put in wildcard mode w = 1 (Section 7.5). The
number of dials is within the budget of Section 7.2: each gadget
has a variable, so ny > 2r and 2m > ny +1 > 2r + 1, which gives
r < m — 1. Table 5 summarizes the two gates of a dial.

LEMMA 7.5. ] is a gated instance over Zp,: in particular, |5;(S)| <
M for every agent i and every bundle S. Its values are polynomial in
the total size of the instances ae, e, so J is computable in polynomial
time with values in unary.

7.5 The gates and the calculus

The gear block is built once, over all dials, with the host By as its
anchor. By Lemma 5.6, its ledger A, the bundle of the host, lies in the
host bundle, so A is the host bundle, which is safe and not in Bady.
By Lemma 3.5(ii)-(iv), for each gadget the wildcard’s terminal P,,
lies in A exactly if the decoded assignment sets w true, and N,, lies
in A exactly if it sets w false; the other terminal lies in the bundle of
the hub H,, of that gadget, a bundle other than A. Reading this off
with Lemma 7.4 gives the following lemma, which contains both
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gates. We say that a gadget is in wildcard mode w = 1 or w = 0
according to the decoded value of its wildcard. So wildcard mode
w = 1is V-mode of the wildcard’s gear, and w = 0 is U-mode
(Section 3.5).

LEMMA 7.6. Let y™ be a gadget of ] with wildcard w, hub HY
and terminals P¥, N, for a normalised Pos-1-IN-3-SAT instance ).
In every balanced partition of ], exactly one of P¥,N"Y lies in A,
and the other lies in the bundle of HY, which is not A and holds no
other terminal. The gadget can be in wildcard mode w = 1 (with
PY € A) in some balanced partition always, and in wildcard mode
w = 0 (with NY¥ € A) in some balanced partition if and only if
Yy € Pos-1-IN-3-SAT. The wildcard modes of all gadgets, the phase,
and the matching of the bundles of the gear block other than A to
the bundles of the phase other than the host bundle can be chosen
independently.

The lemma follows from Lemma 3.5(i)-(v), Lemma 7.4 and Lemma 5.6;

the bundle of H" holds no other terminal as it holds exactly one
edge by locality, and deleting unused variables changes no satisfia-
bility. Read off for the two charges of dial D, it gives the two gates

of Table 5. The threshold gate: the —2 of D, on Neﬂ, lies in A if and
only if the f.-gadget is in wildcard mode w = 0, which is possible if
and only if S € Pos-1-1N-3-SAT, and otherwise in the bundle of the
hub Hf. The relief gate: the +2 of D,, on PZ, lies in A if and only if
the a.-gadget is in wildcard mode w = 1, which is always possible,
and otherwise, which is possible if and only if @ € Pos-1-IN-3-SAT,
in the bundle of the hub H. Interface: the rest of this section uses
the gates only through Lemma 7.6 and the locality of Lemma 3.5(i).

LEMMA 7.7. ] satisfies the hypotheses of Lemma 7.2 with s = 4,
dr, =2 - [fBe ¢ Pos-1-IN-3-SAT| and1l, = 2 - [ae € POs-1-IN-3-SAT].
Hence every blocker has maximin share Kz, every dial D, has max-
imin share Kt —dre, and ] admits an MMS-fair allocation if and only
if ae € Pos-1-IN-3-SAT and . & Pos-1-IN-3-SAT for some e.

Locality is used twice in the proof of Lemma 7.7: in (drop), so that
the relief cannot cancel the drop outside the ledger, and in (relief),
so that the two charges of a dial never meet in a bad bundle. The
host is used once, in (relief): the ledger, where the always-possible
wildcard mode of the relief gate puts its +2, is the host bundle,
which is never a deficit bundle.

7.6 The theorem

THEOREM 7.8. With values in unary and the number of agents free,
MMS-Exists is PNP[O(log n) ] -complete. Hardness holds for instances
with 2m agents holding r + 2 distinct valuations, forr < m —1:m
agents of type U share one valuation, m — r blockers of type V share
another, and each of the r dials has her own. For every fixed number
of agents, the problems are in P.

Proor. Membership is Proposition 2.5(iii), and the last claim
is Proposition 2.7. For hardness, we apply Lemma 2.12 with A =
Pos-1-IN-3-SAT, which is NP-complete, and B = MMS-Exi1sTs. Given
Pos-1-IN-3-SAT instances xj, ..., X9, normalise them as in Sec-
tion 7.3, let (a;, fi) = (x2i—1,x2i) for i < k and r = k, and let
f(x1,...,%x9) be the instance J, which is computable in polyno-
mial time with values in unary by Lemma 7.5. By Lemma 7.7, J
admits an MMS-fair allocation if and only if x2;—1 € Pos-1-IN-3-SAT



Table 6: The two existence constructions side by side, with
A = Pos-1-IN-3-SAT.

binary (Sec. 5) unary (Sec. 7)

core X m: six blocks, 6m goods, 2m agents, two phases
types m agents each; [Bady | =m +1

contract Lemmas 5.7 and 7.2: fair iff rl, > s — dr, for some e
m, agents m = 2, four agents  set by the formula size
dials one r<m-1

scale s A 4

device two halving gadgets one gear block

gate blocks 2, one per formula 7, shared by all gadgets
coupling B-side labels host By; locality

switching off heavy carriers the wildcard

drop dre A —lex(p) 2 [Be ¢ Al

relief rl lex(@), or 0 2 [ae € A]

condition lex(ar) > lex(p) e €A, Pe & A

source OpD-LEX-MAX-SAT Wagner’s criterion
valuations  three r+2

result PNP_complete PNP[O(log n) ]-complete

and xp; ¢ Pos-1-IN-3-SAT for some i, which for chains is the case
if and only if [{j : xj € Pos-1-IN-3-SAT}| is odd: on a chain,
Xj+1 € Pos-1-IN-3-SAT implies x; € Pos-1-IN-3-SAT, so the mem-
bers of Pos-1-IN-3-SAT are a prefix x1,...,x, with h = [{j : x; €

Pos-1-1N-3-SAT}|; s0 x2i—1 € P0s-1-IN-3-SAT and xp; ¢ Pos-1-IN-3-SAT

holds for some i if and only if h = 2i — 1 is odd. So MMS-ExI1sTs
is PNP[O(log n)]-hard by Lemma 2.12. The dials’ valuations are
pairwise distinct and differ from the blockers’, as their charges
are nonzero and lie on different goods; each of the two blocker
valuations is held by at most m < n — 2 agents, as Remark 2.6
requires. O

Table 6 sets the two existence constructions side by side. Above
the rule, both use the same objects; below it, the gates differ in how
much information they carry.

