GLOBAL IDENTIFIABILITY OF CONSTANT-WIDTH DEEP
POLYNOMIAL NETWORKS

ABSTRACT. Multihomogeneity accounts for the generic fibers of deep poly-
nomial neural networks when the activation degree is sufficiently large. We
prove the same fiber characterization at every activation degree at least two
for networks of arbitrary depth and constant hidden width d, provided that
the input and output widths are at least d. The degrees may vary by layer.
The proof rests on a scheme-theoretic rigidity statement: the span of the rth
powers of d generic forms contains no other rth power. Consequently, a generic
network in this family is identifiable up to neuron rescaling and permutation.

1. INTRODUCTION

A homogeneous polynomial neural network parametrizes a family of vector-
valued forms by weight matrices and coordinate-wise monomial activations [5, 6].
Its parametrization is multihomogeneous: permuting the neurons in a hidden layer
or rescaling them, with a compensating change in the adjacent weight matrices,
does not change the network function [3, Lemma 4]. The identifiability problem
asks when these transformations account for the entire fiber.

Finkel, Rodriguez, Wu, and Yahl answered this question when the common
activation degree is sufficiently large [3, Theorem 18]. Their proof uses a Newman—
Slater-type result on linear relations among powers [3, Proposition 16]. With
M := -1+ 2max{dy,...,dr_1}, their hypothesis is

r>6M2—6M + 1.

This bound is quadratic in the largest hidden width and does not cover small degrees
such as r = 2. For equi-width architectures, Finkel et al. separately proved that
every r > 2 gives the expected neurovariety dimension [3, Theorem 22]. Expected
dimension, however, does not imply that multihomogeneity exhausts the generic
fiber.

Independently, Craciun obtained another high-degree linear-independence bound
using a generalized Mason inequality, which is a polynomial abc theorem [2, The-
orem 3]. Combined with the induction of Finkel et al., this yields the same fiber
characterization by a different high-degree route.

Usevich, Borsoi, Dérand, and Clausel subsequently proved finite identifiability
for broad families, including nonincreasing hidden widths and layerwise degrees at
least two [8, Theorem 11 and Corollary 16]. Here finite identifiability means that a
generic fiber contains only finitely many multihomogeneity orbits, whereas global
identifiability means that it contains exactly one. Thus their result still allows several
inequivalent parameterizations of a generic function, and they stated the corre-
sponding global result as a conjecture [8, Conjecture 40]. Other global-identifiability
results require additional numerical or geometric hypotheses [7, Theorem 4.13].

We remove the high-degree hypothesis for networks of constant hidden width
and allow the activation degree to vary by layer. We work over an algebraically
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closed field k of characteristic zero. A property holds generically if it holds on a
nonempty Zariski-open subset of the relevant parameter space.

Theorem 1.1 (Generic fiber). Let n,m > d > 2 and L > 2. Fiz the architecture
d= (n,d,...,d,m) and activation degrees ri,...,r;—1 > 2. There is a nonempty
Zariski-open subset U of the parameter space such that, for every W € U, the fiber
through W is one multihomogeneity orbit. Equivalently, a generic network is globally
identifiable up to hidden-neuron rescaling and permutation.

Thus, for constant hidden width, global identifiability holds whenever every
layerwise degree is at least two. This strengthens both the equi-width dimension
theorem of Finkel et al. and the finite-identifiability theorem of Usevich et al. in
this setting.

The proof reduces the network problem to rigidity of spans of powers. For n,e > 1,
define

Hn,e = k[.’El, s 7xn]ev Xn,e,r = {[fr] : 0 7é f € Hn,e} g P(Hn,er)-

Thus X, ¢ is the projective variety of rth powers of degree-e forms, endowed with
its reduced induced scheme structure. The required geometric statement is the
following scheme-theoretic form of power-span rigidity. Its set-theoretic content is
related to the generalized trisecant lemma [1, Proposition 2.6].

Theorem 1.2 (Power-span rigidity). Letn >d > 1,e > 1, andr > 2. For a generic
ordered d-tuple (fi1,..., f4) € Hff’e, the forms f{,..., f] are linearly independent,
and

Xn,e,r O]P’span{ff, S 7f£} = {[flrL ceey [fg]}7

as a reduced zero-dimensional scheme.

For a generic network, the span of the output coordinates determines the span of
the powers of the last hidden preactivations. Theorem 1.2 recovers those preactiva-
tions up to rescaling and permutation. Applying the same argument to the prefix
network proves Theorem 1.1 by induction on the depth.

