TWENTY-ONE POINTS IN THREE-SPACE

MATEUSZ MICHALEK

ABSTRACT. We prove that every finite subscheme of length twenty-one
in complex affine three-space is a limit of distinct points. So the Hilbert
scheme of twenty-one points in A® is irreducible, and the least number of
points for which it is reducible lies between twenty-two and seventy-eight.
The proof continues the induction of Nineteen points and Twenty points
in three-space, whose main tool is linkage: a scheme of length d in a
complete intersection of length less than 2d is linked to a shorter one.
The new tool is linkage at infinity: we deform the tails of a scheme while
magnifying it, and link the limit, which keeps part of the tails, instead
of the tangent cone. When the tangent cone lies on a quadric, we move
one equation in a flat family to cap the cost of its special directions.

1. INTRODUCTION

On a smooth surface every finite subscheme is a limit of distinct points;
this is a theorem of Fogarty [4]. In A™ with n > 4 the statement fails already
for eight points [10, 1]. Three-space lies between the two. Iarrobino proved
that the statement fails there too, for long schemes [8]. He found schemes
of length 78, each supported at a single point, that move in a family of
dimension 235 [9, Example 4.3], while the limits of 78 distinct points form
a family of dimension 3 - 78 = 234; see [11, Section 2.3]. The argument is
a count of dimensions. It proves that a second component of the Hilbert
scheme exists, but it does not exhibit one:

It is puzzling that despite proofs of reducibility, no components
other than the smoothable one are known [...] for Hilbg(A3).
[11, Section 2.1]

We approach the question from below. A finite subscheme is smoothable
if it is a limit of reduced ones. The smoothable subschemes of A3 of length d
form a component of dimension 3d of the Hilbert scheme Hilby(A?%), and the
Hilbert scheme is irreducible if and only if there is no other. The least d for
which Hilbg(A3) is reducible is unknown; this is Problem V of Jelisiejew’s list
[11, Section 2.1]. Mazzola showed that it is larger than 7 [13]; Cartwright,
Erman, Velasco and Viray settled d = 8 [1]; Henni and Jardim d = 9 and 10
6], after Sivic’s work on commuting triples [17]; and Douvropoulos, Jelisiejew,
Ngdland and Teitler d = 11 [3]. The three preceding papers of this series
reached d = 14, 19 and 20 [14], [15], [16]. Here we add one more point.
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Theorem 1.1. Finite subschemes of A® of length at most twenty-one are
smoothable. So Hilbgy (A3) is irreducible, of dimension 63, and the least d
for which Hilby(A3) is reducible satisfies 22 < d < T8.

Smoothability can be tested locally, so the theorem holds on every smooth
irreducible quasi-projective threefold [3, Section 1].

1.2.  We argue by induction on the length, with the tools of [15] and [16]
and their results up to length twenty. A scheme with two or more points of
support is a disjoint union of shorter schemes, and a scheme of embedding
dimension at most two is a scheme in the plane; so it suffices to treat a
local algebra A = S/I of length twenty-one, where S = C|xz,y, 2], I C m?
and m = (z,y,2) [15, Proposition 2.2(3)]. Its tangent cone has a Hilbert
function Hy = (1,3, H4(2),...), a sequence of positive integers with sum
21 that grows no faster than Macaulay’s bound allows. There are 254 such
sequences. General results of [14], [15] and [3] settle 196 of them, and the
remaining 58 need individual arguments (Tables 1 and 2).

1.3. Linkage is our main tool, and its budget explains what changes at
length twenty-one. If a scheme Z lies in a finite complete intersection Z’
of three surfaces in an open subset of A3, then the residual scheme has
length ¢(Z') — £(Z), and Z is smoothable if the residual scheme is [12], [15,
Theorem 2.22]. So a scheme of length twenty-one is smoothable whenever
some complete intersection through it has local length at most 41. The
budget is two more than at length twenty, and it is spent in two standard
ways:
41 =274+ 14 =24+ 17.

After a deformation of Z that keeps its Hilbert function, three equations of
Z with cubic leading forms cut out 27, plus at most (k(p) — 3) e, for each
direction p common to the three cubic cones; here e, is a multiplicity and k(p)
is the first degree in which the surfaces separate over p [15, Theorem 3.12].
When the tangent cone lies on the double plane 2> = 0, its cubics are those
divisible by z, and the transverse cubic of the quadratic equation vanishes
(Section 2.8), three equations of orders 2, 3 and 4 cut out 24, plus at most
(k(v) — 2) py for each root v of a binary quartic [16, Theorem 3.15]. Two
bounds need no count over directions: a weighted Bézout bound 43/2 = 32
[16, Proposition 3.12] and a global complete intersection of degrees 3, 3, 4
and length 36 [15, Proposition 3.18]. Their margins are now 9 and 5.

Of the 254 Hilbert functions, 59 escape the general results of [14] and [15],
against 33 of 199 at length twenty, in keeping with Jelisiejew’s remark that
the work grows roughly exponentially with the length [11, Section 1.2]; their
socle degrees reach nine. One of them cannot be treated by direct short
linkage. An algebra with Hilbert function (1,3, 6,10, 1) satisfies m® C I C m*,
so all its equations have order at least four, and every complete intersection
that contains it has local length at least 4 = 64. Such algebras are very
compressed, and Douvropoulos, Jelisiejew, Ngdland and Teitler proved, with
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a computer calculation, that very compressed algebras of length at most 95
are smoothable [3, Proposition 1.2]. For the other 58 the old devices often
stop at 42, one more than the budget, and the work is to find the last point.
A member of an irreducible family is a linkage anchor if it lies locally in a
complete intersection of length less than twice its own length; short linkage is
an open condition and smoothability a closed one, so one anchor makes the
whole family smoothable. Some help comes from length twenty. An anchor
of length twenty serves again at length twenty-one if some cubic outside
its cubic top forms is orthogonal to the cubic parts of its three equations:
adding this cubic to the inverse system keeps the complete intersection [16,
Remark 3.7].

1.4. An algebra A = S/I supported at the origin is described by its inverse
system M C T = C[X,Y, Z], the polynomials that I annihilates when z,y, z
act as partial derivatives. The top forms of the elements of M span spaces
Dy C Ty, the graded data, which describe the tangent cone; their lower parts,
the tails, describe how the scheme bends away from it.

The new idea is to link a limit of the scheme that is not its tangent cone.
As a scheme is magnified by the homotheties p — ¢p, ¢ — o0, it tends to
its tangent cone, and the tests above measure the tangent cone or a mild
deformation of it. A direction common to many surfaces of the tangent
cone then costs in full. We deform the tails of the scheme along a curve
and magnify at the same time, at matched speeds. The limit is a scheme
with the same Hilbert function that keeps a chosen part of the tails. If it
lies in a complete intersection of local length less than 2d, so does a general
scheme of the curve, as short linkage is an open condition, and the original
scheme is smoothable, as smoothability is a closed one (Lemma 3.2). We call
this linkage at infinity. Keeping a cubic tail on the top forms gives a test
that depends only on the graded data, contains excess linkage, and needs no
finiteness of the base scheme (Corollary 3.4); when the base scheme is finite,
its value is a multiplicity, computed one direction at a time (Proposition 3.7).
Keeping a quartic tail as well gives Lemma 3.9.

For example, let A have Hilbert function (1,3,6,5,4,1,1); its top form is
a sixth power, X% in suitable coordinates. Suppose that the cubics of the
tangent cone cut out the single point [X] of the plane of directions, with a
local ring of length five that is a complete intersection but not curvilinear.
Then, after a change of y and z, these cubics are zyz, zy? — 22, 3, y?z,
yz?. Excess linkage gives 27 + 3 -5 = 42, and so does the multiplicity of
Proposition 3.7 when all quartics of the tangent cone are singular at [X].
Now add the quartic tail —180X?Y? to the top form and magnify. The limit
has the inverse system

T<o® D3 @ Dy ® (6X° —360XY? X% —180X2Y?),
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where T<9 is the space of polynomials of degree at most two. It is annihilated
by
TYZz, a:y2 — 2% 4 b, y3 + 2tz

the coefficient is —180 because (xy? + z°) o (X°® + aX?Y?) = (720 + 4a) X.
The cubic cones of the three equations meet only at [X]. On the blow-up of
the origin their proper transforms meet in one point over [X]; there the first
one splits into two branches, which meet the curve cut out by the other two
in lengths 6 and 8, so the complete intersection has local length

27+6+8 =41

(Proposition 3.11). The quartic tail contributes the square of the radial
parameter to the second equation, and the quintic z*z contributes it to the
third; together they save the last point.

1.5. When the tangent cone lies on one quadric, the cost of a root v of
the binary quartic grows with the degree x(v) in which the tangent cone
first separates it, and at length twenty-one it often reaches the budget. We
cap it by moving one equation in a flat family through A that keeps the
tangent cone (Section 4). Turning the quadric equation by the power b*~!
of a linear form that vanishes at no root separates all roots in degree s — 1,
and caps each cost at s — 3 (Proposition 4.4). Sliding a cubic equation by a
form of order five costs 2 - (5 — 3) = 4 for each unit of multiplicity of a root,
24 416 = 40 in all, whatever the cubic does at the roots (Proposition 4.7).
For (1,3,5,4,4,2,2), radial costs can reach 24 + 5 -3 + 3 = 42, and the
turning power gives 24 + 3 - 4 = 36 for every algebra (Theorem 8.1).

1.6. Where we compute, we compute exactly: SageMath, over the ratio-
nal numbers, finds the local lengths of complete intersections, checks that
inverse systems with indeterminate tails are closed under differentiation,
and measures parameter spaces at chosen members. The text names each
computation where it enters, and Appendix D collects them.

The tools borrowed from [15] and [16] are collected in Section 2. Section 3
proves linkage at infinity, and Section 4 the moves of one equation. Section 5
sorts the Hilbert functions of length twenty-one by method. Sections 6, 7
and 8 treat the three groups that remain, with no quadric and socle degree
at most five, with no quadric and socle degree at least six, and with one
quadric; each proves the most instructive cases in full, and Appendices A-C
give the rest. From Section 6 on, whenever we treat algebras of length d, we
assume without saying so that all finite subschemes of A3 of length less than
d are smoothable; for d = 21 this holds by [16].

2. TooLS RECALLED

This section recalls, with their numbers there, the results of [15] and [16]
that we use. Throughout, A = S/I is a local algebra of length d, and each
statement that A is smoothable assumes that all finite subschemes of A2 of
length less than d are smoothable.



TWENTY-ONE POINTS IN THREE-SPACE 5

2.1. We work over C, with S = C|z,y, z], m = (z,y, z) and Sk the forms of
degree k. The ring S acts on T' = C[X, Y, Z] by differentiation, g o F'; and
(9,F) = (go F)(0). The algebra A is supported at the origin. Its inverse
system M = {F € T : I o F = 0} is closed under differentiation, of dimension
d, and [ is its orthogonal complement. The leading form of a polynomial in
S is its lowest nonzero homogeneous part, and the top form of a polynomial
in T its highest. The leading forms of the elements of I span the ideal I* of
the tangent cone, H4(k) = dim Sy /I}, and the socle degree s is the largest k
with H4(k) # 0. The top forms of degree k of the elements of M form the
orthogonal complement Dy C T}, of I}}, the graded data of A [15, Lemma 2.5].
A nonzero P € T} is a point p = [P] of the plane P? = P(T}) of directions,
Np C 5] is the plane of linear forms vanishing at p, and

(1) P* e D, <= every form of I} vanishes at p [15, equation (1)].

A form has r essential variables if its first derivatives span a space of dimension
r; it is concise if r = 3 and a power if r = 1.

An element of M with top form F is a lift of F', and its homogeneous
parts below F are its tails. When H4(2) = 6, we have I C m3 and T<o C M;
tails of degree at most two lie in M, and we omit them. In socle degree five,

(2) M:TSQ@D:;@{U—FT(U)UED4}@{F+R(F)+E(F)F€D5}

with linear maps 7: Dy — 13, R: D5 — Ty, E: D5 — T3. Given S10D5 C Dy
and S7 o Dy C D3, this space is closed under differentiation if and only if

(3) voR(F)—T1(voF) € Ds for all v € S and F € Ds,

and the cubic tails E are free [15, Lemma E.8 and its proof]. So for fixed
graded data the algebras are parametrized by a vector space of tails.

For a finite I' C P2 let v (T") = (Ir); C T}, spanned by the powers PF,
P €T, when I is reduced [15, Section 2.13]. A plateau Ha(k) = Ha(k+1) =
n < k gives such a I' of length n with D; = v;(I") for j = k,k + 1 and
D; Cv(T) for j > k [15, Lemma 2.16].

2.2. Inverse systems with polynomial bases give families [15, Lemma 2.3(2)],
and smoothability passes to limits [15, Proposition 2.2(1)]. So in an irre-
ducible family one member suffices for an open condition: being Gorenstein
[15, Proposition 2.20], or lying in a short complete intersection. If data are
cut out by N equations in an irreducible variety O, strata of dimension less
than dim Q@ — N are not components [15, Lemmas 2.17 and 2.18]; strata of
exactly this dimension may be.

2.3.  For polynomial coordinates a, b, ¢ centered at the origin, a ray of I is
the ideal L = (b, ¢) of a curve with
(4) (I:L)ZI1+L;

along it one point leaves the scheme, while a scheme of length d — 1 stays
behind, and A is smoothable [15, Theorem 2.11(1)]. The ideal (Np) is
a ray, along the line of p, if P¥ € M but P* ¢ Np o M for some k [15,
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Theorem 2.11(2)]. More generally, (b, c) is a ray if some u € S has ub, uc € I
and some U € M has boV =coW¥ =0 # (u, ¥): then (-, ¥) vanishes on
I+ L but not at u € (I : L); for u = a” this is [15, Lemma 5.4]. Such rays
run along parabolas and curves of higher order [15, Lemmas 5.11 and 5.13].

2.4. Linkage replaces a scheme by the residual scheme in a complete inter-
section, which is shorter when the complete intersection is short. If V/(I) lies,
in some open X C A3, in a finite subscheme whose ideal is generated by three
elements at each point, of length less than 2d, then A is smoothable, and so is
every member of an irreducible family that contains V (I) [15, Corollary 2.23
and Proposition 2.24], from [12]. We call such a member a linkage anchor
of the family. Elements of I whose leading forms of degrees k1, ko, k3 have
no common zero in P? cut out a complete intersection of local length at
most k1koks [15, Lemma 3.3]. Local lengths are certified by stabilization,
dim S/(J + m") = dim S/(J + m¥*1) and a bound on them is an open
condition on parameters [15, Section 2.21].