8 Al Tool Disclosure

This section applies to the first version of this paper, posted on pro-
jectdiderot.com on 2 October 2026; the itemized Al Tool Disclosure
certificate is on the paper’s page there.

Tools and timeline. The results were obtained in several long
interactive sessions between 9 and 13 September 2026 with Claude
Fable 5.1 and Claude Opus 5 (Anthropic), through the claude.ai
chat interface and through Claude Code, with web search enabled.
A complete proof was first obtained on 13 September 2026; the
many sessions after that, with Claude Opus 5 and Opus 5.5, up to
2 October 2026, reshaped its presentation.

Division of work. The human author chose the problems stud-
ied and the source problems of the reductions, and provided the
overall proof strategies and the ideas for which kinds of gadgets
could be used. The AI models searched for gadgets that satisfy
these requirements, and worked out how to combine them into
the reductions. The results were reached in steps: hardness for NP,
then for coNP, for DP, for the levels of the Boolean hierarchy, and
finally for PN’ and PNP[O(logn)]; this paper contains only the
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final results, not the intermediate ones. All text in this paper was
written by Claude Opus 5 and 5.5, following a long sequence of
feedback and detailed requests for changes by the human author;
the presentation is human-curated and Al-written. The concurrent
work of Gupta and Seetharaman [9] was seen only after the proofs
had been found.

Verification status. The human author has checked every step
of the proofs in the main text (Sections 2-7). The proofs in Appen-
dix A have not yet been checked by the human author; all four
completeness results rely on statements proved there, among them
membership (Proposition 2.5) and the gear block (Lemma 3.5). In-
dependent verification is welcome, in particular of the proofs in
the appendix.

Collaboration. The human author aims to produce a fully human-
written version of these results and their proofs, for submission to
a traditional venue, and is open to working with others on under-
standing, checking and communicating them. The author can be
reached through the paper’s page on projectdiderot.com.
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A Omitted Proofs

The proofs are given in the order of the sections.

A.1 Proofs for Section 2

The proofs of Lemmas 2.8 and 2.11 are standard; we include them
for completeness, and to show that they give the exact form stated
in Section 2.4.
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PROOF OF PROPOSITION 2.5. (i) An NP metric machine guesses
a partition 7 and writes min; u; (7 (;)); the largest number written
is p1;. With values in unary, y; < u;(G) is polynomial in the input
size, so it has O(log |I|) bits.

(ii) and (iii), binary. Deciding whether y; > k for a given k
isin NP, and 0 < y; < u;(G), so each p; can be computed by
binary search with polynomially many oracle calls. Given the y;,
the question whether some MMS-fair allocation assigns given goods
to given agents is in NP. One such query, with no goods assigned,
decides existence, which gives (iii). For (ii), if an MMS-fair allocation
exists, the goods are assigned one at a time, each to the first agent
for which the query still answers yes, and the result is an MMS-fair
allocation; otherwise the output is L.

(ii) and (iii), unary. An NP metric machine guesses n partitions
7', ..., 7™ and an allocation A, lets £ = min; u; (7' (j)), which is at
most y;, and writes

2%t + [ui(A(i)) = ¢ foralli],

where [P] is 1 if P holds and 0 otherwise. A branch writes the
maximum g(I) only if ¢ = p; for every i; then the bracket says that
A is MMS-fair. So g(I) = 2 }; p;i + 1 if an MMS-fair allocation exists,
and g(I) = 2 }; pii otherwise. All numbers written are polynomial,
so g € OptP[O(logn)]. For (ii), let T be the transducer that, on
input (I, bin(c)), guesses a branch (!, ..., 7" A) of this machine,
accepts if the branch writes ¢ and ¢ is odd, and then outputs A;
and let F(I) be its set of outputs on (I, bin(g(I))). If an MMS-fair
allocation exists, then g(I) is odd, and F(I) is the non-empty set of
allocations A on branches that write g(I), each of them MMS-fair;
otherwise F(I) = 0. So F solves MMS-ALvroc. For (iii), g(I) has
O(log |1]) bits, so binary search computes it with O(log |I|) queries
to the NP oracle {(I,k) : g(I) > k}, and an MMS-fair allocation
exists if and only if g(I) is odd. m]

PROOF OF PROPOSITION 2.7. Let Q = max; u;(G), which is poly-
nomial in the input size, as the values are in unary. Given valua-
tions v1, . .., v, for the n coordinates, process the goods one at a
time, and maintain the set of profiles (v1(7(1)),...,v,(7m(n))) of
the partitions 7 of the goods seen so far, with one such partition
for each profile. Each coordinate lies in {0, ..., Q}, so there are at
most (Q + 1)" profiles, which is polynomial for fixed n, and each
good extends each profile in n ways. Running this with v; = u; for
all j gives all profiles of partitions for agent i, and y; is the largest
least coordinate among them; this solves MMS-VALUE. Running
it with v; = u; gives the profiles of all allocations. The MMS-fair
allocations are those whose profile has j-th coordinate at least y1;
for all j; this decides MMS-Ex1sTs and, with the stored partition,
solves MMS-ArLoc. O

Proor oF LEMMA 2.8. Membership. Determine the lexicograph-
ically largest model one variable at a time: the i-th oracle query
asks whether some model of ¢ extends the values already fixed for
z1,...,zi—1 and sets z; to 1. After k queries, read off the value of z.