Section 2 introduces polynomial networks and their multihomogeneity. Section 3
proves Theorem 1.2, and Section 4 applies it to the generic fiber. Section 5 discusses
exceptional fibers and the roles of the width assumptions; the final section summarizes
the remaining cases.

2. POLYNOMIAL NETWORKS AND MULTIHOMOGENEITY

Let k be an algebraically closed field of characteristic zero. For n,e > 1, define

Hy e =Kk[z1,...,20]e,
for the vector space of homogeneous degree-e polynomials. If v = (v1,...,vs)T is a
vector of polynomials and r > 1, set
or(v) = (f,...,0")T.
Fix an architecture d = (do, ...,dr) and activation degrees r = (r1,...,75-1).

A parameter is a tuple
W= (Wi,...,Wz), W, € kdexde-1,
For 1 <¢< L —1,let oy := 0y,. Define the associated network recursively by
ho(z) =z, ze(x) = Wihy—1(x), he(z) = oo(ze()),
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for1</<L-—1,and
(1) pw({E) = WLthl(l‘).

Thus pw is a dp-tuple of forms of degree ry---rp_1.
Define the parameter map by

Vg r(W):=pw.

For 1 < ¢ < L—1,let Dy be an invertible diagonal matrix and let P, be a permutation
matrix of size dy. Multihomogeneity refers to the replacements

(2) Wi — PLDWq,

(3) Wy +— PD,W,D, " P (2<t<L-1),
(4) Wr — WD, P
Indeed,

oo(PeDev) = PyDy o(v),
so the factors cancel between consecutive layers and leave py unchanged. This is
precisely neuron permutation and rescaling [5, Lemma 13]. A fiber is characterized
by multihomogeneity if all its parameters lie in one orbit under the replacements
(2)—(4). The continuous family of such replacements has dimension Zé‘;ll dy.

3. POWER-SPAN RIGIDITY

We first isolate a standard special-fiber principle in a form suited to the power
incidence used below.

Lemma 3.1 (Persistence of an exhausted reduced fiber). Let B be a noetherian
variety, let m: Z — B be a projective morphism of finite type, and let s1,...,84 :
B — Z be sections. Suppose that, over a point by € B, the fiber Zy, is the reduced
union of the d distinct points s1(bo), ..., s4a(bo). Then there is an open neighborhood
U of by such that, for every b € U, the fiber Zy is the reduced union of the d distinct
points s1(b), ..., sq(b).

Proof. After shrinking B, the sections are pairwise disjoint. Upper semicontinuity
of fiber dimension and the zero-dimensionality of Z;, allow us to shrink once more
so that every fiber is zero-dimensional. The restricted morphism is projective and
quasi-finite, hence finite [4, Chapter II].

Set A := 1,0z, a coherent Og-module. For a finite morphism, the length of the
scheme-theoretic fiber over b is

dimy,(p) (.A Rog H(b)).

For a finitely presented module this dimension is upper semicontinuous, as is seen
locally from a presentation matrix and its ranks. At by the length is d, so after
another shrinking every fiber has length at most d. The d disjoint sections contribute
d distinct points to every fiber, each with length at least one. Hence every fiber has
length exactly d, has no further points or nilpotent structure, and is exhausted by
the sections. |

For e,r > 1, consider the morphism
Ve t P(Hne) — P(Hper), [f]—1f"],

Its image is X, ¢, endowed with the reduced induced scheme structure.
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Lemma 3.2 (The power embedding). The morphism ve , is a closed immersion
onto Xy er.

Proof. The morphism is universally injective. Indeed, after every algebraically closed
field extension, proportionality of f” and ¢g” implies proportionality of f and g by
unique factorization. At a geometric point [f], the differential sends the tangent
class represented by h to the class represented by

rf th.

If this class vanishes, then rf"~1h is proportional to f”. Since the characteristic is
zero, cancellation gives h € span{f}. The differential is therefore injective at every
geometric point, so the morphism is unramified.

A universally injective unramified morphism is a monomorphism: its diagonal
is a surjective open immersion and hence an isomorphism. The morphism v , is
also proper because its source is projective and its target is separated. A proper
monomorphism is a closed immersion. Its image is reduced because its source is
reduced, so the image scheme is X,, ., with the specified scheme structure. ([l

Lemma 3.3 (The coordinate power plane). Letn >d >1,e>1, and r > 2. Set
fi=af for1 <i<d and

Ao :=Pspan{z{",...,25} CP(Hper).