2.5. Three equations whose leading cubics meet in finitely many directions
cut out 27 plus an excess. The excess lies over these directions, and it
grows with the degree in which the surfaces through the scheme separate
there. Suppose HA(2) = 6. The cubic base scheme B C P? is defined
by the cubics of I3. At a point p of a finite B, the multiplicity e, is
the Hilbert—Samuel multiplicity of the local ideal of B, the length when
this ideal has two generators [15, Section 3.11]. The separation degree is
k(p) =min{k :4 < k < s, P* ¢ Dy}, and k(p) = s if there is no such k [15,
equation (4)].

Theorem 2.6 (Excess linkage, [15, Theorem 3.12]). Let Ha(2) = 6 and
s> 4. If dim I3 > 3, B is finite, and

27+ Y (k(p) — 3) ep < 2d,
peB

then A is smoothable.

The proof deforms a cubic tail, whence the cap at s, and measures three
surfaces on the blow-up of the origin [5, Theorem 3(A) and its proof]. If
{(B) <5, then 3>, e, < £(B) + 1 [16, Lemma 3.2]; so in socle degree five,
where every weight k(p) — 3 is at most 2, the left side is at most 39 [16,
Corollary 3.3].

2.7. Three devices of [15] and [16] recur. Free quartic tails [15, Lemma D.3]:
let s > 6 and Dy = CX?®, and let K be the space of quartics R with
yo R,zo R € Ds; if the cubics x o R, R € K, span at least three dimensions
modulo D3, every k(p) in Theorem 2.6 may be replaced by min(k(p),s — 1).
Global linkage [15, Proposition 3.18]: if H4(2) =6, d > 19, m® C I, dim I >
3, the cubics of I3 have no common factor, and every finite subscheme of
A3 of length less than d is smoothable, then A is smoothable. The algebras
with the graded data of A form an affine space of cubic tails, and one of
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them lies in a complete intersection of degrees 3, 3, 4 and global length 36;
a variant holds in socle degree five, where the tails must still prescribe the
values needed [15, Lemma E.8]. Adding a cubic [16, Remark 3.7]: if H(2) = 6
and fi, fo, f3 annihilate an inverse system M’, and G € T3 lies outside the
cubic top forms of M’ and is orthogonal to the cubic parts of the f;, then
M’ @ CG is an inverse system [15, Lemma A.14] annihilated by the f;; so an
anchor of length d gives one of length d+1 in the same complete intersection.

2.8.  When the tangent cone lies on exactly one quadric and this quadric is
a square, I} = Cz? in suitable coordinates. For f € I with leading form z?,
the transverse cubic vy is the cubic part of f(0,y, z). We write T, = C[Y, Z];,
and S, = C[y, 2]y for the binary forms on the line 2 = 0 of P2, and =
for the restriction to the plane x = 0. In the binary case I3 C zSs, that
is, I3 = x2S, @ xWs with Wy C 5‘2, the cubic vy does not depend on f.
The binary case is a condition on the cubic equations; by itself it does not
make all higher top forms binary. For a point v = [V] of the line x = 0 let
#k(v) = min{k > 4: V¥ ¢ Dy}, and k(v) = s + 1 if there is no such k < s; by
(1), k(v) is the first degree k > 4 in which some form of I;; does not vanish at
v. Section 4.1 recalls how surfaces with rational double points and turning
reduce the tangent cones on one quadric to the binary case with vy =0 in
socle degree at most six.

2.9. On this double plane, equations of orders 2, 3 and 4 meet in 24 plus
an excess over the roots of a quartic; a root costs more the later the tangent
cone separates it. Suppose that I} = Cz? I} = 255 and vf = 0. Then
Dy, C T}, and If = xS, @ Jy, for k > 4, with J, = D,i- N Sy, so k(v) is the
first degree £ > 4 in which some form of J; does not vanish at v. Unlike
k(p), it is not capped at s.

Theorem 2.10 (Radial costs, [16, Theorem 3.15)]). Let I} = Ca?, I} = x5y
and v5 =0, and let p € Jy be nonzero. Then V(I) lies, in an open set X 30,
in a finite complete intersection cut out by three elements of I of orders 2, 3
and 4, of length at most

24 + Z (/ﬁ;(’U) - 2) Ko,
p(v)=0
where p, is the multiplicity of the root v. If this number is less than 2d, then
A is smoothable.

2.11. With weights 2,1,1 on z,y, z, the forms 22, xm with m € S,, and
the binary quartics all have weighted degree four; three equations with such
weighted initial forms and no common zero other than the origin cut out at
most 43/2 = 32 [16, Lemma 3.11]. In the binary case assume vy = 0. For
m € Wy choose K,,, € I with cubic part xm, and let 6,, be 7w of its quartic
part; it is well defined modulo Jy = w(I}). A point v of the line x = 0 is bad
if g(v) =0 for all g € J4 and m(v) = 0,,(v) =0 for all m € Ws.
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Proposition 2.12 (Weighted linkage, [16, Proposition 3.12]). Let d > 17,
I3 = Cx? and m8 C I, in the binary case with vr=0. If Jy # 0 and there
is mo bad point, then A is smoothable. This holds if J4 # 0 and Wy has no
common zero on the line x = 0, for instance if I5 = xS2 and Ha(4) < 4.

2.13. In socle degree five, moving the tails within (3) bends the surfaces
through the scheme but not their tangent cones, and prescribes the higher
terms of three equations.

Lemma 2.14 (Prescribed equations, [16, Lemma 3.5]). Let H4(2) =6 and
s =5. Let wi,wa, w3 € I3 be linearly independent, let p1,p2, p3 € S satisfy
pio Ds =0, and let r1,72,73 € S5. Then some algebra with the graded data
of A has w; +p; +r;, i =1,2,3, in its ideal. If these three elements cut out
a scheme of local length less than 2d at the origin, then every algebra with
the graded data of A is smoothable.

2.15. To find a short complete intersection, it suffices to bound the multi-
plicity of a suitable ideal.

Proposition 2.16 (Multiplicity principle, [16, Proposition 3.17]). Let L C S
be an m-primary ideal containing three elements that generate an ideal of
finite colength e in Sh,.

(a) If N C L is a reduction of L, then three general elements of N
generate an ideal of colength at most e in Sy.

(b) If L is homogeneous, I* C L, L?> = I*L and e < 2d, then A is
smoothable.

3. LINKAGE AT INFINITY

This section proves linkage at infinity, sketched in Section 1.4: we first
deform the tails of the scheme and then magnify. The general principle
is Lemma 3.2. Its first instance, Corollary 3.4, keeps a cubic tail on each
top form; when the cubic base scheme is finite, its best value is a multi-
plicity, computed by a local formula (Proposition 3.7). Its second instance,
Lemma 3.9, keeps a quartic tail as well, and Proposition 3.11 shows it at
work. Lemma 3.13 extends all of this to families.

3.1. For ¢ € C* let h, be the homothety p — cp of A3. The image h.(V (I))
has the ideal {g(z/c) : g € I} and the inverse system {G(cX) : G € M},
since a monomial z% pairs with X and the two rescalings cancel. For € # 0
write GI¥l = G(X/e). If G has degree k, then €G! is a polynomial in e
whose value at ¢ = 0 is the top form of G. So, as € — 0, the schemes
hi/e(V(I)), the magnifications of V (1), tend to the scheme defined by the
tangent cone ideal I*, whose inverse system €, Dy, is spanned by the top
forms.

Lemma 3.2 (Linkage at infinity). Let A be a local algebra of length d, and
suppose that every finite subscheme of A3 of length less than d is smoothable.
Let U be an irreducible variety with a morphism U — Hilbg(A3), u — Z,,
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such that Z,, = V(I) for some uy € U. If some point of the closure of
{he(Zy,) : c € C*, we U} in Hilby(A?) lies, in some open subset of A3, in a
finite local complete intersection of length less than 2d, then A is smoothable.

Proof. The map C* x U — Hilby(A3), (¢,u) + he(Z,), is a morphism, so the
closure W of its image is irreducible. Let @ C Hilby(A®) be the set of schemes
that lie, in some open subset of A3, in a finite local complete intersection of
length less than 2d. It is open, by the proof of [15, Proposition 2.24], and its
members are smoothable, as they are linked to schemes of length less than d
(Section 2.4). By hypothesis O N'W is a nonempty open subset of W, hence
dense, and smoothability is a closed condition [15, Proposition 2.2(1)]. So
every member of W is smoothable, among them V(1) = hi(Zy,). O

The lemma is useful when the family is a deformation of the tails of A that
grows as we magnify, so that the two effects balance. The argument never
uses the smoothability of the limit: the openness of short linkage carries the
conclusion from the limit to a general member of U, and the closedness of
smoothability carries it to A.

3.3. The first instance keeps a cubic tail on each top form of the highest
degree. Excess linkage [15, Theorem 3.12] deforms these cubic tails; here we
deform them and magnify at the same time.

Corollary 3.4 (Cubic tails at infinity). Let A = S/I be a local algebra of
length d with H4(2) = 6, socle degree s > 4 and graded data Ds, ..., Dy, and

suppose that every finite subscheme of A3 of length less than d is smoothable.
Let Q: Dy — T3 be linear, and

Mg=T<x2®D3®---©Ds 1 ©{F +Q(F) : F € Dg}.

Then Mg is the inverse system of a local algebra of length d with the graded
data of A. If three elements of Ann(Mg) generate an ideal of colength less
than 2d in Sy, then every local algebra with the graded data Ds, ..., D is
smoothable.

No hypothesis on the cubic base scheme is needed: it may contain a line.

Proof. The space Mg is closed under differentiation, since S1 o Dy 1 C Dy,
and vo (F+ Q(F)) € Ds_1 & T for v € Sy. Its spaces of top forms are the
Dy, so its dimension is d.

Choose & € M with top form F, linearly in F' € D,, and let M., be the
space of elements of M of degree less than s, so that M = M., ® {®r}. For
A € C the space My = Mo, ®{Pr+AQ(F)} is closed, because the derivatives
of the cubics Q(F) lie in To C Mg, and it has the graded data of A. By [15,
Lemma 2.3(2)] the schemes Zy = V(Ann M) form a family over Al with
Zy = V(I); this is the line of Step 1 of the proof of [15, Theorem 3.12].

Choose a basis G1,...,G, of Mg with linearly independent top forms;
by dimension these top forms span T<o ® D3 @ --- @ Ds_1. Choose a basis



10 MATEUSZ MICHALEK

I, ..., F,, of Dy. For e € C put

€degGiG£‘€], s ((I)Fj + 6_(5_3)Q(Fj))[€] _ Z 5S_k((I)Fj)k + Q(F)),
k<s
where (+); is the part of degree k. These are polynomials in €. At e =0
they are the top forms of the G; and the F; + Q(F}): linearly independent,
spanning the closed space Mg. For € # 0 they span {G . G e My} with
A = e~ (573) the inverse system of hi/e(Zx). By [15, Lemma 2.3(2)] they
define a morphism A! — Hilby(A3), so V(Ann M) lies in the closure of
{he(Zy)}. If three elements of Ann(Mg) generate an ideal of colength e < 2d
in Sy, their zero set is, in an open set around the origin, a finite local complete
intersection of length e that contains V(Ann Mg). Lemma 3.2, with U the
A-line, shows that A is smoothable. As Mg depends only on the graded data
and on @, the same holds for every algebra with these graded data. (Script
121_general_s6, class S, follows the limit on actual algebras.) O

3.5. The equations available in Ann(Mg) are easy to describe. Let
wy, w2, w3 € I3 be linearly independent, let c1,c2,¢c3 € If +--- 4+ I, and
let g1,92,q3 € Ss and 71,712,735 € m**! be arbitrary. Choose C; € T5 with
(wi, Cj) = d;5 and put Q(F) = —>".(q;, F')C;. Then

(5) fi=w; +ci+q+r € Ann(Mg)  fori=1,2,3,

because f; is orthogonal to T<3 and to Ds, ..., Ds_1 by degrees, and (f;, F' +
Q(F)) = (¢, F) + (w, Q(F)) = 0; for a closed space, orthogonality is
annihilation [15, Lemma 2.5(1)]. Conversely, every triple of elements of the
ideal
Lget :I§+Iz~|—--~+ls*_1+ms

with linearly independent cubic parts has this form, for a suitable Q); and
Ann(Mg) C Lget- So Corollary 3.4 applies whenever three elements of Lger
with linearly independent cubic parts generate an ideal of colength less
than 2d. The tangent cone ideal I'*, which serves the multiplicity principle
(Proposition 2.16(b) with L = I*), is contained in Lges and differs from it
only in degree s, where I} = Dx: the moving cubic tail frees the top layer.

3.6.  When the cubic base scheme B is finite, the best value of Corollary 3.4
is the multiplicity of Lgef, and it can be computed one base point at a time.
Fix v € B, choose coordinates with v = [1 : 0 : 0], and use the chart x = p,
y = pn, z = p¢ of the blow-up of the origin, with local ring O, = C{p,n,(}
at v. For a homogeneous ideal L C S with Ly =0 for k < 3, L3 = I3 and
m? C L for some N, let

Ky(L) = (p"3e(1,n,¢) : c€ Ly, k>3) CO,.

If by, is the local ideal at v of the base scheme of the linear system L; on P2,
then K,(L) = (b3, pby, p?bs, ..., p" ~3); here bs is the local ideal of B. Let
e(+) denote the Hilbert—Samuel multiplicity.
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Proposition 3.7 (Multiplicities at infinity). Let A = S/I be a local algebra
of length d with Ha(2) = 6, socle degree s > 4, dim I > 3 and finite cubic
base scheme ‘B.
(a) For every L as above, e(L) = 27+ 3 o e(K,(L)).
(b) e(Ky(Laef)) < (k(v) — 3)ey for every v € B.
(c) If every finite subscheme of A® of length less than d is smoothable
and e(Lger) < 2d, then every local algebra with the Hilbert function
of A and the graded data Ds,...,Ds_1 of A is smoothable.