Hardness. Let L € PNP be decided by a polynomial-time oracle
machine M that makes p = p(|x|) queries to SAT on input x. By the
Cook-Levin construction [5], we build in polynomial time a CNF
formula Ay over variables yy, .. ., Yp, then a block Y of witness and
computation variables, then a last variable d, which asserts that
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(i) if y; = 1, then the part of Y reserved for j is a model of the j-th
query formula, which is computed in polynomial time from x and

Y1, ...,yj—1 by simulating M with the j’-th answer taken to be y
for all j* < j; and (ii) d = 1 if and only if M accepts x with these
answers. Setting all y; to 0 makes (i) vacuous, so Ay is satisfiable. In
the lexicographically largest model, by induction on j, y; = 1 if and
only if the j-th query formula (for the true answers y1,...,y;j-1)
is satisfiable: if it is, some model extends the prefix with y; = 1; if
it is not, (i) rules out y; = 1. So this model carries M’s true oracle
answers, and by (ii) its value of d is 1 if and only if x € L. As d is
the last variable, x € L if and only if Ay € OpD-LEX-MAX-SAT. O

Proor oF LEMMA 2.9. Every model of « is a model of §, so if «
is satisfiable, then lex(ar) < lex(f), with equality if and only if the
lexicographically largest model of ¢ sets zj to 1. If « is unsatisfiable,
then no model of ¢ sets z; to 1. O

PRrROOF OF LEMMA 2.11. We use three gadgets, each a set of 1-in-3
clauses [14]; negated literals are allowed until the second gadget
removes them.

Clauses. For a clause of ¢ with literals Iy, I, I3, introduce four
variables d, . . ., d3 private to it and impose (11, dy, d2), (=lo, do, d3)
and (-3, ~d1, d2). These admit an extension to dy,...,ds if and
only if some I; is true. If [; = I = I3 = 0, the second clause forces
dy = d3 = 0, the first then forces dy = 1, and the third then has two
true literals. Each of the seven other patterns has an extension, as
a direct check shows. This holds also if a literal occurs twice in the
clause, as the check concerns only the truth values of I3, I, I3 and
each of the three clauses contains just one of them.

Negation. For every variable v that occurs negated in the resulting
clauses, introduce a companion ¢ and three variables go, g1, g2 pri-
vate to v, and impose (v, 3, go), (v,3,91) and (9o, g1,92)- fo =0 =1,
the first clause fails; if v = 0 = 0, then gp = g1 = 1 and the third fails.
So @ = —w is forced, and for either value of v the choice go = g1 =0,
g2 = 1 extends. Replacing every —v by @ leaves each clause a set of
three distinct variables without negation.

Padding. A variable z; with no occurrence receives one clause
(zi, pi, qi) with p;, g; fresh; either value of z; extends, so this only
buys the occurrence required by (a).

Each gadget contributes O(1) variables and clauses per clause,
negated variable and padded variable of ¢, so the map is polynomial-
time. Part (b) holds because a clause gadget has an extension only
if its clause is satisfied, and (c) because every model of ¢ extends
through all gadgets, as just verified. The variables zi, ...,z are
never renamed. O

A.2 Proofs for Section 3

Proor oF LEMMA 3.1. For every S € G we have 0 < ¢;(5) <
Tj < pj, so w(S) = X; Wjcj(S) is written in the mixed radix
(p1,- .., pr) with digits ¢;(S), and 7 with digits Tj/n. Such repre-
sentations are unique. m]

ProoF oF LEMMA 3.2. A block of F; has digit 0 outside Gy, so a
bundle meets it if and only if the bundle’s restriction to G; does;
the first claim follows by Lemma 3.1. The combination condition
says exactly that the sets 7 (j) are pairwise disjoint, and then the
restriction of 7(j) to Gy is fl_1 (j). o



ProoF oF LEMMA 3.3. (i) Under either hypothesis, each bundle S
satisfies u;(S) > K7 — M for some i, so K - w(S) = u;(S) — §;(S) >
Kr—2M > K(t — 1), as K = 2M + 1, and hence w(S) > r since
weights are integers; equality holds for all bundles since w(G) = nr.
(ii) A balanced partition attaining the drop gives y; > K7 —d;. If
a partition had all bundles worth at least Kt —d; +1 > Kt - M
to agent i, it would be balanced by (i), with smallest offset at least
—d; + 1, contradicting the definition of d;. |

ProoF oF LEMMA 3.4. The construction is a variant of the stan-
dard digit reduction from SAT to SUBSET-SuM [15] (see also [7]):
weights are written in base b, with a variable digit for each z; and a
clause digit for each clause C, and a half picks one literal good per
variable and tops up each clause digit with slack goods, which is
possible if and only if the clause is satisfied. The anchor a adds a 1
to every clause digit, which makes the complement of a ledger a
half as well, so that halves come in complementary pairs, told apart
by the anchor.

For an assignment o, let 6.(o) be the number of literals of C,
made true by o. Let £ = max.# and b = 2¢ + 1. Each weight,
and Ty, is written in base b with the variable digit of z; at posi-
tion g + i and the clause digit of C, at position c; that is, w(x) =
S dgair (x) DT + 30 der (x) b€ for the digits dp(x) given in the
following table, where [P] is 1 if P holds and 0 otherwise.

variable digit dg+i»  clause digit d¢s
P; [i" =] [zi € Co']
N; [ =] [-zi € Ccr]
sjc. 0 [¢" =¢]
a 0 1
Top 1 [

Every row has a nonzero digit (for a since g > 1), so all weights are
positive, and X, is computable in polynomial time. As the lowest
position is 1, all weights and 7, are multiples of b, which is (W1);
as the highest position is g + k and all digits are less than b, they
are less than b7*1 which is (W2). For S C X, let 6.(S) be the
number of literals of C, whose good is in S. The digit sums of S are
|S N {Pi, Ni}| < 2at position g +iand 0.(S) +|S N {s], ..., s§671}| +
[a € S] < 2¢; at position c. As 2 < 2¢ < b and 2f, < 2f < b, no
carries occur, and w(S) is determined digitwise. For S = Xp the
digit sums are 2 and 2/, twice the digits of 7, so w(X,) = 27,.
Moreover, S is a half if and only if

(H1) S contains exactly one of P;, N; for each i, and

(H2) 0c(S) +1S N {s, .. ,,sgc_l}l + [a € S] = £ for each c.
Now let S C X, with a ¢ S satisfy (H1), and let ¢ = os. Then
S contains exactly the goods of the literals made true by o, so
0c(S) = 0.(0), and (H2) states that S contains exactly £ — 0.(o)
slack goods of C.. As C¢ has only £ — 1 slack goods, this is possible
if and only if 6. (0) > 1. Hence every ledger S satisfies (H1), and
os is a model of ¢, which shows (a). Conversely, for every model o,
the set Si of the goods of the literals made true by ¢ and the goods
s Stfc—é)c(a) for each c¢ satisfies (H1) and (H2) and does not
contain g, so it is a ledger with o5, = o, which shows (b). For
a clause of width £, = 1 there are no slack goods, and (H2) for a
ledger says 6. (o) = 1, that is, the clause is satisfied; so the argument
covers unit clauses, as the lemma states. O
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A.3 The gear block: construction and proof

This part proves Lemma 3.5. The vocabulary of Section 3.5 is as-
sumed; all other names are local to this part. The goods of the block
carry the gadget and the variable as superscripts, so they are not
to be confused with the goods of the core. The picture is this: each
gear is a cycle of 2(k + 1) teeth and gaps, for a variable with k
occurrences, whose two perfect matchings are the two truth values
of the variable; and the blocks pos and cls make these matchings
consistent across the clauses of the gadget.