Then
V;A(AO) = {[xi]’ cee [1’2]}7
as a reduced scheme.

Proof. Suppose that

d
(5) g =t
i=1

for a nonzero g € H, .. If two coefficients, say c¢; and cj, are nonzero, restrict (5)
to the coordinate plane on which all variables except x;,z; vanish. The right-hand
side is a nonzero binary form
ciwy” + s’

with er distinct linear factors, because chark = 0. Every irreducible factor of the rth
power on the left has multiplicity divisible by r, a contradiction. Thus exactly one
¢; is nonzero, and unique factorization gives g o< z¢. This proves the set-theoretic
assertion.

It remains to check reducedness. At [z¢], a projective tangent vector represented
by h € H, . maps under the differential of v, , to the class of

mcf(T_l)h.

If this lies in span{z{", ...,z }, divisibility by xf(Pl) forces all terms except the
x$" term to vanish, and then A is proportional to z{. Hence the tangent space of
the fiber is zero at every point, so the finite fiber is reduced. O

Proof of Theorem 1.2. Let B C Hff’e be the open subset on which f7,..., f] are
linearly independent. Over B, form the closed incidence correspondence

T := {((fl,...,fd),[g]) € BxP(Hpe): 9" €span(ff,...,f§)}.
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Closedness follows by imposing the vanishing of the (d + 1) x (d + 1) minors of
the coefficient matrix with columns f{,..., f;,9". The projection 7 : Z — B is
projective. It has d pairwise disjoint tautological sections

si(fi,--o fa) = ((fr, -, fa), [fil)-

The coordinate tuple (z§,. .., z5) belongs to B, and Lemma 3.3 says that its fiber
is precisely the reduced union of the d section points. Lemma 3.1 therefore gives a
nonempty open subset of B over which every fiber is exactly the reduced union of
the tautological sections. Lemma 3.2 identifies these fibers with the corresponding
scheme-theoretic intersections in X, . , and proves the theorem. O

Remark 3.4. Theorem 1.2 concerns a generic secant plane arising from d generic
points of the power variety, not an arbitrary (d — 1)-plane in the ambient projective
space. The coordinate fiber supplies an explicit unisecant witness, and projectivity
rules out branches of additional power points appearing near that witness.

4. THE GENERIC FIBER
We now apply power-span rigidity one layer at a time.

Proof of Theorem 1.1. We induct on L, the number of linear layers. For a prefix
ending just before the last activation, write

aw = (q1,---,qa)" = Wr_1hy .
Its entries are forms of degree
R:=ry-rp_o,
with the convention R = 1 when L = 2. The full output is

(6) pw = Wror_1(qw).

Let Vr,r, , C H, 27 r be the open neighborhood of the coordinate tuple constructed
in the proof of Theorem 1.2. Its inverse image under the prefix parameter map is
nonempty: the choice

Wy =[Is 0], Wy=---=Wr1 = I,

produces qw = (2%, ..., 2F)T. Hence the inverse image is a nonempty open subset
of the irreducible prefix parameter space.

For L > 2, intersect this open set with the nonempty induction open set for
the prefix architecture (n,d,...,d,d) and degrees r1,...,r,_2. For L = 2, no
induction condition is needed. Finally require Wp, to have column rank d, require
W1 to have row rank d, and require the square matrices Ws,...,Wr_1 to be
invertible. These rank conditions are nonempty and open. They also ensure that
the multihomogeneous rescalings and permutations act freely. The resulting set U,
is nonempty and open.

Fix W € Uy, and suppose that pj; = pw. Set ¢ == qw, ¢ := gy, and 7 :=rp_1.
Define the span of the output coordinates by

S(pw) = span{(pw)1,-- -, (Pw)m}-

Since Wi, has column rank d and ¢f,...,q) are linearly independent, this span
satisfies

(7) S(pw) = span{qy, ..., qu}, dim S(pw) = d.
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The same output is a linear combination of ¢f, ..., ¢}. Thus

S(pW) - span{(}'{, teey @Z}
The right-hand side has dimension at most d, so equality holds and the ?1}" are
linearly independent. Each projective point [q}] therefore lies in

Xn,R,r N ]PS(pw)

By Theorem 1.2, this intersection consists exactly of [¢7],...,[¢}]- Independence
prevents repetitions, so there are a permutation matrix P and nonzero scalars
Al,...,Ag such that

q = PDyq, D := diag(A1, ..., Aa)-

Here we used unique factorization once more to pass from proportional rth powers
to proportional forms. Comparing (6) and using the independence of ¢7, ..., ¢} gives

(8) Wy =Ww.D"PT.
Normalize the competing prefix by replacing only its final matrix with
WL,1 = (PD)ilefl.