Proof. (a) Fix bases of Ls,...,Ly. Three general linear combinations
Fy, F5, F3 of these elements generate a reduction of LSy, and the same
coefficients applied to the elements p*~3c(1, 7, () give, for each of the finitely
many v, three generators of a reduction of K,(L) [7, Theorem 8.6.6 and
Corollary 8.3.9]; each of these conditions holds on a nonempty open set of
coefficients. We may also take the cubic parts of the F; general in I3, so that
they meet in P? exactly at the points of B. If three elements generate a re-
duction J of an ideal K of finite colength in a regular local ring of dimension
three, then the colength of J is e(J) = e(K) [7, Corollary 1.2.5, Propo-
sitions 11.2.1 and 11.1.10(2)]. As F;(p, pn, p¢) = p® - 35 p*3ea(1,n,0),
the second factors define the proper transforms of the surfaces V(F}),
and over v they meet in length e(K,(L)). So [16, Lemma 3.14(a)]| gives
e(L) = U(Su/(F1, s, Fy)) = 27+ 50, (Ko (L)),

(b) If k(v) < s, some form of I}, does not vanish at v, by (1), so
P73 ¢ K (Lget); if k(v) = s, then p*~3 € K, (Lge) because m® C Lges. If
(a1,a2) is a reduction of bz, the ideal K,(Lgef) contains (ay,ag, pF)=3), of
colength (k(v) — 3) ey, and the multiplicity of an ideal is at most that of a
parameter ideal inside it.

(c) Three general elements of Lger generate an ideal of colength e(Lgef) in
Sm, as in (a), and their cubic parts are linearly independent. By Section 3.5,
Corollary 3.4 applies to every algebra with the Hilbert function of A and its
graded data in degrees 3,...,s — 1, as Lget depends only on these. U

By (a) and (b), part (c) contains excess linkage [15, Theorem 3.12]: it uses
the whole flag of base schemes B = 83 O B4 D --- at v, not only the first
degree that separates v. For L = I* the top power in K,(I*) is p*~2 instead
of p*73, 50 e(Lqet) < e(I*). In practice, e(K,(L)) is bounded by the local
length of any three explicit elements of K, (L) that generate an ideal of finite
colength, and it depends only on the germs at v of the flag 63 2 B4 D ---.
So a stratum on which these germs are fixed up to an analytic isomorphism
is settled by one local computation. (Script 121_general WM compares (a)
with a global computation on three graded data, class S, and bounds the
local values on fourteen graded data, class A.)

3.8. The second instance keeps a quartic tail as well. A cubic tail can be
added to a top lift freely, as its derivatives lie in T<o C M. A quartic tail R
has cubic derivatives, so it can ride on the lift ® of the top form only if these
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derivatives stay in M: we ask this along a plane Ny of linear forms, and we
move the remaining derivative £ o ® together with ®. This is the magnified
form of the free quartic tails of [15, Lemma D.3], with two new freedoms: the
top form need not be a power, and a cubic tail rides on top. Let Dy = CF,
and let £ € Sy have ((*,F) # 0. Put N, = {v € S; : ({* 1, F) = 0},
D. =Dy 1Nt and K, ={R€Ty: NyoRC Ds}.

Lemma 3.9 (A quartic tail at infinity). Let A = S/I be a local algebra of
length d with HA(2) = 6, socle degree s > 5 and Dy = CF, and suppose that
every finite subscheme of A® of length less than d is smoothable. Let ¢ be as
above, R € Ky and C € T3, and put

My =T<o®D3®---®Ds_o®D, ®&Clo(F+R+C)®&C(F+R+C).

Then My is the inverse system of a local algebra with the graded data of A.
If three elements of Ann(Ms,) generate an ideal of colength less than 2d in
Sm, then every local algebra with the graded data Ds, ..., Ds is smoothable.

Proof. Let ¢g = (¢, F) # 0. Then Ny is a plane not containing ¢, and D’_,
is a hyperplane of Dy 1 not containing £o F, as (¢} /o F) = cy. Let
® € M have top form F, and M" = {m € M : ({1, m) = (¢*,m) = 0}.
The two functionals take the values (cp,0) on £ o ® and (*,¢p) on @, so
M = M"@® Clod®dCP. The elements of M have degree at most s — 1,
so the two functionals vanish on their derivatives, and M" is closed. It
contains all elements of M of degree at most s — 2, among them T<3 ® D3
and the derivatives of £ o @, and it contains v o ® for v € Ny, as (£*~ v, ®) =
(5=, F) = 0. For (\, ) € A% put

My, =M"®C(lo®+AloR+puloC)®C(®+ AR+ uC).

For v € Ny, vo (®+ AR+ uC) € M" + D3+ Ty = M"; the derivative by £ is
the middle element, and Ny + C¢ = S7; the derivatives of the middle element
lie in M" +T5+ Ty = M". So M), is closed. The added terms have degrees
at most 4 < s and 3 < s — 1, so it has the graded data of A, and by [15,
Lemma 2.3(2)] these spaces form a family over A% with V(I) at (0,0). The
same argument with the top forms shows that M, is closed, as vo F € D._,
for v € Ny; its top forms are those of the Dy, as D._; @ Clo F = Ds_1.
Now rescale a basis of M"” with independent top forms as in the proof of
Corollary 3.4, and add e (£o® +Alo R+ puloC)l and £3(® + AR+ uC)e!
with A== 6"% and = e~ 3), As Rl = e=*R and Clfl = ¢73C, the last
two elements are fo(F+R+C)+0(e) and F+R+C+0O(¢), polynomial in €.
At e = 0 all these elements span Mo; so, by [15, Lemma 2.3(2)], V(Ann M)
lies in the closure of the magnifications of the family M) ,, and Lemma 3.2
with U = A? concludes. The space My, depends only on Ds, ..., Dy, ¢, R
and C. O

For R = 0 this is the case dim Dy = 1 of Corollary 3.4, as £ o C' € T5.
For FF = X* ¢ =2 and C = 0, the space Ky is the space of quartics of [15,
Lemma D.3], but no rank condition is needed: the test is one explicit ideal.
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3.10. The following case shows why the graded tests can stop just above
the budget, and how a quartic tail at infinity brings the count below it.
Let Hy = (1,3,6,5,4,1,1). Then Dg = CX% and D5 = CX?® in suitable
coordinates, as S1 0 Dg C Ds forces the top form to be a power. Every point
of the cubic base scheme has weight k(p) — 3 < 3, and [X] lies in it and has
weight exactly three, as X* € Dy, for 3 < k < 6.

Proposition 3.11 (A non-curvilinear base point). Let A be a local algebra
with Hilbert function (1,3,6,5,4,1,1) whose cubic base scheme B is a single
point of length five, with a local ideal that is a complete intersection but not
curvilinear. Then A is smoothable.

Excess linkage gives 27 + 3 - 5 = 42 here, one more than the budget.

Proof. We first put 98 in normal form, then apply Lemma 3.9 with a quartic
tail chosen so that the limit contains three equations of local length 27+ 6+ 8.

Normal form. Let b C O = C{u,w} be the local ideal of B at [X], with
u = y/r and w = z/x. As O/b has length five and b C m2, its Hilbert
function is (1,2,2) or (1,2,1,1). A complete intersection is Gorenstein, while
(1,2,2) would put a space of dimension two into the socle; so it is (1,2,1,1).
The quadratic initial forms of b form a pencil with a common factor, as two
coprime ones would bound the length by four; we take it to be w, so the initial
ideal is (u?,uw,w?), and 1,u,w,w? w3 is a basis of O/b. Hence u? = aw?
and uw = Bw? modulo b, and o # 0, since otherwise w? and u— Bw? would be
two independent socle elements. As mé C b, the new coordinates u’ = au and
w' = aw — PBu satisfy v'w’ = 0 and u? = o3w? = w'3; so (v'w', u? —w) C b,
with equality, as both have colength five. So, after a linear change of y and
z, b = (uw, u> — w?), a complete intersection of colength 2 + 3 = 5. Only
y and z have changed, so Dg = CX% and D5 = CX? still hold. The five
cubics below dehomogenize into b (for instance u3 = vw?® = w? - vw = 0).
The restrictions of 23, 2%y, 222, 122, 23 are the basis 1, u, w, w?, w® of O/b,
so S3 — O/b is onto and dim(Iyg)s = 10 — 5 =5 = dim I3; so

I3 = (Ip)s = (wyz, a2y — 2°, 9°, yPz, y2°),

and D3 = (X3, X?Y, X27Z X 7% 73+ 3XY?).

The limit. Apply Lemma 3.9 with s = 6, F = X% ¢ =2, C = 0 and
R = —180X2Y?; the coefficient is —180 because (zy?+2°)o (X% +aX?Y?) =
(720 +4a)X. Then N; = (y,z), and R € K, because yo R = —360X2Y € Ds
and z o R = 0; moreover D} = 0, since (z°, X°) # 0. So

Mo =T<o ® D3 ® Dy @ (6X° — 360XY?, X®—180X2Y?).

It is annihilated by
28445 ¥ tatz).
Indeed the cubic parts lie in I5; the second generator pairs with 6.X°—360X Y2
to 6 - 120 — 360 - 2 = 0; and no other pairing involves a nonzero coefficient.

J = (zyz, wxy
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As M is closed, orthogonality is annihilation. Note that J does not depend
on D4.

The length. The cubic cones zyz, xy? — 23, > meet only at [X]. In the
chart ¢ = p, y = pn, z = p( the proper transforms are

e, =Gt e

The last two define a complete intersection curve germ I'. Its quotients by
¢ and by 7 are finite, so { and 7 are nonzerodivisors on I', and length is
additive on their product: the length is the sum of two lengths. On ¢ =0
we get C{p,n}/(n* + p%,n3), of length 2-3 = 6. On n = 0 the third equation
minus ¢ times the second is (%, so we get C{p,(}/(¢* p? — ¢3), of length
4.2 = 8. By [16, Lemma 3.14(a)], V(J) has local length

2T+64+8 =41 < 42

at the origin, and Lemma 3.9, with all schemes of length at most twenty
smoothable by [16], concludes for every algebra with these graded data.
(Script 121_1365411_qt, part (J): local length 41 certified by a local standard
basis and by stabilization, also without the normalization, for seven pairs
(a, B); part (E) checks the whole argument on ten actual algebras. Script
121_explicit_triples, parts (N) and (J41), checks the normal form, and
that J annihilates My, and has local length 41 after the normalization.) O

The last point is saved by two correlated corrections. The quartic tail
—180X2Y? adds p? to the second proper transform, and the quintic x%z,
which annihilates M., adds p?¢ to the third. On the branch ¢ = 0 the first
turns 72 into the two transverse branches of 7% 4 p?; on the branch n = 0
the two together leave ¢* and p? — (3.

The quartic tail works for every possible Dy; the cubic tails of Propo-
sition 3.7(c) are more sensitive to it. In the normal form above, v4(B) =
(XY, X3Y, X3Z,X%22,Q4) with Qs = 3X2?Y? + XZ3, and the possible
Dy are the hyperplanes of v4(8) that contain X%, as S; o Dy C D3 and
X* € 22 0 Dg. They form a P?; those that contain X3Z form a plane, and
those that contain X3Y and X3Z a line. For Dy = (X% X3Y, X222, Q,)
the elements

$yz—|—x6, a:y2 — 23, y3 + 23z 4 28

of Laef annihilate Mg = T<o ® D3 @ Dy & CX® & C(X® — 720XY Z — 120Y3)
of Corollary 3.4, and have local length 38. For Dy = (X%, X327, X222, Q,)
the elements zyz + 28, zy? — 22, y3 + 23y + 22 annihilate the space with top
lift X% —720XY Z, and have local length 41 (script 121_explicit_triples,
parts (A38), (A41)). As the bound is an open condition on D4 (as in
the proof of Lemma 3.13), Proposition 3.7(c) gives at most 38 on a dense
open subset of the P?, and at most 41 on a dense open subset of the plane.
On the line, where all quartics of I} are singular at [X], it gives exactly
42: there by C (1,¢)? and bs = (1,¢), so Kx)(Laef) lies in the monomial
ideal K’ = (n?,n¢, 3, pC?, p?n, p?C, p?), of multiplicity 15 by its Newton
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polyhedron, and also by a parameter ideal J' C K’ of local colength 15
with (K?), = (J'K'), at the origin n, a reduction after localization (script
121_1365411_testc, part (U42)), and Proposition 3.7(b) bounds it by 3 - 5.

3.12.  The tests of this section depend only on graded data. In a family of
actual algebras one certified member suffices.

Lemma 3.13 (One member suffices). Let U be an irreducible variety with
a morphism U — Hilby(A3) whose members are local algebras A, with
Hu,(2) =6, a fized Hilbert function and socle degree s > 4, such that, for
3 <k <s—1, the spaces I} (A,) are the fibres of a subbundle of U x Sy, and
suppose that every finite subscheme of A3 of length less than d is smoothable.
If for one ug € U three elements of Laet(Au,) with linearly independent cubic
parts generate an ideal of colength less than 2d in Sy, then every A, is
smoothable.

Proof. Near ug choose frames of the bundles I3, ..., I ;, and write the three
elements with constant coefficients in these frames and in the monomials of
degree at least s. This gives triples f;j(u) € Lgef(Ay), depending regularly on
u in an open neighbourhood of ug. Linear independence of the cubic parts,
and a local length less than 2d, are open conditions on u (the second by the
criterion after [15, Proposition 2.24]). So they hold on a nonempty open subset
of U, where Section 3.5 and Corollary 3.4 make A, smoothable. This subset
is dense, and smoothability is a closed condition [15, Proposition 2.2(1)]. O

The lemma turns a classification of graded data into a classification of
irreducible families: it suffices to know that the algebras with given discrete
invariants form a few irreducible families, and to find one member of each
whose graded data pass the test. We use it in this form for (1,3,6,5,3,2,1)
(Appendix B).

4. MOVING ONE EQUATION

When the tangent cone lies on exactly one quadric, three equations of
orders 2, 3 and 4 cost 24, plus the radial cost of each root of a binary quartic
(Theorem 2.10). A root that the tangent cone separates late is expensive.
This section lowers these costs by moving one of the three equations in a flat
family through A, without changing the tangent cone: we turn the quadric
equation by a power of a linear form (Proposition 4.4), or slide a cubic
equation by a form of higher order (Lemma 4.6 and Proposition 4.7). On
the blow-up of the origin the added term becomes a unit times a power of
the radial parameter, and this power, not the separation degree, caps the
cost of a root. A third device, turning past a quadratic defect, is used only
in Appendix C and is proved there (Lemma C.3).