CONSTRUCTION (THE GEAR BLOCK). Input: gadgets y1,...,yr, a
number of bundles n = 2n, + ny + 1, and an anchor a.

Occurrences. An occurrence is a triple o = (g, z, j), the j-th oc-
currence of the variable z in gadget g, and C(0) is its clause. We write
kg2 for the number of occurrences of z in Yy and rc = |C|, so that
Zg,z kg,z =2cre =fo.

Units. A unit is a gear (g, z), a U-absorber (g, C), or a V-absorber
(9, C) for a clause C of 5. We number the units 1, ..., L and write A,
for the number of unit v; we number the gears 1, ..., ny and write lgz
for the number of gear (g, z); and we number the clauses of all gadgets
1,...,nc and write #C for the number of clause C. Finally, h = L + 1,
c=maxgz kg, +ny+nec+3, ¢ =nc+1andty, = Ygzlgzt 1l

Goods and digits. There are seven blocks tooth, gap, unit, edge,
pos, cls and tm, with targets 1, 1, h, ny, ¢, ¢’ and tym per bundle,
on the goods of Table 7; these goods are Ggear. In the table, A is the
number of the unit of the row, k = kg z, and C; = C(g, z, j). The kind
anch of the anchor counts as both a tooth and a gap.

Each block enforces one condition: tooth and gap, one tooth and
one gap per bundle; unit, that they belong to the same unit; edge,
one edge per bundle and ny in the ledger; pos, which edge of the
gear’s cycle a pair takes and whether it is a U- or a V-copy; cls, that
a copy belongs to the right clause; and tm, that terminals pair with
hubs.

Nonnegativity and size. Since ¢ > kg, +3, we getc— (k+2) > 1
andc—1—j > 2forj < k,and c—2 > 1; since ¢ > ny + n¢ + 3,
the anchor’s pos-digit is ¢ — ny — nc > 3 (this is why ¢ contains
the term ny + n¢, and not only max kg, + 3); since #C < nc, we
getc’ —#C > L;andh— Ay 2 1,ny =1 2 0, ttm — g, 2 1 and
ttm — 2, ¢ = 1. All targets, and hence all totals, are polynomial in n.
The number of goods is 3(n — 1) + ny + 1, by the counts below.

The totals. Teeth: Zg’z (kgz+D)+Xcrc+1l = (no+ny)+no+1=n,
as clause C contributes one Y and r¢c — 1 goods R. Gaps: the same
count, the anchor included. Edges: 2n, + 2ny = (n — 1) + ny, which
is one edge for each bundle other than the ledger and ny for the
ledger. The unit total is nh: the units of the teeth other than a are
the units of the gaps other than a, with multiplicity, so the teeth and
gaps other than a pair up unit for unit and contribute (n — 1)h, and
the anchor contributes h. The edge total is nny: the n — 1 gaps other
than a contribute (n—1)(ny —1), and the n—1+ny edges contribute
n—1+ny. Thecls total is nc’: the gaps B?’Z contribute noc’ =Y, rc#C,
as clause C has r¢ occurrences; the copies contribute 2 3} rc#C, a
U-copy and a V-copy per occurrence; the absorber gaps Y’ and R’
contribute Y~ re (¢’ — #C) = noc’ — Y rc#C; and the ny, hubs and
the anchor contribute ¢’ each. The terms Y, re#C cancel, and the
total is ¢/ (2no + ny + 1) = nc’. The pos total is nc: gear (g, z) with k



Table 7: The digits of the gear block, block by block.

good kind gadget unit tooth gap unit edge pos cls tm
A?’Z, 1<j<k+1 tooth g gear (g, z) 1 0 A 0 Jj 0 0
H97% (hub) gap g gear (g, z) 0 1 h-A ny-1 c-(k+2) c tm — g,z
B?’Z,lsjsk gap g gear (g, z) 0 1 h=-A ny-1 c—-1-j ¢ —#C; ttm
U 1<j<k  edge g U-copy of C; 0 0 0 1 0 #C; 0
ng’z, 1<j<k edge g V-copy of C; 0 0 0 1 1 #C; 0
P9% (terminal) edge ¢ terminal 0 0 0 1 k+1 0 lg,z
N9Z (terminal) edge g terminal 0 0 0 1 1 0 lgz
Y9C€ tooth g U-absorber (¢,C) 1 0 A 0 1 0 0
Y’9:C¢ gap g U-absorber (9,C) 0 1 h-A n,-1 c—1 ¢ —#C ttm
Rig’c, 1<i<rc tooth g V-absorber (g, C) 1 0 A 0 1 0 0
R 1<i<rc gap g V-absorber (9,C) 0 1 h-2A n,-1 c—2 ¢ —#C ttm

a (anchor) anch — — 1 1 h 0 c—ny—ne ¢’ ttm — 21

occurrences contributes ¥, j<gy1 j+(c—k—2)+X j<x(c—1-j)+0-
k+1-k+(k+1)+1 = (k+1)(c+1), from its teeth, its hub, its gaps B,
its U-copies, its V-copies and its two terminals; clause C with r = r¢
variables contributes 1+ (¢ = 1) + (r—=1)(1+c—-2) =rc—r+1
from its absorbers; and the anchor contributes ¢ — ny — n.. With
2g.2(kgz+1) = no+ny and Yo (rcc—rc+1) = noc—no+nc, the total
is (no+ny) (c+1)+noc—no+nc+c—ny—ne = c¢(2no+ny+1) = nc. The
tm total is n tym: the n—1 gaps other than a contribute (n—1)tym—2. 1,
the 2ny terminals 2 }} 1, and the anchor #, — X 1.