The resulting prefix output is exactly ¢. If L = 2, this gives Wl = Wy, If
L > 2, the induction hypothesis shows that the normalized prefix is obtained from
(W1,...,Wr_1) by multihomogeneity. Restoring the factor PD in the last hidden
layer and using (8) gives the replacements (2)—(4), with P,_; = P and Dy_; = D.
Hence every representation of py, in the fiber is obtained by multihomogeneity. [

Corollary 4.1 (Equi-width fibers). Let d > 2 and L > 2. For every choice of
activation degrees r1,...,r_1 > 2, the generic fiber of the equi-width architecture
(d,d,...,d) is characterized by multihomogeneity. In particular, a generic equi-width
network is globally identifiable up to hidden-neuron rescaling and permutation.

Proof. Apply Theorem 1.1 with n =m = d. |

Corollary 4.2 (Dimension of the neurovariety). Under the hypotheses of Theo-
rem 1.1, the generic fiber has dimension (L — 1)d, and the affine neurovariety has
dimension

(9) nd+ (L — 2)d* + md — (L — 1)d.

In particular, the parametrization is nondefective relative to the multihomogeneity
count.

Proof. The generic fiber is characterized by multihomogeneity. On the rank-open
set used in the proof, these replacements act freely: Py DW; = W; and the full
row rank of W; force PyDy = I;. The invertibility of W5, ..., Wy _1 then forces
P;D;, = 1, successively. The finite permutation choices do not affect dimension,
while the diagonal rescalings form (]kx)(L’l)d. The parameter space has dimension

nd + (L — 2)d* + md.

The fiber-dimension theorem now gives (9) by subtracting the orbit dimension. [
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5. EXCEPTIONAL FIBERS AND LIMITATIONS
The word “generic” in Theorem 1.1 cannot be replaced by “every.”

Example 5.1 (A nongeneric collision). The following collision, due to Usevich,
Borsoi, Dérand, and Clausel [8, Example 41], occurs already for width two and two
quadratic activations. Let

Consider the two parameter tuples
1
(127H712) and H, §H,C .

They define the same polynomial map

o+

(21 —23)°]’
but they are not related by multihomogeneity: the first-layer replacement would
require H = PD for a permutation matrix P and a diagonal matrix D. Define the
exceptional last preactivations by

q = ac%er%, qo 1= x% —mg.
They satisfy
(21122)% = i — ¢3-

Thus the secant line Pspan{q?, ¢3} contains a third point of the power variety. This
pinpoints the exceptional incidence excluded by Theorem 1.2; it does not contradict
generic identifiability.

The inequalities n, m > d have different roles. The input inequality supplies
the explicit coordinate witness (zf%, ... ,a:ff) at every depth. The output inequality
makes the generic output matrix injective on the d hidden coordinates, so that the
span of the output entries equals the entire span of the hidden powers. Neither
condition is asserted to be necessary. When m < d, the generic fiber may still
be characterized by multihomogeneity, but the output no longer reveals the full
hidden power span. This is precisely the regime in which tensor-identifiability and
varieties-of-powers methods become essential [8, 7].

The proof also uses the pure-power activation essentially. For an arbitrary
polynomial activation, the image of a hidden form is not a point of a single projective
power variety, and the multihomogeneity replacements change. Extending the secant-
plane argument to shifted or mixed-degree power varieties is a natural problem.

6. CONCLUSION

Finkel et al. characterize generic fibers by multihomogeneity above a quadratic
Newman—Slater bound, while Craciun’s polynomial-abc argument supplies another
high-degree route. Usevich et al. prove finite identifiability much more broadly at
degrees at least two, but this still permits several inequivalent parameterizations of a
generic function. For constant hidden width, Theorem 1.1 rules out that remaining
ambiguity at every layerwise degree at least two: the generic fiber is exactly one
multihomogeneity orbit.
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The constant-width and endpoint assumptions ensure that the full hidden power

span is visible at every layer. Varying hidden widths requires compatible power-span
statements of different cardinalities, while a smaller output width requires recovery
of a hidden secant plane from a proper subspace. These are natural next cases for
combining the present projective argument with the localization methods of Usevich,
Borsoi, Dérand, and Clausel [8].
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