4.1. We recall the setting of [16, Section 2.8]. On a quadric we look for
a surface through the scheme with a rational double point, where Zheng’s
theorem applies [18, Theorem 3.3], see also [2]. So A is smoothable if
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Ha(2) < 4, 0or H4(2) = 5 and Ha(3) < 2, or the tangent cone lies on a
quadric that is not a square, or I3 = Cz? and ~; is not a cube [14], [15,
Theorem 2.9]; here 0 = 0% counts as a cube. Cubes can be turned. If u € m3
and m?u C I, then I is the special member of a flat family I; whose members
contain f + tu and I Nm* [15, Lemma 4.2]; by its proof they also contain
every element of 7 N m? whose cubic part lies in a fixed complement of 225,
in I3. We call this family the turning family of u. Its members have the
tangent cone of A: the leading forms of these elements and of the I(f + tu),
l € Sy, span I*, and the colength is constant. An element v € m? lies in
(I : m?) if and only if uo M C T<y. We call u a turning operator, of type (a)
or (b), if
(a) w € (I : m?)Nm? and 7 of its cubic part is not a cube [15, Corol-
lary 4.6];
(b) m" C I, u e (I:m?) Nm?and 7 of its cubic part is not zero [15,
Corollary 4.8].
In both cases A is smoothable, without induction.

4.2. As Inm3 C (I : m?), type (b) leaves only the binary case of Section 2.8
when m” C I; and then ¢ # 0 makes A smoothable [16, Lemma 3.9]. With
v =0, write f = 22 + za + 2%l + O(m*) with a € S and I € S1; the shear
x +— & —a/2 of [16, Lemma B.4] keeps every leading form and gives f with
cubic part in 22S;. These reductions use no induction, and we make them
without comment when m” C I. For m € Ws we choose K,,, € I with cubic
part exactly zm, linearly in m, and 6, is the binary part of its quartic part,
as in Section 2.11.

4.3. In the proof of Theorem 2.10, a root v of the quartic costs x(v) — 2
layers because the quadric equation only meets an equation that separates v
in degree x(v). A power of a linear form that vanishes at no root separates
every root at once, in degree s — 1, and it can be added to the quadric
equation by turning.

Proposition 4.4 (Radial costs with a turning power). Let A = S/I be a
local algebra of length d with I} = Cx? and socle degree s > 5, in the binary
case with v§ = 0. Let p € I} have w(p) # 0, with roots v of multiplicities
oy on the line x = 0, and let r € Wy and b € Sy vanish at no root of m(p).
Then b*~1 € (I : m?), and for general t the member I, of its turning family
lies, in an open set around the origin, in a finite complete intersection of
local length at most

244+ > (min(k(v),s —1) = 2) py, < 24+ 4(s — 3).
m(p)(v)=0
If this number is less than 2d and every finite subscheme of A3 of length less
than d is smoothable, then A is smoothable.

Proof. We follow the proof of Theorem 2.10 in [16, Theorem 3.15], with the
turning power as an extra separating term. As s — 1 > 4, the form u = b*~!



TWENTY-ONE POINTS IN THREE-SPACE 17

lies in m?, and m?u C m*+! C I. Take the turning family of u with the
complement xWs of 257 in I. Its member I; contains f + tu, an element
K, with cubic part r, an element P € I N m* with leading form p, and, for
each root v, an element @, € I N m* whose leading form, of degree x(v),
does not vanish at v (or Q, = 15" with lo(v) # 0 if k(v) = s +1). Put
f=f+tu+ >, 0uQy. The tangent cones x2, xr, p of f, K,, P meet exactly
at the roots of 7(p), so by [16, Lemma 3.14(a)] the local length is 24 4+ 3", A,
once each local contribution A, is finite.

Choose y with y(v) # 0 at every root, and use the chart = = pu/, y = p,
z = pw of [16, Theorem 3.15]. For g of order k write g(pu’, p, pw) =
pFg%(u',w, p), so that V(g?) is the proper transform of V(g). Let v have the
coordinate w = ¢. As r(v) # 0, the equation K& = 0 gives v’ = px(w, p)
near v; put ¢’ = ¢*(px,w,p). Then B = C{w — ¢, p}/(P") is free of rank
wy over C{p}. As the cubic part of f is divisible by z, f” = p*p, and
u(pu!, p, pw) = p*~1b(1,w)* !, normalized by the order two of f. Hence

JE// _ p2 (¢ + tp5_5b(1,w)s_1 + Z:O_UIPf-c(v’)—éngl)7

where b(1,w)*"! and Q! are units of B. So at each root the turning term
and the separating equation are units times powers of the radial parameter,
and [16, Lemma 3.14(b)], with a = 2 and with the unit of smaller exponent,
s—5or k(v) —4, as uq, gives A\, < (min(k(v),s — 1) — 2)u, on a nonempty
open set of (t,0). We intersect these open sets over the finitely many roots;
the projection of the intersection to the ¢-line is nonempty and open, so for
general ¢ a suitable o exists. Each weight is at most s — 3, and >, p, = 4.
The members I; with general ¢ are linked to shorter schemes (Section 2.4),
and A is their limit [15, Proposition 2.2(1)]. O

The bound is 32, 36 and 40 for s = 5, 6, 7, and model triples have exactly
these local lengths (script 121_map_135_turn, part (T1); for s = 6 also on
graded algebras, 121_general N1, part (G)). Only r and b need to avoid
the roots: neither Wy = S5 nor Dy C Ty is used.

4.5. Turning moves the quadric equation by an element of (I : m?). Sliding
moves the cubic equations instead, by forms of order at least four. The price
is that the moved forms must be compatible with the linear syzygies of Wa.

Lemma 4.6 (Sliding a cubic equation). Let A = S/I be a local algebra in
the binary case, and let f € I have leading form z2 and cubic part in 2S;.
Let p: Wo — m? be linear, with

(i) zo(m) € I and m%>p(m) C I for every m € Wa;

(ii) >, cip(m;) € I whenever ¢; € S1, mi € Wa and > cim; = 0.
Let E C Sy be a subspace with EN (2255 +xS1Wsy) C 22S,. Then there is an
ideal T C S[r| such that S[7]/Z is a free C[T]-module of rank ((A), T|,—o =1,
and for every o € C the ideal I|.—,, contains f, every K, + top(m), and
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every element of I Nm* whose quartic part lies in x2S + E; in particular it
contains I Nm>, and it has the tangent cone of A.

Condition (ii) says that the map c®m — ¢ p(m) modulo I, on Sy @Wo, kills
the linear syzygies ker(S; ® Wy — S3) of Wa; it is exactly the compatibility
of the slide with multiplication by y and z, while (i) handles multiplication
by z and by forms of degree at least two.

Proof. We split I into a fixed ideal and finitely many classes, and move the
classes. Let Hy = 2S1W5 and V = 2255 + E. Then H, NV = 0, as an
element a+e of Hy with a € 225 and e € F has e € 2255 by hypothesis, and
2255 NS5 = 0. Choose a linear map \g: Sy — Hy that is the identity on
Hy and vanishes on V, and let N'= {g € INm3: g3 € 2251, Ay(gs) = 0},
where g is the part of degree k. It is an ideal, as (hg)s = h(0)gs and
(hg)4 = h(0)g4 + h1g3 with higs € 2255; it contains I Nm® and every element
of I Nm* with quartic part in V. Fix a basis m1, ..., my of Wa, and choose
ug = »; 0ilpm,, wWith ay; € S1, whose quartic parts form a basis of Hy.
Modulo N, the classes of f, the K,,, and the uj are detected successively in
degrees two, three and four: by the leading form z2, by the cubic parts zm;
modulo 2257, and by Ay of the quartic parts. Subtracting multiples of them
in this order gives I = N & Cf & @, CK,,, ® @), Cuy. Let Z C S[7] be the
C[r]-span of N, f, the Ky, + 7¢(m;) and the ug + 7>, agip(m;).

It is an ideal. Indeed mf C N, as f3 € 22S1; 2K, € N, and zp(m) €
I Nnmd® by (i); for I € Sy, IK,, differs from the element u of the span of
the uj with the same quartic part by _, ¢; K, with >, ¢;m; = 0, and by
(ii) the corresponding combination of the ¢(m;) lies in I Nm® C A; and
m?K,,, muy, and, by (i), m?p(m) lie in I Nm5 C N. For every 7y the sum
N+Cf+3,; C(Km, +mop(m;))+> 5, C(- -+ ) is direct by the same comparison:
the changes to the K,,, begin in degree four and do not change cubic parts,
so the coefficients of the K,,, are fixed in degree three before quartic parts
are compared, and the changes to the u; begin in degree five. So every
fibre has colength ¢(A), and [15, Lemma 2.3(1)] gives freeness. By the same
comparison, an element of a member has the leading form of the element
of I with the same coefficients, as the moved terms never reach the leading
form; so the tangent cone ideal of a member lies in I*, and equals it, as the
colengths agree. O

Condition (ii) is empty when W5 is a line, or a pencil without a common
factor; it is not empty when Wy = pS1 or Wy = S (for instance y-yz—z-y? =
0). For Wy = S} the choice ¢(lgl) = 1 £, with any form ¢ of order at least
three, satisfies it identically. In socle degree s, condition (i) holds when ¢(m)
has order at least s, and when it has order s — 1 and xp(m) is orthogonal to
Dy. If the top forms are binary, every linear map ¢: Wo — S, satisfies (i);
the syzygy condition (ii) must still be checked.

Proposition 4.7 (Slid radial costs). Let A = S/I be a local algebra of length
d in the binary case with vy = 0, and let f have cubic part in x281. Let
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P € I have a quartic leading form py with p = ©(pg) # 0, let ¢ be as in
Lemma 4.6 with E = Cpy, and suppose that some m € Wy has p(m) of order
k, with a leading form that vanishes at no root of p on the line x = 0. Then
for general T the ideal Z|; lies in a finite complete intersection of local length
at most 24 + 8(k — 3). If this is less than 2d and every finite subscheme of
A3 of length less than d is smoothable, then A is smoothable.

Proof. As p# 0, EN (22Sy + 251 W3) = 0, so Lemma 4.6 applies, and f, P
and K,, + 7¢(m) lie in Z|,. Their tangent cones z2, py, m meet only at
the roots of p on the line x = 0, so the local length is 2-4 -3+, A, [16,
Lemma 3.14(a)]. In the chart of the proof of Proposition 4.4, the local ring B
at v of V/(f%, P%) is, modulo p, the ring C{u/,w — ¢}/ (v, p(1,w) + v'h(w))
for some h(w), of length 2pu,, as the determinant of the two relations on the
basis 1,4’ is p(1,w)2. Being a complete intersection of dimension one, finite
over C{p}, it is free of rank 2p,. The third equation gives K& +7pF 3¢ (m)?,
where @(m)? is a unit at v. [16, Lemma 3.14(b)] with a = 0 and ¢; = k — 3
gives Ay, < 2(k — 3)p, for general 7, and Y, 1, = 4. The general members
are linked to shorter schemes, and A is their limit. O

Unlike Proposition 4.4, the cubic equation is not used to eliminate the
transverse coordinate, so m may vanish at the roots of p; the price is the
factor two in the rank. For £ = 5 the bound is 40.

5. THE MAP OF LENGTH TWENTY-ONE

This section reduces Theorem 1.1 to 58 Hilbert functions and sorts them
by method.

5.1. There are 254 Hilbert functions (1,3, H(2),...) of length twenty-one:
the sequences that start with (1,3), sum to 21 and satisfy Macaulay’s growth
bound H(k 4 1) < H(k)*) [15, Section 2.4] (script 121_classify). Table 1
assigns 196 of them to general results. Each row of [14] and [15] holds
verbatim at length twenty-one: its proof uses only that schemes of length
at most twenty are smoothable [16], and, for the rows proved by linkage,
a complete intersection of local length less than 42. The two rows with a
numerical bound have room to spare: two points of the plane give 2s+21 < 39
for the socle degrees s = 8,9 that occur [15, Corollary 3.14], and three points
give 27 + 4(s — 3) = 39 for s = 6 [15, Corollary 3.15]. The algebras with
Hilbert function (1,3,6,10, 1) satisfy m® C I C m*; they are very compressed,
and those of length at most 95 are smoothable [3, Proposition 1.2].
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TABLE 1. General results and the number of Hilbert functions
of length twenty-one that they cover. Here H = H 4, s is the
socle degree, and each Hilbert function is counted in the first
row that applies.

Hilbert functions result d=21
H(2) <4, or H(2) =5 and H(3) <2 (15, Thm. 2.9(1)] 134
H2) =5, H(3) =3 (15, Thm. 4.12] 12
H(2)=5,s<4 [15, Cor. 4.7] 2
H(2)=5,5=5 H(5) =1 15, Cor. 4.9] 3
H2)=5,s=5 H(4)=H(5)<3 15, Cor. 4.10] 1
H(2) =5, and either s =6 and (H(5) = H(6) =1 [15, Prop. 4.11] 10
or H4)=H()=2),ors=7, H6)=H(7) =1
and (H(5) =1or H(4) = H(5) =2)
H(2)=6,H(4)=---=H(s)=1,s>5 [15, Prop. 2.12(1)] 9
s > 2ko, where ko is the largest k with H(k) > 1  [15, Prop. 2.12(2)] 17
H2)=6,s=7 H(5) =H(6)=H(7) =1 (15, Lemma 5.14] 3
H(2)=6,H(3)=H(4) =H(5) =2 [15, Cor. 3.14] 2
H(2) =6, H(3) = H(4) =3, 5s=6 15, Cor. 3.15] 1
(1,3,6,10,1), very compressed [3, Prop. 1.2] 1
(1,3,6,¢,2,1,1), ¢ > 2 (15, Thm. 5.21] 1
individual Table 2 58
total 254
5.2. The enumeration is now complete: Table 1 treats 196 Hilbert functions,

and the remaining 58 fall into three groups, treated in Sections 6, 7 and 8:
15 with H(2) = 6 and socle degree at most five, 19 with H(2) = 6 and socle
degree at least six, and 24 with H(2) = 5. Each row of Table 2 names the
result that proves it, with its methods; the rest of the paper supplies these
results.

Table 2: The 58 Hilbert functions not in Table 1, by section, with the
result that treats them, its main method and at most one secondary
method. Numbers in parentheses are local lengths of the complete
intersections used.