Admissible triples. The proof has two layers. The first, the next
lemma, consumes every digit: it lists the bundles that the seven
blocks admit. The second, the proof of Lemma 3.5, never mentions
a digit, except in one check of the converse, and can be followed
on Figure 1 alone.

LEMMA A.1. Let  be a configuration of the seven blocks with
n = 2ng + ny + 1 bundles, and A the bundle of a. Then A consists of a
and exactly ny edges, and every other bundle is a triple of a tooth, a
gap and an edge of one of the following six forms, for a gear (g, z)
with k = kg,z occurrences and Cj = C(g, z, j), or for a clause C of a
gadget Y5 with rc variables:

orm tooth ga edge
8ap 8
T1 A7* H9*  p9F
T2 A_E;,zl H9%  N92
T3(1<j<k) Aé’t B?’Z aV-copy of Cj
T4(1<j<k) A?fl B?’Z aU-copy of C;
T5 Y9€  v'9C  qU-copy of C
T6 (1 <i,i’ <rc) R?’C R;;‘]’C aV-copy of C

In particular, a terminal can lie outside A only in the bundle of the
hub of its own gear. Conversely, every such triple meets the blocks
tooth, gap, unit, edge, pos, cls and tm.

PRrOOF. Step 1 (one tooth and one gap per bundle). The block tooth
has total n and target 1, so every bundle has exactly one tooth,
counting a as one. The block gap has total n, target 1 and digit 1
on a, so A contains no tooth or gap besides a, and every other
bundle has exactly one gap and one tooth.

Step 2 (one edge per bundle, and one unit). Let a bundle other
than A have a tooth of unit v and a gap of unit o/, as it does by
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Step 1. Edges have unit-digit 0, so its unit-sum is A, + h — Ay, which
equals h if and only if v = o’. Its one gap contributes ny — 1 to edge,
so the edge equation ny —1+e = ny, for its number e of edges, forces
e = 1. The ledger holds no gap, and the anchor has edge-digit 0, so
A holds exactly ny edges. So every bundle other than A is a tooth,
a gap and an edge, with tooth and gap of the same unit, and A is
a together with ny edges. Each of the two conditions has a block
of its own, so no argument is needed that they do not interfere. It
remains to determine the edge, unit by unit.

Step 3 (absorbers). Consider {Y9C, Y’9C ¢}. The tm equation
ttm + tm(e) = tim gives tm(e) = 0, so e is a clause copy, as the
terminals have positive tm-digit. The cls equation (¢’ —#C)+cls(e) =
¢’ gives cls(e) = #C, so e is a copy of C. The pos equation 1 + (¢ —
1) + pos(e) = ¢ gives pos(e) = 0, so e is a U-copy of C: form T5.
Likewise, in {ng’c, R;,g’c, e}, the tm and cls equations make e a copy
of C, and the pos equation 1+ (¢ — 2) + pos(e) = ¢ gives pos(e) = 1,
so e is a V-copy of C: form T6. Here cls names the clause and pos
tells the two copies apart, so no argument is needed that the clause
and the kind of copy, if packed into one digit, would not interfere.

Step 4 (gears). Fix a gear (g, z) with k = kg ; occurrences, and drop
the superscripts. Consider a bundle {A}, Bj:, e}. The tm equation
forces tm(e) = 0, so e is a clause copy. The cls equation (¢’ —
#Cjr) +cls(e) = ¢’ gives cls(e) = #Cjr, so e is a copy of C;s. The pos
equation j+(c—1—j")+pos(e) = ¢ gives pos(e) = 1+’ —j € {0, 1},
so e is a U-copy of Cj» with j = j' +1, form T4, or a V-copy of Cj
with j = j’, form T3. Consider the bundle {A;, H, e} of the hub.
The cls equation ¢’ + cls(e) = ¢’ forces cls(e) = 0, so e is a terminal.
The tm equation (fym — tg,z) + tm(e) = #m forces tm(e) = 1.,
and the terminals of different gears have different numbers, so
e € {P9%, N9%}. The pos equation j + (c —k — 2) + pos(e) = c gives
pos(e) = k+2— j, so either e = P9% and j = 1, form T1, or e = N9~
and j = k + 1, form T2. As in Step 3, the clause and the position on
the cycle are read off two separate blocks, so they cannot interfere.

Terminals occur only in forms T1 and T2, together with the hub
of their own gear; so a terminal outside A lies in that hub’s bundle.
The converse is read off Table 7, as each triple has one tooth and
one gap of the same unit and one edge, and the pos, cls and tm
sums are those computed in Steps 3 and 4. O



Table 8: The six digit blocks of the core ;.

Ay Ay Ay A3 By B; By B, i V; Ui U
sideg 1 1 1 1 0 0 0 0O 0 0 o0 0
sideg 0 0 0 0 1 1 1 1 0 0 0 O
edg 0 0 0 0 0 0 0 0 1 1 1 1
rol 1 1 0 0o 0 O 1 1 0 0 0 o0
Ly 1 2 1 2 0 0 0 0 2 1 1 2
Ly 0 0 0 0 1 2 1 2 2 1 2 1

PRroOOF OoF LEMMA 3.5. Let 7 be a configuration of the seven blocks
with n bundles, and A its ledger. By Lemma A.1, A is a and ny edges,
and every other bundle is a triple of one of the forms T1-T6.

Locality (i). Each of the forms T1-T6 consists of goods of a single
gadget, as the copies of a clause of i belong to g.

Gears. Fix a gear (g, z) with k occurrences, and drop the super-
scripts. Its k + 1 teeth Ay, ..., Ap, and its k + 1 gaps H, By, ..., By
lie outside A, each in exactly one triple, and in forms T1-T4 they
are paired with each other only, and exactly along the edges of the
cycle H-A1—B1—Az— - — B — Ay, —H of length 2(k+1). So they
form a perfect matching of this cycle. An even cycle has exactly two
perfect matchings (Figure 1), the two modes of Section 3.5: U-mode,
the triples T1 and T4 for all j < k, which use P and a U-copy of
each clause Cj, and V-mode, the triples T3 for all j < k and T2,
which use a V-copy of each Cj and N. So the hub’s bundle holds
exactly one terminal, P in U-mode and N in V-mode.

Ledger (ii). The other terminal of each gear lies in no triple, as
a terminal outside A can only lie in the bundle of its own hub
(Lemma A.1), which holds the first one; so it lies in A. These are
ny distinct edges, one per gear, and A has exactly ny edges, which
proves (ii). Moreover, P#* € A exactly if the gear is in V-mode.
With the gears, this also proves (iv).