Hilbert function result methods

Section 6: H(2) = 6, socle degree at most five

(1,3,6,9,2) Thm. A.5  rays

(1,3,6,8,3) Thm. A.5  anchor (36); expected dimension
(1,3,6,7,4) Thm. A.5  global linkage; expected dimension
(1,3,6,6,5) Thm. A.5  global linkage; rays

(1,3,6,5,6) Thm. A.5  rays; limits

(1,3,6,4,5,2) Thm. 6.4 prescribed equations (40)

(1,3,6,4,4,3) Thm. 6.5 prescribed equations (40); excess
(1,3,6,5,5,1) Thm. A.7  line plus point; prescribed equations (38)
(1,3,6,5,4,2) Thm. A.8 line plus point; prescribed equations (40)
(1,3,6,5,3,3) Thm. A.9  line plus point; prescribed equations (39)
(1,3,6,6,4,1) Thm. A.11 prescribed quartics; expected dimension
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Hilbert function result methods

(1,3,6,6,3,2) Thm. A.12 prescribed quartics; anchors (36-41)
(1,3,6,8,2,1) Thm. A.15 anchors (36, 40); cubic reduction
(1,3,6,7,3,1) Thm. A.13 prescribed equations (27-33); expected dimension
(1,3,6,7,2,2) Thm. A.14 anchor (32); expected dimension
Section 7: H(2) = 6, socle degree at least siz

(1,3,6,3,3,3,1,1) Thm. B.7  excess; free quartic tails (39)
(1,3,6,3,3,2,2,1) Thm. B.8  excess; free quartic tails (39)
(1,3,6,3,2,2,2,2) Thm. B.9  excess; linkage at infinity (39)
(1,3,6,3,2,2,2,1,1) Thm. B.10 excess; linkage at infinity (40, 41)
(1,3,6,3,2,2,1,1,1,1) Thm. B.11 rays

(1,3,6,4,5,1,1) Thm. B.13 rays

(1,3,6,4,2,2,1,1,1) Thm. B.12 rays; excess at one member (39)
(1,3,6,6,3,1,1) Thm. B.14 rays; anchor (30)

(1,3,6,6,2,2,1) Thm. B.15 rays; few bad flags
(1,3,6,5,2,2,2) Thm. B.16 rays; few bad flags
(1,3,6,5,2,2,1,1) Thm. B.17 rays; anchors (32, 33)
(1,3,6,4,2,2,2,1) Thm. B.18 excess; anchors (36-41)
(1,3,6,4,3,3,1) Thm. B.22 excess; multiplicity (41)
(1,3,6,4,4,2,1) Thm. B.23 excess; anchors (33—40)
(1,3,6,4,3,2,1,1) Thm. B.24 excess; anchors (34-41)
(1,3,6,3,3,2,1,1,1) Thm. 7.1 linkage at infinity (41); weighted contraction (39)
(1,3,6,4,3,2,2) Thm. B.21 linkage at infinity (38 —41);
(1,3,6,5,4,1,1) Thm. B.25 linkage at infinity (41
(1,3,6,5,3,2,1) Thm. B.28 linkage at infinity; excess

Section 8: H(2) =5

(1,3,5,4,4,3,1) Thm. 8.1 turning power (36)
(1,3,5,4,4,2,2) Thm. 8.1 turning power (36)
(1,3,5,4,3,3,2) Thm. 8.1 turning power (36)
(1,3,5,4,4,2,1,1) Thm. C.27 turning power (40); turning
(1,3,5,4,3,3,1,1) Thm. C.28 turning power (40); turning
(1,3,5,4,3,2,2,1) Thm. C.29 turning power (40); turning
(1,3,5,4,3,2,1,1,1) Thm. C.32 turning power (41); turning
(1,3,5,4,2,2,2,2) Thm. C.30 turning power (40); turning
(1,3,5,4,2,2,2,1,1) Thm. C.31 turning power (38); turning
(1,3,5,5,4,2,1) Thm. C.19 turning power (36); sliding (40)
(1,3,5,5,3,3,1) Thm. C.20 turning power (36); sliding (40
(1,3,5,5,3,2,2) Thm. 8.3 sliding (40); turning
(1,3,5,6,3,2,1) Thm. C.18 sliding (40); turning
(1,3,5,5,5,2) Thm. C.13  weighted linkage (40); sliding
(1,3,5,5,3,2,1,1) Thm. C.23 sliding (40); turning past a defect
(1,3,5,4,4,4) Thm. C.16 weighted linkage (32)
(1,3,5,5,4,3) Thm. C.14  weighted linkage, bad roots (40)
(1,3,5,4,5,3) Thm. C.15 weighted linkage (40)
(1,3,5,6,4,2) Thm. C.12 weighted linkage, bad roots (40)
(1,3,5,7,3,2) Thm. C.11 two quartics (40); turning
(1,3,5,4,5,2,1) Thm. C.21 quintic radial costs (40, 41); turning
(1,3,5,5,2,2,2,1) Thm. C.24 turning (no induction)
(1,3,5,5,2,2,1,1,1) Thm. C.24 turning (no induction)
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(1,3,5,4,2,2,1,1,1,1) Thm. C.33 turning (no induction)

5.3. The methods in Table 2 are of four kinds.

A short complete intersection, through the algebra, through a limit of it, or
through the general member of a flat family through it: excess, Theorem 2.6;
free quartic tails, [15, Lemma D.3| (Section 2.7); global linkage, Section 2.7;
multiplicity, Proposition 2.16; weighted linkage, Proposition 2.12 and its
variants in Appendix C, among them bad roots (Lemma C.6); two quartics
and quintic radial costs, Appendix C; prescribed equations, Lemma 2.14 and
Proposition 6.2; prescribed quartics, Lemma A.4; linkage at infinity, Section 3;
weighted contraction, a rescaling of the tails compatible with closedness, with
a linkage anchor at t = 0 (Theorem 7.1); turning power, Proposition 4.4;
sliding, Lemma 4.6 and Proposition 4.7.

A ray: rays, a ray of the algebra (Section 2.3), or of the members of a
dense subset of an irreducible family.

A surface with a rational double point: turning, the turning operators of
Section 4.1; turning past a defect, Lemma C.3.

Transport of an open condition through an irreducible family: an anchor is
a member in a complete intersection of the stated local length (Section 2.4);
excess at one member, excess linkage at a general member; limits, smoothable
members are dense; expected dimension, Section 2.2; few bad flags, [16,
Lemma C.6]; cubic reduction, [15, Lemmas A.14 and A.15]; line plus point,
[16, Section A.8].

“No induction” marks proofs that do not use shorter schemes.

5.4.  Proof of Theorem 1.1. By [16] and [15, Proposition 2.2(3)], it suffices
to treat local algebras of length twenty-one with I C m?. Their Hilbert
functions are covered by Tables 1 and 2. ([l

6. SOCLE DEGREE AT MOST FIVE

In this section H4(2) = 6 and the socle degree is at most five. Fifteen
Hilbert functions of length twenty-one remain. We prove two of them here,
by the extension of [16, Proposition A.9] that length twenty-one requires,
and the other thirteen in Appendix A.

The five Hilbert functions of socle degree four, (1,3,6,¢,11 — ¢) with
5 < ¢ <9, behave as at length twenty [16, Theorem 5.1]. A single cubic
lets a point leave along a line, and a pencil of cubics gives one irreducible
family with an anchor. More cubics without a common factor are linked
globally. Some strata with a common factor are too small to be components;
the others describe a line with residual points, and moving the points off the
line gives rays. In socle degree five every weight k(p) — 3 of excess linkage
is at most two, so a finite cubic base scheme of length at most five costs
at most 27 4+ 2 -6 = 39 [16, Corollary 3.3]. Two things are new at length
twenty-one. When H4(3) = 6, the base scheme can have length six, and
then a fat point V(mg), with multiplicity nine, would cost 27 + 2 - 9 = 45;
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a prescribed quartic tail lowers the weights (Lemma A.4). And when the
cubics share a line, excess linkage fails, and we prescribe three equations
through the tails (Lemma 2.14). This is the method of [16, Proposition A.9],
which needs one more numerical input at length twenty-one.

6.1. Suppose that, in suitable coordinates, I3 = x() for a space @ C S
of quadrics with S1Q = S3; for instance Q = S2, or  the hyperplane
orthogonal to z o G for a cubic G such that z o G is not a square [16, proof of
Proposition A.9]. Then the cubic base scheme is the line z = 0, and the top
forms of degree four and five are binary. Let K C S, be the space of binary
quartics that annihilate D5, and § the degree of its greatest common divisor.

Proposition 6.2. Let A be a local algebra of length d with H4(2) = 6 and
socle degree five, and suppose that every finite subscheme of A3 of length
less than d is smoothable. Suppose that I3 = xQ with S1Q = S3, and that
K #0. If 36 + 6 < 2d, then some algebra with the graded data of A lies in a
complete intersection of local length at most 36 + §, and every algebra with
the graded data of A is smoothable.

At d = 21 the bound 36 + § < 40 always suffices. Not every algebra
with these graded data lies in such a complete intersection: for H4 =
(1,3,6,4,5,2), D5 = (Y?, Z5) and all tails zero, § = 2, but e(I) = e(I*) = 49.

Proof. We bound the multiplicity of the ideal of the parts that Lemma 2.14
lets us prescribe. As S1Q = Ss, the quartics Dj whose first derivatives lie
in D3 form (iUSlQ)L = (ng,)i = T4, so Dy C T4. For F' € D5 all first
derivatives are binary, so x o F' is a binary quartic all of whose derivatives
vanish; hence z o F = 0 and D5 C T5. A binary quartic p annihilates F if
and only if (pv, F) = 0 for all v € Sy, so K = (S 0 D)+ N S,.

Write K = gH with ¢ the greatest common divisor, of degree ¢, and
H C S, 5 without common zero (H = C if § = 4). The chain of ideals

N:$Q+K+m5gL:$m2_’_K+m5gL/:$m2+g'(y’Z)475+m5

satisfies L2 = NL and L'?> = LI/, as in the proof of [16, Proposition A.9]:
(rm?)? = (2Q)(2m?) because Qm? = m*, as $HQ = 51(51Q) = Y4, and
(g-(y,2)2 )2 =K -g-(y,2)* because HS,, = So,, for n = 4 — §: this is
clear for n = 0, and for n > 0 two general members of H have no common
root, so they form a regular sequence of degrees n, n in Cly, 2|, and the
ideal they generate contains all forms of degree 2n. So N is a reduction
of L. After a linear change of y and 2z we may assume ¢(0,1) = 1; then
the substitution y ~ ty carries L’ to ideals that tend, as ¢t — 0, to the
monomial ideal LY = zm? + 2(y,2)*7% + m®. For 6 < 3, the proof of [16,
Proposition A.9] gives triples in Lg of local length 36 + 6. For § = 4,

z — 24, a:y2 + y4z, zz? — y5

lie in L = xm? + (2%) + m® and have local length 40 (script 121_general_LD,
part (A); certified by a local standard basis and by stabilization). By openness
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of the local length, the same combinations of the generators of the deformed
ideals, for small ¢ # 0, have local length at most 36+ ¢, and pulling back gives
three such elements of L’. By Proposition 2.16(a), three general elements
of N generate an ideal of colength at most 36 + §. They have the form
w; + p; + ;i with w; € Q) = I3 linearly independent, p; € K and r; € S5, so
Lemma 2.14 places them in the ideal of an algebra with the graded data of
A, and concludes. O

Special triples of LY can be longer: (23 —2*+y5, zy?+z44+yt2, 222 —y°+24)
has local length 42 (script 121_map_LD, part (A), the row 6 = 4), while twelve
random triples have local length 40 (part (B)).

6.3. We apply the proposition to the two Hilbert functions with H4(3) =4
that remain.

Theorem 6.4. Every local algebra with Hilbert function (1,3,6,4,5,2) is
smoothable.

Proof. The ideal generated by D3 has Hilbert function 4 in degree three and
dimDj > dimDy =5 = 43) in degree four, where DY C Ty is the space of
quartics whose first derivatives lie in Ds; so by the proof of [15, Lemma A.11],
which uses Gotzmann’s persistence theorem, D3 = T3 in suitable coordinates,
and I3 = x5. The binary quartics killing the pencil D5 C Ty are cut out by
2.2 = 4 linear conditions in Sy, of dimension five, so K # 0. Proposition 6.2
with @ = Sy applies, with 36 + ¢ < 40 < 42 (script 121_136452, class S,
checks the proposition on algebras with six pencils D5, with § = 2,3,4). O

Theorem 6.5. Every local algebra with Hilbert function (1,3,6,4,4,3) is
smoothable.

Proof. By [15, Lemma A.11], either the cubic base scheme is finite of length
at most four, or D3 = Ty in suitable coordinates. In the first case dopep <5
[16, Lemma 3.2], every weight is at most two, and dim 5 = 6 > 3, so
Theorem 2.6 gives 27 + 10 = 37 < 42. In the second, D, C Ty and D5 C T
as above, and S10 D5 C D4 has dimension at most four, less than dim Ty = 5;
so K # 0, and Proposition 6.2 gives at most 40. The case § = 4, where K is
a line, occurs, for example for D5 = (Y®°, Z°,Y32?). O

7. SOCLE DEGREE AT LEAST SIX

In this section H4(2) = 6 and the socle degree is at least six. Nineteen
Hilbert functions of length twenty-one remain. In most of them a plateau of
the Hilbert function makes the graded data those of a scheme I" of length two
or three in the plane, and the top form is a power X?*. Excess linkage then has
weight up to s — 3 at the point [X], and a non-reduced base point there costs
too much. The devices of [15] and [16] reduce this cost: free quartic tails,
rays along lines and curves, and irreducible families whose general member
has a lighter base scheme. We prove (1,3,6,3,3,2,1,1, 1) here, where both
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kinds of new argument, a limit at infinity and a contraction of the tails,
appear next to three old ones, and the other eighteen in Appendix B.

Theorem 7.1. Every local algebra with Hilbert function (1,3,6,3,3,2,1,1,1)
is smoothable.

Proof. We normalize the lift of the top form as in [16, Theorem 7.1]. Excess
linkage handles the base schemes that are not concentrated at [X], and a
straight ray handles one coefficient § = 0. Three strata remain: the tangent
cone alone suffices for one, cubic tails at infinity for another, and a weighted
contraction of the tails for the last.