Decoding (iii). Fix a clause C of gadget g with r = r¢ variables,
and hence r U-copies and r V-copies. None of them lies in A, which
holds only terminals besides a, so each lies in a triple of forms
T3-T6. The occurrence of a variable of C takes a U-copy of C if its
gear is in U-mode, and a V-copy if it is in V-mode. The remaining
copies lie in the triples T5 and T6 of C, of which there are exactly
one and r — 1, one for each tooth Y and R; of C. Counting V-copies,
the number of occurrences of C in gears in V-mode plus r — 1 is r,
so exactly one variable of C has its gear in V-mode, that is, has
P9% € A. So g, is an exactly-1 model of 14, which proves (iii).

Converse (v). Given exactly-1 models a1, . .., or, put each gear
(9, 2) in V-mode if 04(z) = 1 and in U-mode otherwise, and form
the bundles of the gears by the corresponding matchings, each
pair with its own copy U?"* or V]‘f] *#; send each unused U-copy of C
to the U-absorber of C and each unused V-copy to a V-absorber
of C, which the count above makes possible exactly because C
has exactly one true variable; and put a with the ny terminals not
in hub bundles. Every bundle other than A is a triple of forms
T1-T6, so it meets all seven blocks by Lemma A.1; A meets tooth,
gap, unit, edge, cls and tm by inspection. It meets pos because
exactly one variable of each clause is true: the anchor contributes
¢ — ny — n¢, and the terminal of gear (g, z) in A contributes kg, + 1
if it is P9%, that is, if z is true, and 1 if it is N%%; so the pos-sum
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of Ais ¢ —ny — n¢ +ny + ¥ kg, = ¢, where the sum ranges over the
true variables and equals n., as each clause contains exactly one
true variable. The configuration decodes to o7, ..., or, as P9 € A
exactly for the gears in V-mode. This proves (v). O

A.4 Proofs for Section 4

PROOF OF LEMMA 4.1. A partition into two bundles is balanced
if and only if both bundles have weight 7, that is, if it is a pair of
complementary halves; exactly one of them contains the anchor, so
it is a ledger S and its anchor side. (GL1) By the table of Section 3.4,

the ledger carries —(A, —vals(0g)) < 0 and the anchor side carries
Ay —valg(os) 2 0,50°y(m) = —A; +valy(os). (GL2) Every model

of ¢ is o5 for some ledger S, by Lemma 3.4(b), and X # 0 as ¢ is
satisfiable. So Lemma 3.7 and (1) give the maximin share. As ¢ is a
3-CNF, every clause has width at most 3 and the base is b < 7, so
by (W2) the weights have O(k + q) bits, and K = 2°*1 — 1 has p + 1
bits. O

A.5 Proofs for Section 5

The core lemmas of Section 5.2 are the case m = 2 of Lemma 7.1,
so we prove parts (a), (b) and (d) of that lemma, for every m > 2,
which proves Lemmas 5.1 and 5.2 and Proposition 5.4 as well. For
m = 2, the digits of the six blocks are those of Table 8.

In both phases, we call the bundle of B; a vertex bundle and the
bundle of B; a shadow bundle.

PRrOOF OF LEMMA 7.1(a). Both PV and PU meet all blocks: side,
sidep and edg by inspection, rol because each bundle holds exactly
one of an A-vertex and a B-shadow, L1 because i + (m+ 1 —i) =
it+(m+1-it) =m+1,and L; because i + (m+1—i) = m+ 1.
Conversely, by side4, sidep and edg, each bundle holds exactly one
A-side good, one B-side good and one edge. By L1, the A-side good
of the bundle of V; has index i, and the A-side good of the bundle
of U; has index i*. By L, the B-side good of the bundle of V; or U;
has index i. By rol, every bundle is of the form (an A-vertex, a B-
vertex, an edge) or (an A-shadow, a B-shadow, an edge). So the two
bundles holding B; and B; hold V; and Uj, and either B; is with V;,
giving the bundles {A;B;V;} and {A;+ B;U;}, or B; is with U, giving
{A;+B;U;} and {A;B;V;}. Let h be the number of indices i for which
B; is with U;. The A-vertex in the bundle of B; has index i or i*, that
is, i + [B; is with U;] modulo m, and every A-vertex lies in exactly

one such bundle, so these indices form a permutation of {1,...,m}.
Summing them modulo m gives h = 0, so h = 0, which gives PV, or
h = m, which gives PY. O

ProOF oF LEMMA 7.1(B). Both perturbations are 0 on all vertices,
and A; is the only A-shadow either of them charges, so in PV the
shadow bundle {A;+, B;, U;} holds a charged A-shadow exactly for
i = 1.In PV: a vertex bundle {A;, B;, V;} has y-offset 0 and 8y-
offset —s; the shadow bundle of B has 8y -offset 2s — s — s = 0 and
Sy-offset —2s + s = —s; that of By has dy-offset s — s = 0 and 5y -
offset 3s; that of B; for i > 3 has Sy -offset s — s = 0 and §yy-offset s.
In PY: a vertex bundle {Aj+, Bj, Uj } has Sy -offset —s and §7-offset 0;
the shadow bundle {A;, B;, V;} has 8§y -offsets —s, 2s +s = 3s and s
fori=1,i=2andi > 3, and dy-offsets s —s =0, —-2s +3s —s =0
and s —s = 0. The sums are 2s — s + (m — 1)s — ms = 0 for §y and
—2s+3s+ (m—1)s —ms = 0 for §y. m]



PRrooF oF LEMMA 7.1(D). The positive values of §y and dyy sum
to (m+1)s and (m + 2)s, and their negative values to the negatives,
so |6i(S)| < M for all S. By Lemma 3.1 and part (a), the balanced
partitions are PV and PY. By part (b), PV gives a type-V agent
offset 0 on every bundle, and PU does so for a type-U agent, so all
drops are 0 and p; = K7 by Lemma 3.3(ii). An MMS-fair allocation
would give every agent at least Kz, so it would be balanced by
Lemma 3.3(i), and by part (c) some agent would receive a bundle of
offset —s, worth K7 —s < y; to her. O