Setup. As Ha(3) = Ha(4) = 3, [15, Lemma 2.16] gives a subscheme
I' C P? of length three with D3 = v3(T"), Dy = v4(T') and Dy, C v (T) for
k > b; as It is generated in degrees at most three, the cubic base scheme
is B =1. As Ha(7) = Ha(8) = 1, the top form is an eighth power,
Dg = CX8, so D, = CX* for k = 6,7, and X° € Ds; hence [X] € T'. Let
® = X8+ A7+ Bg + C5 + - -- be the lift of X8. As in [16, Theorem 7.1],
replacing ® by ® — az’/ o ® and the coordinate changes y — y + A2/,
2+ 2z + NaJ of [15, Section 5.17] make A7 = 0 and remove X%, X°Y, X°Z
from Bg; they do not change the Dy. The space D5 has dimension two.
If dim S o D5 = 2, then D5 = v5(I"”) for a subscheme IV C T' of length
two through [X], by [15, Lemma 2.16] with £k = 4 and n = 2, applied to
the derivatives of Ds; and we call D5 tangent if I is a double point; if
dim S7 o D5 = 3 we call Dy active.

Excess, when T' is not concentrated at [X]. At [X] we have X* € Dy, for
all £ < 8, so k([X]) = 8 and the weight is five. At another point p = [P)]
of ' we have P* € Dy and P% ¢ Dg, so the weight is three if P> € D5 and
two otherwise; and at most one such point has P® € Ds, as dim D5 = 2. So
Theorem 2.6 gives 27+ 5+ 3+ 2 =37 if [' is reduced, 27+5-24+3 =40if I
is a double point at [X] and a point, and 27 + 543 -2 =38 if I' is [X] and
a double point. From now on I' is concentrated at [X]: curvilinear, either
collinear, I = V(z, y3), or on a smooth conic, I' = V(zz — y2,yz, 22), or the
fat point V(m3%). Excess linkage now gives 27 +5-3 = 42 and 27 +5-4 = 47.

A straight ray. Suppose that Dj is tangent, with IV = V(z,5?), so
Ds = (X?, X*Y). The conditions y o Bg, z o Bg € D5, which hold because
y o ® and z o & have degree at most five, leave Bg = 6X*Y? after the
normalization [16, proof of Theorem 7.1]. Then z3 o0 /336 = X° + %XY2
modulo T<y. If § = 0, or if XY? € Ds, which is the collinear case, then
X5 € M; the operators z°y and x°2 kill M N T<5 by order and kill ®, x o @,
22 o ® by the normalization, so [15, Lemma 5.4] with k = 5 makes the line
of X a ray.

Active Ds: the tangent cone suffices. Let I' be curvilinear and Dj active.
Then D5 = (X5 Vo + cX*Y) with ¥ = X3Y?2 in the collinear case and
Vo = 2X3Y24+X*Z on the conic. The substitutions Y + Y 41X, respectively
Y =Y +2uX, Z— Z+uY + p?X, fix X and T' and replace ¢ by ¢+ 2u,
respectively ¢+ 9u (script 121_136332111, part (U2)). So ¢ = 0, and the
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graded data are fixed: Dy, = v (T) for k = 3,4, D5 = (X°,V}) and Dy, = CX*
for k£ > 6. The tangent cone ideal I* contains

Jeol = (1'227 y3+$9a 23+x4y), resp. Jeon = ($2Z*9€?/2, y3+939, Z3+l‘4y);

the cubic parts lie in (It)3 = I3, zy is orthogonal to D5, and m? C I*. The
cubic cones meet only at [X], and in the chart x = p, y = pn, z = p( the
proper transforms are ¢, resp. ( —n?%, and 734 p%, (34 p?n. Substituting ¢ = 0,
resp. ¢ =12, leaves 1° + pb and p?n, resp. n(n® + p?), which meet in length
6 + 6 = 12. So the local length is 27 + 12 = 39 [16, Lemma 3.14(a)] (script
121_explicit_triples, part (C)), and Proposition 2.16(b) with L = I*
makes every algebra with these graded data smoothable.

I' on the conic, Ds tangent: cubic tails at infinity. Now I' = V(xz —
v yz,2%) and Dy = vs(I") = (X°, X1Y), so the graded data are fixed.
Excess linkage and the tangent cone both give 42. Take Q(X8) = —6720Y3
in Corollary 3.4. The three elements

2z — :nyz, y3 + xs, 23+ :1:5y

have the form (5): their cubic parts lie in (Ir)s = I}, 2%y € I, and
(y® + 28, X8 — 6720Y3) = 8! — 6- 6720 = 0. The cubic cones meet only at
[X], and in the chart z = p, y = pn, z = pC the proper transforms are ¢ —n?,
n3 4+ p° and (3 + p3n. Substituting ¢ = n? leaves 73 + p° and n(n® + p3),
which meet in length 5 4+ 9 = 14. So the local length is 27 + 14 = 41 [16,
Lemma 3.14(a)] (part (W)), and Corollary 3.4 settles this stratum for all
tails.

' fat, 6 # 0: a weighted contraction. Here the coefficient § of the
sextic tail is the tail we must keep, and the closedness conditions below
are weighted homogeneous in the other tails; so a weighted rescaling of
these tails, compatible with closedness, contracts the algebra to one with
the single tail 6X*Y?2, which lies in a short complete intersection. Now
D3 = X2Ty, Dy = X3Ty, and D5 = (X°, X1Y) after a rotation of Y, Z fixing
X. Excess linkage gives 47, the tangent cone 47, Proposition 3.7(c) 45, and
free quartic tails 43. Subtracting a multiple of 23 o ® and the coordinate
changes y — y + Az, 2z — 2+ Nz remove X°, X4Y, X*Z from the quintic
tail, so

D= X3+ 5XY? + 5+ Dy + D, W =X3Z+Ws,

where W € M is the lift of X3Z and ®;,, W3 are forms of degree k, 3. As
§ # 0, the elements y o ® and zy o ® have top forms 26X*Y and 8§X3Y;
together with T<o and X2Ty, the elements ®, 27 o ® for 1 < j < 4, yo @,
xy o ® and W have independent top forms, so they span M. Reducing
every first derivative against this basis, with all coefficients of ®5, ®4, P3,
W3 as indeterminates over Q(d), uses only constant pivots (part (F)). The
remainders of degree at least four vanish exactly when zo®5 = pX3Y +¢X37
for some p, q € C, and then only two remainders are left, those of 3% o ® and
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of z o ®:
2 p
= y“ o &5, =zo0d, — —
P1L=Y 5 P2 41735
The equations pa = 0 solve seven coefficients of 4 with an invertible constant
matrix, and p; involves none of these coefficients; so M is closed if and only
if zo ®5 = pX3Y +¢X3Z and p; = ps = 0, and no further exceptional locus

occurs. For the rescaling
((b5) (1)47 ©37 W37p7 Q) — (tq)57 t2®47 tq)37 tW37 tpv tQ)

these three conditions are homogeneous of weights 1, 1, 2. So the spaces
M, spanned in the same way by T<a, X271, the derivatives of ®; = X8 +
SXAY2 + td5 + 2P, + td3 and by W, = X3Z + tWs are closed for every
t € C, with constant top forms; by [15, Lemma 2.3(2)] they form a family
with the normalized A at t = 1. At t = 0 only the tail 6X*Y? survives,
My =T<o + X?T) + S o (X8 +6X?Y?) + CX3Z, and its ideal contains

xy o 5 — qWs modulo X?Ty.

)
J = (y3, 22, 2B+ ay? — %xf’),

since y% and z22 kill X84+6X4Y?, X3Z and X2T}, and 2?0 (X8 +5X4Y?) =
86 X3 = 8%0955 o X8. The ring R = Cl[[z,y, 2]]/(y3, 2% + zy? — 82—0335) is a
complete intersection of dimension one, on which x and z are parameters.
Here /(R/xR) = ((C[[y, 2]]/(y3,2%)) = 9, and ¢(R/zR) = 15, because mul-
.. . 2 6.5 3 . _ 0 \3,.15
tiplication by zy* — gizz> on C[[z]][y]/(y°) has determinant (—gi5)°z"”.
So
{(Sw/J) = {(R/2z*R) = 9+ 215 = 39 < 42
(part (A1): 39 by both certificates for § = 1). The member M is a linkage
anchor of the t-line, and Section 2.4 makes A smoothable.
These are all cases: a tangent D5 with § = 0 or a collinear " has a ray; an
active Ds requires a curvilinear I'; and when I is fat, D5 C v5(I') = X477 is
always tangent. O

The limits of Section 3 keep only cubic and quartic tails of the top form,
so they lose the coefficient ¢ of the sextic tail X4Y?; on the fat stratum
Proposition 3.7(c) gives 45, and free quartic tails give 43. The weighted
contraction keeps § and discards all other tails.

8. ONE QUADRIC IN THE TANGENT CONE

In this section H4(2) = 5. Twenty-four Hilbert functions of length twenty-
one remain; we prove four of them here and the other twenty in Appendix C.
By Section 4.1 we may assume I = Cz?, and when m” C I, that is, in socle
degree at most six, also the binary case I} = 225; @ W, vr =0, and f
with cubic part in 225;. The natural candidates for a complete intersection
are then f, an element K,, with cubic part zm, and an element P whose
leading form restricts to a nonzero binary quartic p. They cost 24, plus a
contribution of each root of p on the line x = 0. At length twenty these
contributions were measured by radial costs and avoided by weighted linkage.
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At length twenty-one the radial costs reach 42 or more for several Hilbert
functions, and the moves of Section 4 cap them. The first theorem caps them
with a turning power; the second slides a cubic equation, and where the top
forms leave the line x = 0 it finds a turning operator instead.

Theorem 8.1. Every local algebra with Hilbert function (1,3,5,4,4,3,1),
(1,3,5,4,4,2,2) or (1,3,5,4,3,3,2) is smoothable.

These are exactly the Hilbert functions (1,3,5,4, hy, hs, hg) of length
twenty-one with socle degree six and hy < 4: then hy < hf:l) = hy and

hg < hs, and hg + hs + hg = 8.

Proof. We show that all three Hilbert functions satisfy the hypotheses of
Proposition 4.4 with s = 6, which gives 24+4-3 = 36. Asm’ C I, an element
of I with a cubic leading form c¢ such that 7(c) # 0 would be a turning
operator of type (b); so I C xS52, and as dim I5 = 10 — 4 = 6 = dim 59,
we have I = xS and Wy = Sy, so D C Ty for k > 3 [15, remark
after Corollary 4.8]. If ¢ # 0, [16, Lemma 3.9] applies, so 7y = 0. As
dimDy <4 <5, Jy = Di N Sy is not zero. Choose 0 #p€Jy,and r € Sy
and b € S; vanishing at no root of p. Proposition 4.4 gives a complete
intersection of local length at most 36 < 42 for the general member of the
turning family of b°, and A is its limit. O

Radial costs alone [16, Theorem 3.15] do not always suffice. For
(1,3,5,4,4,2,2) the top forms are Dy = v, (T'), k = 5,6, for a scheme T" of
length two on the line z = 0 [15, Lemma 2.16], and at a point of I" every
graded equation of degree at most six vanishes, so k = 7 and each unit of
multiplicity costs five. If I' = {[Y],[Z]} and Jy = Cy%2(y + 2), the roots in
I" have total multiplicity three, and Theorem 2.10 gives 24 4+ 5 - 3 4+ 3 = 42;
the turning power lowers the cost of each unit to three (script 121_1354422,
class S: 42 on the graded algebras, 36 after turning).

8.2. When Hy(5) = Ha(6) = 2, the top forms are those of a scheme of
length two, and whether this scheme lies on the line z = 0 decides the
method.

Theorem 8.3. Every local algebra with Hilbert function (1,3,5,5,3,2,2) is
smoothable.

Proof. If the top forms are binary, we slide a cubic equation and apply
Proposition 4.7, with the bound 40. Otherwise two identities between
derivatives of the lifts of the top forms produce a turning operator.

Setup. Asm” C I, we are in the binary case with vf =0and f3 € x2Sy, and
Wy is a pencil, as dim I5 = 10—5 = 5. So D3 = Tg@(CXQD, where Qp € Ty
spans the orthogonal complement of W5 in Tb. As dim I} = 15 — 3 = 12
and dim(/f NxS3) < 10, some P € I has a quartic leading form py with
p = m(ps) # 0. By [15, Lemma 2.16], Dy, = v,(I") for k = 5,6 and a scheme I'
of length two, and as 2254 C I = (Ir)g, we have 2% € Ir. So either T lies on
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the line x = 0, or I' is a double point at a point of the line with a transverse
tangent; in the second case, after a linear change of coordinates that keeps
22, the plane = = 0, the binary case and vt =0, we have Dg = (Y6, XY?)
and D5 = (Y, XY*4).

I' on the line: sliding. Now Dy and Dg are binary, so x o Dg = 0. Every
linear map ¢: Wy — S5 satisfies condition (i) of Lemma 4.6: xz¢(m) is a
sextic orthogonal to Dg, and m2¢(m) C m” C I. A pencil of binary quadrics
either has no common zero or has a common linear factor. If Wy = (my, ma2)
has no common zero, there is no linear syzygy, so (ii) is empty, and we
take ¢(m) = % and ¢(ms) = 0, with £ € S; vanishing at no root of p. If
Wy = 1051, we take ¢(lgl) = 1 ¢4 with a binary quartic £4 vanishing at no
root of p, which satisfies (ii), and m = lyly with [y vanishing at no root of
p. In both cases ¢(m) has order five and does not vanish at the roots of p,
and Proposition 4.7 with ' = Cpy gives 24 + 8 - 2 = 40 < 42. Triples of local
length exactly 40 occur (script 121_1355322, part (B)).

I transverse: a turning operator. Now Dg = (Y XY?®). For m € W the
cubic zm lies in I3, 50 0 = (zm)oXY? = moY?®, and m vanishes at [Y]; hence
Wy = 251, Qp = Y? and D3 = T3@®CXY?2. Next, Dy D SjoDs = (Y4, XY3),
and Dy = (Y4, XY3 E4), where the first derivatives of Ey lie in D3; writing
E4 by powers of X, this forces E; = Ey modulo XY?3 for a binary quartic
Ey. Choose p3 = zko # 0 with ko € Sy and ks o (z 0 Eyg) = 0, two linear
conditions on Sy. Then ps kills Y*, XY? and Ejy, so p3 o Dy = 0, and hence
p3OD5 :p30D6:O.