ProoF oF LEMMA 5.8. We write w = wg and 7 = 14; all digits
of the drop block are positive on its support. The digit of By and
of B; equals the target  + 1, so their bundles hold no other good
of the block, and they are two different bundles. The other two
bundles hold the goods X5 U{Bz}. Let such a bundle hold the goods
S € Xg \ {Bz}, and possibly Bz or By. With neither, w(S) = 7+ 1;
with both, 1+ w(Bz) + 1+ w(S) = 7+1, thatis, w(SU {B2}) =7 — 1.
Both are impossible, as w(S), w(S U {Bz}) and r are multiples of
b > 3 by (W1). So each of the two bundles holds exactly one of
By, By. The bundle of By has 1+ w(S) = 7+ 1, so S is a half without
the anchor, that is, a ledger, and the bundle of By holds the rest,
X 8 \ S, the anchor side. Conversely, for a ledger S, the bundles {B; },
{B1}, {B2} U S and Xg \ S have digit sums 7+ 1, 7+ 1, 1 + 7 and
T+ 1. O

PRrROOF OF LEMMA 5.9. We write w = wy and 7 = 7,. The digit
of B, and of B equals the target 27, and all digits are positive on
the support, so their bundles hold no other good of the block. A
remaining bundle with j € {0, 1,2} carriers and the goods S € X,
has jz + w(S) = 27, that is, w(S) = (2 — j)z. So j = 1 gives a half,
which is (S), and j = 0 and j = 2 give S = X, and S = 0, which
is (U). Both (S), for every half T, and (U) meet the block by the same
computation. O

PROOF OF LEMMA 5.10. By Lemma 5.8, the classes are {B1 }, {B1},
{B2}US andXﬁ\S for aledger S. The charge is 0 on By, By, B, so the
charges of the classes are 0, 0, and those of the ledger and the anchor
side in the Xiex TOW of the table in Section 3.4, and val(o) < lex(f).
By Lemma 3.4(b), the ledger of the lexicographically largest model
exists, and by Lemma 5.8 it gives a configuration. O

PROOF OF LEMMA 5.11. By Lemma 5.9, the classes of B and B
are {B,} and {B;}, and carry 0, and the other two classes are as in
(S) or (U); (U) gives a configuration. In case (U) the class {y3, ya}
carries 0, and the class X, carries yjex (Xq) = 0. In case (S), which
requires a to be satisfiable, let ¢’ be the model encoded by the
ledger among T and X, \ T (Lemma 3.4(a)); then yjex(T) = val(c”)
if T is a ledger and yjex(T) = —val(¢”’) if T is an anchor side, so
the two relief classes carry val(¢”) and —val(¢”), in some order,
each of which is at most val(¢”) < lex(a), as val(¢’) > 0. The
charge 1l is attained by the relief class {y;} U T in case (S) with T
the ledger of the lexicographically largest model of a, which exists
by Lemma 3.4(b), and in case (U) if « is unsatisfiable. O

PRrROOF OF LEMMA 5.12. (a) By Lemma 5.6, a balanced partition
is a phase glued to a configuration of the gate blocks at the B-side
goods, each of them lying in the bundle named after it. By Lemma 3.2
applied to the two gate blocks, whose supports XgU{B1, Bz, Bi}and
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XgU{y3, y4, B2, B2} share only B, and By, a configuration of the gate
blocks is a configuration of the drop block glued to a configuration
of the relief block, such that the classes containing By lie together,
and so do the classes containing B,. Their configurations are de-
scribed by Lemmas 5.8 and 5.9: the four B-side goods lie in four
different classes of the drop block, and the classes {B2} and {B,} of
the relief block hold no other good of it, so the two relief classes lie
together with the classes {B;} and {B;} of the drop block, in either
order. So the four B-side goods lie in four different bundles of every
configuration of the gate blocks, and by the converse of Lemma 5.6
every phase and every such configuration combine, with each class
containing a B-side good in the bundle named after it. No other
condition applies. (b) The charge y is the sum of the charges of the
two gates of Lemmas 5.10 and 5.11, as it is 0 on the core goods other
than By and on y3, y4; so each bundle carries the charge of the class
of the drop gate plus that of the class of the relief gate that it holds.
The host bundle holds the drop anchor class and {B;}, the bundle
of B, the drop ledger class and {B,}, and the bundles of B; and By
hold {B;} and {B;} and one relief class each; the bounds are those
of Lemmas 5.10 and 5.11. In phase PY, the bundles other than the
host bundle form Bady by definition. For the last claims, combine
by (a) the configurations of the two gates that attain the charges in
Lemmas 5.10 and 5.11, matching the relief class of charge rl with
the bundle of By, or the drop configuration with a configuration of
the relief block in case (U). O

A.6 Proofs for Section 6

PROOF OF LEMMA 6.1. By Lemma 3.1, the balanced partitions are
the configurations of the seven blocks. (GL1) By Lemma 3.5(ii), the
ledger A consists of a and one terminal per variable, so it carries
-A ¢ from the anchor and ¢ for each variable z with P? € A, that is,
X(A) = —Ag+valy (o) < 0.Every other bundle holds only goods of
charge at least 0, so it carries at least 0, and y () = —Ay +valy (o).
(GL2) By Lemma 3.5(v), every exactly-1 model of ¢ is o for some
configuration s, and  is satisfiable by Lemma 2.11(c), as ¢ is. The
grading is 0 outside the variables of ¢, so by Lemma 2.11(b) and (c),
maxgey valy (o) = lex;(p), and Lemma 3.7 gives the maximin
share and the claim on MMS-fair allocations. By Lemma 3.5, the
seven totals are polynomial in n = O(]¢|), so by Lemma 3.1 so
are all weights, and every value K - w(g) + x(g) is polynomial in
lol + Az O

A.7 Proofs for Section 7

Proor oF LEmMA 7.5. (G1) and (G2) hold, as the seven blocks of
the gear block have digit 0 outside Ggear, and Ggear contains no core
good other than the anchor B;. (G3) holds, as y, sums to 0 and is 0
on all core goods, and r < m—1.(G4) holds,as M = (m+2)s > s. The
positive values of §y sum to 3s+(m—1)s = (m+2)s, and its negative
values to —2s — ms; those of 5y sum to (m+1)s and —(m+1)s, and
a dial adds +2 and -2 to these, and (m + 1)s + 2 < (m + 2)s; so
|6i(S)| < M for every agent i and bundle S. The six core blocks have
totals O(m?), and the seven blocks of the gear block have totals
polynomial in n, with n = 2m = 2n, + ny + 1; so by Lemma 3.1 all
weights are polynomial in n, + ny, and so are K = 2M + 1 = O(m)
and all values K - w(g) + di(g). Every good has a positive digit in
some block, so all weights are positive, and all values are positive as



K > M. The number of goods is 6m +3(n — 1) + ny + 1, and ng + ny
is linear in the total size of the instances. |

ProoF oF LEMMA 7.7. We have 0 < dr, < 2 < M. The conclu-
sion follows from Lemma 7.2, as rl, > 4 — dr, with rl¢, dr, € {0,2}
holds exactly if rl, = dr, = 2. We check the two hypotheses in turn,
for a dial D,. The only charges of D, are —2 and +2, so ye () > —2
for every partition 7, and ye () < 0 as e sums to 0. The padding
gadget of Section 7.4, if present, is put in wildcard mode w =1
throughout.