Let =Y%+Ps+--- and ¥ = XY® + Qs + --- be the lifts of the top
forms. The elements o ®, zo®, zo WV and yo ® — 6x o ¥ of M have
degree at most four, as their parts of degree five cancel; so their quartic
parts x o P5, z0 P5, zo Q5 and y o Ps — 6z o Q5 lie in D4, which p3 kills.
Hence x o (p30 Ps) = zo (p3o Ps) = 0, so p3 o Ps = cY? for some ¢ € C;
and z o (p3 0 Q5) = 0, while z o (p30Qs5) = tyo(psoPs) = £Y, so
p3oQs = s XY + dY?. Put

C/

N e B
YEPB T 50" T30

As y2oY 6 =360Y2, 2320Y® =0, 220 XY? = 60Y? and y* o XY® = 120X Y,
the parts of degree at least two of u o ® and u o ¥ vanish. The elements
of M NT<s, which together with ® and ¥ span M, have quintic parts in
Ds, which ps kills, so u maps them into T<;. Hence u € (I : m?) N'm3, and
its cubic part ps is a nonzero binary cubic: a turning operator of type (b).
(Script 121_1355322, part (N), checks the four differentiation constants, and
the shapes and the corrected operator on seeded actual algebras and on an
explicit example in which pg alone is not in (I : m?).) O

In the second case no induction is used. The two derivative identities
are the whole content: they say that the tails of the two top forms are tied
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together by the relation y oY% = 620 XY?®, and the quartic corrections of u
absorb exactly this tie.

APPENDIX A. SOCLE DEGREE AT MOST FIVE: THE REMAINING CASES

A.1. This appendix proves the thirteen Hilbert functions with H4(2) = 6
and socle degree at most five left by Section 6. Throughout, W = I3 and
D3 = W+, In socle degree five, M is written as in (2), 7 = dim S; o D5, and
Syz is the kernel of S1 ® D5 = Ty, v®@ F+—>vo F.

A.2. By (3), 7 is determined on Sy o D5 by R, and R must satisfy > v; o
R(Fj;) € Dj for all }>;v; ® Fj € Syz. Dually, these conditions have rank

dim(W - Syz), where W - Syz C SfA(5) is spanned by the vectors (v;w); with
w € W [16, proof of Theorem A.11]. So for fixed graded data the tails (7, R),
with R modulo Dy, form a space of dimension

(6) (Ha(4) —7)(10 — Ha(3)) + (15 — Ha(4))Ha(5) — dim(W - Syz),

and FE is free. Over an irreducible variety of graded data forming vector
bundles, with r and dim(W - Syz) constant, the algebras form one irreducible
family [15, Lemmas 2.3(2) and 5.16]. In (6) R is counted modulo Dy. Some
counts below take R raw, as a linear map D5 — Ty; this adds H4(4)H (5)
both to the dimension of the space of all data and to that of every stratum,
so it changes no comparison. We say in each count which convention it uses.

Lemma A.3. Let Hy(3) = 6, and suppose that the cubics of W have no
common factor. Then 3 cq ey <7, unless B = V(mg), where e, = 9.

Proof. By [16, proof of Theorem A.14, case F' = X°], B is finite of length
at most six, and W = (Ip)3 if the length is six. If /(B) <5, then 3_ e, <
0(%B)+1 < 6 [16, Lemma 3.2]. Let £(B) = 6. By the proof of [16, Lemma 3.2],
ep = {, at a curvilinear point p of length ¢,, and e, < £, + 1 at a non-
curvilinear point of length at most five. A non-curvilinear point has length
at least three, so two of them would form V(m2) UV (m2); the line through
p and ¢ meets this scheme in length four, so it would divide every cubic of
W = (Ip)s. Hence }°, e, <7 unless B is a single non-curvilinear point p of
length six, whose local ideal b lies in mf); let u, v be local coordinates at p.
The Hilbert function of O, /b is (1,2,3), (1,2,1,1,1) or (1,2,2,1), and
ep < e(b*) for the leading ideal b*; the multiplicity of an ideal is at most
the colength of a parameter ideal inside it. For (1,2,3), b = mg and
ep = 9. For (1,2,1,1,1), b* = (u*,uv,v°) D (uv,u® + v°), of colength
7. For (1,2,2,1), up to a linear change of u,v, b* is one of the complete
intersections (u?,v3), (u?, uv® + Bv3), (uv,u® + Bv3) with B # 0, of colength
6; or (uv,u?,v*) D (uv,u? + v*), of colength 7; or (u?,uv?,v?). In the last
case b D mf) contains uv? and u? 4 yv3 for some 7. If v # 0, (u? + yv3, uv?)
has colength 3 +2-2 = 7. If v = 0, then b = (u?, uv?,v%), and for p = [Z],
u=x/z, v ="1y/z the cubics of Iy are 23, 2%y, 22z, zy?, all divisible by z; as
W = (Ips)s, this case is excluded by the hypothesis. O
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In socle degree five a point p = [P] of B costs 2e, in Theorem 2.6 if
P* € Dy; a quartic part prescribed by Lemma 2.14 halves this unless P? is a
derivative of a top form.

Lemma A.4. Let A be a local algebra of length d with Ha(2) = 6, socle
degree five, dim I > 3 and B finite. Let w(p) = 1 if P1 ¢ Sy o D5, and
w(p) = 2 otherwise. If 27+ 3" e w(p) €p < 2d, then every algebra with the
graded data of A is smoothable.

Proof. Choose general wy,ws, w3 € I3, so that their common zero set is the
support of B and, at each v € 9B, the germs of w1, w9 generate a reduction
of the local ideal b, of 9B; and take L € Si, a quartic ps killing D5 (the
quartic part of the third equation in Lemma 2.14), and o1, 03, all general.
By Lemma 2.14 some algebra with the graded data of A contains w1, wa,
wy + o1p3 + 0L, At v € B, in the chart © = p, y = pn, z = p¢ with
v=1[1:0:0], the cones V(w1), V(w2) meet in a scheme free of rank e, over
C{p}, as w1, wy generate a reduction of b,. On it the proper transform of
the third surface is cut out by s + o1p ps + 02p>L>, where § = g(1,n,¢) for
a form g. As the quartics killing D5 form (S; o D)+ N Sy, p3 is a unit if
w(v) =1, and [16, Lemma 3.14(b)], with A = w3, a = 0 and ¢; = 1, bounds
the length over v by e, ; otherwise the unit L5, with ¢; = 2, bounds it by 2e,.
[16, Lemma 3.14(a)] adds 27. O

Theorem A.5. Every local algebra of length twenty-one with H4(2) = 6
and socle degree four, other than the very compressed ones with Hilbert func-
tion (1,3,6,10,1) (Table 1), is smoothable. These are the Hilbert functions
(1,3,6,c,11 —¢), 5 <c<9.

Proof. We transfer [16, Theorem 5.1]; ¢ > 5 as 48 = 5 < 7. By [15,
Lemma 2.7], M = T<o® D3 @ {F+71(F) : F € D} with Dy C D} = ($; W)+
and 7 free; counts use [15, Lemmas 2.17 and 2.18] on the pairs (D3, Dy).

¢ =9: rays. The data (w,p, Dy, 7), W = Cw, w(p) =0, Dy € Gr(2, D5),
dim D = 12, form an irreducible family containing every algebra (plane
cubics have zeros). Injectivity of (Np ® Dy) ® C — T3, (v ® F,\) —
vo F — AP3, is open and gives a ray [15, Lemma 5.2]; it holds for w = 23,
Dy = (Y*+ 7% + X?YZ,X%27%), p = [Y], as 2XY Z, 473 + X?Y, 2X 7?2,
2X27, Y3 are independent.

¢ = 8: an anchor. Here W is a pencil. The pairs (D3, Dy) € Gr(8,T3) x
Gr(3,Ty) with S; o D4y C D3 are cut out by 3 -3 -2 equations, so every
component has dimension at least 52 — 18 = 34. A coprime pencil has
no linear syzygy, so dim S1W = 6 and Dy € Gr(3,9): these pairs form an
irreducible open set of dimension 16 4+ 18 = 34. The pencils with a common
factor are [{a,b) with coprime quadrics a,b, and ¢(l1,2); they give at most
248418 =28 and 5+ 2+ 21 = 28. So the pairs form one irreducible variety,
the closure of the coprime stratum [15, Lemma 2.18], and as 7 is free, the
algebras form one irreducible family. Its member T<9 @ (cubic monomials



32 MATEUSZ MICHALEK

other than X3,Y?) @ (X2Y? X2Y Z, XY?27) is killed by 23,3, 2*, of local
length 3 -3 -4 = 36 < 42, so it is a linkage anchor of the family.

¢ =7,6. Without a common factor, [15, Proposition 3.18] applies. For
¢ = 7 the bound is 65— 36 = 29, and a common factor gives W = ¢S (5+20)
or W =1V with k = dim S,V > 10 — 32 = 6: 2+ 9 +4(11 — k) < 27 for
k> 7, and 2+ 2+ 20 for k = 6, where V =1'S; (Gotzmann). For ¢ = 6 the
bound is 74 — 60 = 14, W = [V (a quadric factor allows three cubics only)
with k£ € {8,9,10}, and k = 10,9 give 2+ 8 and 2+ 6 + 5 = 13 as in [16,
Theorem 5.1]. The stratum k = 8, of dimension 2+ 4+ dim Gr(5,7) = 16, has
V= (IF)Q with E(F) =2 [15, Lemma 2.16}, soW = l([p)g. Let %171" e V(llp).
It is the line V(1) with I" attached; where I" meets the line, B; r has embedded
points, so it equals the union V(I) UT only when I' misses the line. The
exact sequence

0 — (S/Ir)(~1) =%+ 8/(Ur) — S/(1) = 0

gives hy, (k) = (k+ 1) + 2 for k > 2. As (Ir)3 = S1(Ir)2, D4 is orthogonal
to SiW = (lIr)4, so Dy C v4(B;r) = (IIr)7, of dimension 7 for all (I,T):
the stratum is a Gr(5, 7)-bundle over P? x Hilbg(P?). For dense I' = {X,Q}
off the line, B;r = V(I) UT and Nx ovg(Byr) C v5(V(1)) + CQ3 # X3: a
ray.

c=5 AsdimD} > 6 = 5% [15, Lemma A.12](c) gives Dy = vx(B),
k= 3,4, for B =V (lmy). As hy(k) = k+2 for all (,q), the algebras form a
bundle of rank 6 -5 = 30 over P? x P?, with rays when ¢ = [X] ¢ V(I), | = a:
Nx oDy C T3 # X3. [15, Proposition 2.2(1)] concludes. O

A.6. For Hx(3) = 5 we apply [15, Lemma A.12]. In cases (a), (b), [16,
Corollary 3.3] gives at most 39. In case (d), Proposition 6.2 applies, as
Sy o D5 C Ty has dimension at most min(H(4),2H(5)) < 5. In case (c),
B =V(emy), W = z(my)2 and Dy, C v (B) for k = 4,5; if ¢ ¢ V(z), [16,
Lemma A.3] gives a ray. As v4(B) form bundles over the pairs (line, point)
[16, Section A.8|, an algebra with g € V(x) is smoothable once its graded data
lie in an irreducible family of such data, with q ¢ V(z) dense, on which r
and dim(W - Syz) are constant (Section A.2). For a point N # q of the line,
dim NyW =10 -2 =38, and dim N;JW =10—-3 =7, as (am, : my) = zm,
and (zmy : my) = ().

Theorem A.7. Every local algebra with Hilbert function (1,3,6,5,5,1) is
smoothable.

Proof. We transfer [16, Theorem A.10], whose five types of D5 = CF for
embedded ¢ do not involve Dy € Gr(5 —r,6 —r). By (6), the tails have
dimension (5 — )5+ 10 — dim(W - Syz). For F' concise, r = 3 and Syz = 0,
so the tails are 20. For F' binary on the line, r = 2 and Syz = Cz ® F', so
W - Syz = W and the tails are 15 + 10 — 5 = 20. For F = N° with N # ¢
on the line, and for F = ¢°, »r = 1 and Syz = Ny ® F, respectively N,®F,
so W - Syz = NyW, respectively N,W, and the tails are 20 + 10 — 8 = 22,
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respectively 20 + 10 — 7 = 23 (Section A.6). So these four types are families
as in Section A.6. The fifth type, F = Z*(c(X + aY) + bZ) with ¢ # 0
and ¢ = [Z], is a limit of the concise type along the curve F + tG’ of [16,
Theorem A.10], with one more quartic in Dy4(t); the tails are 20 along it (at
t =0, Syz=C(y — azx) ® F) (script 121_136551, parts (T), (D)). O

Theorem A.8. FEvery local algebra with Hilbert function (1,3,6,5,4,2) is
smoothable.

Proof. Here r € {2,3,4}, and the tails are (4 — )5 + 22 — dim(W - Syz).
For r < 3, the six families of pencils of [16, Theorem A.11], with dim(W -
Syz) = 16,15,13,12,14,13, and D4/S; o D5 € Gr(4 — r,6 — r) give tails
16,17,14,15, 13,14 (script 121_136542, parts (R2), (R3)). Let r = 4, so
Dy = S10Ds, ¢° ¢ Ds (else r < 3), and D5 has at most one fifth power. If
L5 € D5, then Syz = N1, ® L® and the tails are 22 — 8 = 14, over an open
set of a P°-bundle over the triples (line, ¢, L). Otherwise dim(W - Syz) = 10,
the maximum (z ® F» € Syz for a binary Fy € D5, and a second relation
aj o Fy +az 0 Fy =0 has a3 # 0, else Fy is a fifth power), and we move ¢ off
the line. For binary Dj this is clear. Otherwise D5 = (G1 + X Z4,G3), G;
binary, with a relation aZ*+ ByoG1 + (yy +62) oGy = 0. Let ¢ = [Z +tX],
hy = ((Z +tX)° — Z%)/5t. As (G, Gh) — (By — atz) o G| + (yy + §z) o G
maps onto Ty at t = 0, regular binary G;(t) with G;(0) = G; are sent to
—aZ*; then the derivatives of (G1(t) + ht,G2(t)) C vs(V(zmy,)) keep a
relation, and r = 4 near t = 0 (part (CV)). O

Theorem A.9. FEvery local algebra with Hilbert function (1,3,6,5,3,3) is
smoothable.