(drop) Balanced partitions of phase PV exist, as every gadget is
satisfiable (Lemmas 7.4, 3.5(v) and 5.6). If . € Pos-1-IN-3-SAT, put
the f.-gadget in wildcard mode w = 0 and the a.-gadget in wildcard
mode w = 1: then both charges lie in A and cancel, so y, > 0 = —dr,
on every bundle; and in every balanced partition some bundle has
Xe < 0 = —dre, as ye sums to 0. If f, ¢ Pos-1-IN-3-SAT, the f,-
gadget is in wildcard mode w = 1 in every balanced partition, so
the —2 lies in the bundle of the hub Hf , which is not A and by
locality holds no other terminal, and hence no other charge of D,;
so that bundle has y, = —2 = —dr,, in every balanced partition, and
Xe = —2 on every bundle of every partition. Finally, in phase PY,
the set Bady has m + 1 > 3 bundles, while the charges of D, lie in
at most two bundles; so some bundle of Bady has y, = 0 < s — dr,.
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(relief) The bundles of Bady are not A, which is the host bun-
dle. By locality, every bundle other than A holds at most one
terminal, so it carries at most one of the two charges of D,. So
every bundle of Bady carries at most +2, and carries +2 only if
it holds P¢ outside A, which by Lemma 7.6 is possible only if
ae € Pos-1-IN-3-SAT; so its charge is at most rle. Conversely, let
S € Bady. If . € Pos-1-IN-3-SAT, put the a.-gadget in wildcard
mode w = 0 and match the bundle of its hub HY with S; the f-
gadget is in any possible wildcard mode, and its charge lies in A or in
another bundle. Then y,(S) = 2 = 1l,. If @, ¢ Pos-1-IN-3-SAT, put
the a.-gadget in wildcard mode w = 1, and if the —2 lies outside A,
match its bundle with a bundle other than S; then y.(S) = 0 = rl,.
In both cases, put the gadgets of every other dial D, as follows. If
Per € Pos-1-IN-3-SAT, put its f./-gadget in wildcard mode w = 0
and its .’ -gadget in wildcard mode w = 1, so that both its charges
lie in A and cancel, and y, () = 0 = —dr,/. Otherwise, y,’ () >
—2 = —dr, in any case. These choices are compatible, as the wild-
card modes of all gadgets and the matching are independent. O

B Notation

Table 9 lists the notation of Sections 2-7, with the section in which
each symbol is defined.



Table 9: Notation.

symbol meaning sec.  symbol meaning sec.
val(o), lex(¢) value of an assignment; of the lexicographi- 2.4 X, 7 halving gadget of ¢, whose ledger is a half 3.4
cally largest model without a; weight of a half
A 2k _ 1, the largest value of an assignment 2.4 a, b anchor oqu,; base of its weights 34
Solrr (x) solutions of a search problem, or { L} 2.1 )(15; o Xl_ef lex charge and its negative form; yiex, Xy, for 3.4
the default grading
OptP, OptP[O(logn)] optima of NP metric machines 2.2 (GL1), (GL2) calibration and surjectivity of the graded 3.6
ledger
FNP/OptP[O(logn)] search with an optimum as advice 2.2 32 Zm the core, 12 goods for 4 agents; 6m goods for 5.2, 7.2
2m agents
@ Mo Cook-Levin formulas of a metric machine on 2.4 it cyclic successor of i < m 7.2
input x; np guarded by b
21 2p output bits of ¢ 2.4 PV, pY the two phases of the core 5.2
K- -w+6; valuation: weight scaled by K = 2M +1,plus 3.2 Sy, Sy perturbations, neutral in PV and PY 5.2
charge
T weight of every bundle of a balanced partition 3.2 s scale of the perturbations, the cost; s = A 5.2
in Ia,ﬁ, s=4in]
M bound on |5;(S)]| 3.2 Bady,Bady the deficit bundles of PV, with 8y -offset —s; 5.2
those of PV, with §y-offset —s
d; drop of agent i 32 B the host, the only core good a gate sees; its 5.2
bundle is the host bundle
g, valg, lexg, Ay grading; graded value; its largest value over 3.3  deficit, safe bundles that cost s to one type in each phase; 5.2
models; its largest value; { is left out for the bundles of offset > 0 for both types in both
default grading ¢; = 251 phases
x () charge of the worst bundle of 3.6 D;Dy,...,D, the dial; the dials for general m 5.2,7.2
X Xe the charge of the dial, of dial D, on top of dy 5.2 EY, Ef[, Eéj the blockers of I, g 5.2
dr, rl; dre, 1l drop and relief of the dial; of dial D, 5.2 By, By, B, By the B-side goods, which name the bundles of 5.2
the core and label the gates’ classes
(S), (U) the relief gate split into two halves; switched 5.3 Y3 Ya carriers of the relief gate 5.3
off
Ypad padding gadget 74  T1-Te admissible triples of the gear block A3
I instance for OptP, two agents 42 Ggear goods of the gear block 3.5
Ny, Ne, No variables, clauses, occurrences of the gadgets 3.5 H9%; P9% N9 hub; terminals of gear (g, z) 3.5
A ledger of the gear block (the bundle witha) 3.5  J, ¢ gear-block instance with identical valuations 6.2
b (guard), ¢’ guard variable; grading 2°*1~% and 1 64  wiy¥ wildcard; gadget with wildcard 7.3
J gated instance for PN'[O(log n) | 7.4 Pf , Nf , Hf terminals and hub of the wildcard’s gear 7.4
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