Proof. By [15, Lemma 2.16], Dy = v(T') for k = 4,5 with ¢(I") = 3; so r = 3,
the tails are 36 — dim(W - Syz), and I' C B. Let ¢ = [Z] and V = (my)a.
If ' € V(z), then Syz = x ® D5 & Syz,;,, and W - Syz is the direct sum of
(22V)3, 2y S1Syz,;, and 2222 times the values of Syz,;, at ¢, or, off the line,
of (22V)? and 2.5,Syz,;,; these have dimensions 15, 6, 9 (script 121_136533,
part (M)), and the values span 3 dimensions if ¢ ¢ T', 2 if ¢ € I'. So for ¢ ¢ T,
dim(W - Syz) is 15+ 6 + 3 = 24, or 15+ 9 = 24 off the line, and the tails
are 36 — 24. If ¢ € T', the base is the closure of {(¢,q,T2Uq) : q ¢ £,y C ¢},
type (5) of [16, proof of Theorem A.11]; it contains every embedded I" 3 ¢:
those in the line (when reduced, limits of { N7, No,q;}), N with a transverse
double point at ¢, and V(mg) and V(z — cy?,y3) (chart z = 1). The tails
are 36 — 23: off the line 16 4+ 7, in the line 15 + 6 + 2, and 23 at the three
other orbits (part (T2)). O

A10. For H4(3) = 6, either W has no common factor, and then Lemmas A.3
and A.4 settle every algebra except those over V(m3) with w(p) = 2, as
27+2-7T=41and 2749 = 36; or W = zQ, Q € Gr(4,S2), as a quadric factor
leaves room for three cubics only. Let k = 10 — dim $;Q < 2 (202 = 2). If
k = 0, then S1Q = S3, and Proposition 6.2 applies: K # 0, as D5 C T5 (proof
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of Proposition 6.2), so S10 D5 C Ty has dimension at most 2 dim Dy < 4 < 5.
If k = 1, a cubic G spans (S1Q)*, with S; o G C Q*; two essential variables
would give Q D mS; and dim S1Q < 8, so G = N3, Q is a hyperplane of the
quadrics I(N)s through N, and S1Q = I(N)3; we call N the square point.
If k=2, Q= (Ir)2 with ¢(T") = 2 [15, Lemma 2.16].

Theorem A.11. Every local algebra with Hilbert function (1,3,6,6,4,1) is
smoothable.

Proof. We count all data for each type of top form; strata of exactly the
expected dimension are settled directly. Let Ty(W) = (S;W)*.

F concise. Then Dy = S1 o F & Cu, and with R raw the tails are
154+4+4 =23 (R € Ty, 7(u) and E in T3/ D3; with R modulo Dy they are 19,
and all dimensions below drop by four). The pairs ([F], D3) with SooF' C D3
have dimension at least 20 + 24 — 24, and [u] € P! meets 12 conditions: the
bound is 20 + 11 — 12 + 23 = 42. Over the fat point B = V(mg), W = (Ig)s
and Iy = m} give Dy C 1v4(B) and F € v5(B); with p, [F] € P(v5(B)),
[u] € P(v4(B)/S1 0 F) and the tails, these algebras have dimension at most
2454+24+23=232. For W =1Q, Qkills lo F #0; if lo F = N, then I, N,
[F] € PS, Q C I(N)a, [u] € P? give 2+2+4 6 +4+ 3+ 23 = 40, and otherwise
Q = (Irv)2 with [o F' € vy(T”) [15, Lemma 2.16], giving 2+4+ 7+ 3+23 = 39.

F = X% The data p, D3 > X3, Dy > X* 7, R modulo Dy, E have
dimension 2420433+ 16+ 11 +4 = 86, with 36+ 12 equations: the bound is
38. The tails, with R modulo Dy, are 19 + ¢/, v’ = dim{q : yq,2q € W} < 3.
Counting W with p, D4/ X* and the tails, the fat point gives 2 + 6 + 22, and
W =1Q C I(p)s gives 11 +3 + 22 if ¢ = 10 — dim $1Q = 0, 9+ 6 + 22 if
5 = 1, and, for & = 2, where QQ = (Ip//)g and v’ = dim([l'w : Ip)l; 7+ 9+ 20
ifllp)=0,pgT";54+9+21ifl(p) =0,pel”; 64+9+21if i(p) # 0,
p e I”: at most 37.

F binary. Let F € C[X,Y]5, c =dimS2 0 F € {2,3}, and Z C V(z) the
scheme of the binary apolar generator of degree ¢, so W C Ann(F)3 = (Iz)s.
With Dy = S; 0o F & U’, closedness says z o R € D3, the tails with R raw
are 11 + 8 + 4 = 23 (the same for all W and U’), and the data (W, U’) have
dimension at least 12422 — 24 =10if c=3, and 16 + 22 — 24 = 14 if ¢ = 2.
The fat point gives 4. A factor [ # z gives at most 2+ 6 = 8 if ¢ = 3, as no
derivative of F' is a fourth power (proof of Theorem A.15), so | determines
Q@ = (Irv)2; and at most 12 if ¢ = 2. For W = zQ, T4(W) is the preimage of
(S1Q)* under zo, so U’ € Gr(2,3+¢'), and ' = 0,1,2 give 8 +2, 6+4, 4 +6,
all 10 < 14. For ¢ = 3 we settle them directly. If &' = 0, the binary quartics
killing F' form a space of dimension 3, so § < 2, and Proposition 6.2 gives 38.
If @ CI(N)y or Q= (Ipr)2, the stratum is irreducible with constant tails,
and N, respectively I, may be taken off the line. Then N3 € D3, v+ vo F
is injective on Ny, and the cubic parts of the elements of Ny o M of degree at
most three lie in Ny o Dy C C[X, Y]s, respectively C[X,Y]3 + CN"3, which
does not contain N3: a ray [15, Theorem 2.11(2)].

[15, Proposition 2.2(1)] concludes (script 121_136641_0). O
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Theorem A.12. Every local algebra with Hilbert function (1,3,6,6,3,2) is

smoothable.

Proof. Let V. = Ds; then r € {2,3}, and Dy = S;0oV if r = 3. By
Section A.10 every algebra falls into one of the following cases.

case method local length or
count
W without common excess with weights (Lemmas A.3 at most
factor, B # V(m?) and A.4) 2714+2.-7=41
B =V (m)) four irreducible families, each 37, 36, 39, 41
with an anchor
W=zQ, k=0 Proposition 6.2 at most
36+ 0 <40
k =1, N off the line the proof of Proposition 6.2 with at most
x(y, z)m in place of xm? 38+ 4 <41
k =1, N on the line the same with z(x, z)m; limits 37 to 41; p
with constant tails constant
k=2 a count with V fixed 33, 32 < 34;
38 < 42

The first and third rows are settled in Section A.10. We treat the others in
turn.
The fat point. Let B =V (m3), p = [Z]; then D3 = ZTy, Dy C Z*T) and
V = Z3V. Write g € V as go + Zg1 + cZ? with gy, g1 free of Z. If the go
span two dimensions, then r > 4; if one, » < 3 forces gy to be a multiple of
the square of the g; of the other generator, or of X2 if that ¢; is zero; if none,
V = Z*A. So up to the stabilizer of p, V is (Z°, XZ%) (r = 2, [u] € P3),
(ZP, X273 +bY Z4), (X Z4 X273 + bY Z* + ¢Z°) or (X Z* Y Z*). Part (C)
of script 121_136632_fat checks the seven orbits in these families: (a); (b1),
(b2) for b =0, b # 0; (cl), (c2), (e) forb=c=0,b=0%# ¢, b # 0; and (d).
As Z* € S10V, Lemma A .4 gives only 45. These four families are irreducible,
with tails (7, R), R modulo Dj, of dimensions 15, 15, 12, 14 (part (T)) and
E free, and have members of local length 37, 36, 39, 41 (script 121_136632,
parts (A7)-(Ad)). The members are spanned by T<2, ZT5 and the following
lifts, and they are killed by the triples shown:
o V =(Z5,XZ%: Z* +4X3 XZ3+1V3 YZ3 - 3X%Y, XZ' + X' +
Y3Z, Z° +20X3Z; killed by 23 — 2%, 4% — isz, x2y + y23, of local
length 37;
o V = (75 X273 Z*44X3+4Y3 X273 X27%-2X?%Y, Z°+20( X3+
Y3)Z, X273 — 6X2Y Z; killed by x® — 24, y3 — 24, 2%y + 2222, of
local length 36;
o V =(XZ% X2Z%): Z*+4X3, X 73, X272, X Z* + X*, X273, killed
by 2% — 24, y® + 25, 2%y + y23, of local length 39;
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oV = (XZ4YZY: Z* X7Z3 — X3 - 3X%Y,YZ? - Y3 - 6X?Y,
XZ4—4X37 —12X2Y Z, Y Z* —4Y37Z —24X?Y Z; killed by 23+ 223,
y? +y2d, 2%y + xy? + (x + 2y)23 + 20, of local length 41.

k=1, N off the line. Let N = X, so $1Q = (y, 2)S2, Dy = Ty & CX*,
V C Ts @ CX®, and the quartics killing V are z(y, 2)So @ K", with K"
the binary quartics killing the projection of V to Ts, and z* if V C T5.
Let ¢ be the degree of the greatest common divisor of K”. As K" is the
annihilator in Sy of the projection of S; oV to Ty, of dimension at most
r <3,dim K” > 2 and § < 3. The proof of Proposition 6.2 with z(y, z)m in
place of zm?, as 22%(y, 2)292 = 22 (y, 2)51Q), gives at most 38 + § < 41 (script
121_136632_line, part (K)).

k=1, N on the line. Let N =Y. Then Q is a hyperplane of I(Y)y =
(22, 2y, 2,92, 2%) with $1Q = I(Y)3, and £51Q = (xmy), is the part of
degree four of the ideal of V(xmy), the line with an embedded point at
Y. Hence D} = Ty @ CXY?, Dy C D and V C Ty @ CXY*, the spaces
orthogonal to (zmy )4 and (zmy)s. So (D4, V) are the data in degrees four
and five of an algebra with Hilbert function (1, 3,6, 5, 3, 2) whose cubic base
scheme is the line with an embedded point, and they fall into the six types
(1)—(6) of [16, proof of Theorem A.11]. Two facts hold for every square point
N, on the line or off it.

(Q1) @ contains no mS; with m € Ny: otherwise Q = mS; @ Cq with
m ¢t q, and S1Q = mSy + ¢S1 has dimension 6 +3 — 1 =8, s0 k = 2.

(Q2) By (6), with R modulo Dy, the tails have dimension 4(3 —r) +24 — p,
where p = dim(W - Syz). As W - Syz is the image of W ® Syz — S3,
p = 4dim Syz — dim Ky for the kernel Ky of this map. So, as in Section A.6,
an algebra with IV on the line is smoothable once its graded data lie in an
irreducible family of graded data on which r and p are constant and in which
the data with N off the line are dense: the algebras then form one irreducible
family (Section A.2), its members with NV off the line are smoothable by the
previous paragraph, and [15, Proposition 2.2(1)] applies.

Multiplicities. Let g’ be the greatest common divisor of the binary quartics
killing V, ¢ its degree and p its order at Y. These quartics form the
annihilator in Sy of the projection of S;0V to Ty, of dimension at least 5—3, so
8 < 3. With z(z, 2)m in place of z(y, z)m, as 2?(x, 2)2S2 = 2%(z, 2)51Q, and
with z — ¢z in place of y — ty, under which ¢t #¢'(y,tz) tends to a nonzero
multiple of y® ~#z#, the argument for N off the line bounds the local length
by that of a triple in the monomial ideal z(z, z)m + y% ~#2z#(y, )49 4+ mb.
For (&', ) = (0,0), (1,0), (1,1), (2,0), (2,1), (2,2), (3,0) these lengths are
37, 38, 40, 39, 41, 41, 40 (script 121_136632_1ine2, part (MC)). This settles
r = 2, that is, types (1) and (2): if V = v5(T") for T" in the line, ¢ is the
quadric of T" and 0’ = 2 > pu; if T is the double point at Y transverse to the
line, V = (Y® XY*%), ¢ = z and (&, u) = (1,1). It settles type (6), where
V = (Z°,XY%), ¢ = yz and (§,u) = (2,1), and two of the three kinds
of type (5): over a point of the line and the transverse double point at Y,
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where V = (XY* +b2°,Y® + dZ%) with d # 0, ¢’ = yz and (&, p) = (2,1);
and over V(m2.), where V C Y4T, the quartics killing V' contain 2285, and
i =06 < 2. The normal forms are reached by coordinate changes that fix
the line and Y (script 121_136632_line4, part (MV)).

Limits with constant tails. The remaining types have r = 3 and Dy = S10V.
For a basis Fy, F» of V we write an element v; ® F} + vo ® Fy of Syz as
(v1,v2). For a basis s, s2, s3 of Syz, an element > jwj ® s; of Ky satisfies
two equations in Sy, and as each w; is a multiple of z, they are solved by
divisibility. For instance, if s; = (z,0), s2 = (0,z), s3 = (a,b) with a ¢ Cx,
then zw; + aws = xws + bws = 0 forces w3 = 221, wy = —axl and wy = —bxl
for a linear form [, and these lie in W = 2@ if and only if [{x,a,b) C Q. The
table lists the cases.

type V Syz Ky p
(3)  binary, no fifth (z,0), (0,z), {1:19CQ}=0 12
power (a,b)
(3) (Z5,F), Fbinary (1,0), (0,2),  {1:1{z,5) C Q} 12—
(y, 0) dim ICV
(4) (Y5 F), F binary  (x,0), (2,0), {l:INy C Q} 11
(0, )
(4) (Y5, XY*+ @), G (x,0), (2,0), {l:INy C Q} 11
binary (f%y,m)
(5)  (Y*Z,5cXY* + (z,0), (=5y,2), {N€C: 2 \zz,\(zy — 12 0r 11
10Y322) (=b5ecz, x) cz?) € Q}

In the first row (a,b) = (y, z), since dependent a, b would give a fifth power in
Viand {I:151 CQ}=0by (Ql), as 1S] C Q C I(Y ), forces | € Ny. In the
last row ¢ # 0, and V lies in v5(I'.) for the curvilinear scheme T, of length
three at Y tangent to the line, with (I, )2 = (2, 22,2y — cz?); so p = 11
if @ O (Ir,)2, and p = 12 otherwise. There g’ = 23, so the multiplicities
above do not apply. We now move N off the line. Each move keeps r and p
constant, hence the dimension of the solutions of the closedness equations,
so the given tails extend to the moving graded data; the general member has
its square point off the line, where the case k = 1, N off the line, applies,
and (Q2) concludes.

(i) Type (3), no fifth power. Fix the line x = 0 and the binary pencil V,
with 7 = 3 and no fifth power; then Dy = Sy 0V C Ty is fixed too. Move the
square point: the pairs (IV,Q), with N € P2 and @ a hyperplane of I(N)y
with dim $1Q = 9, form a nonempty open subset of a P*-bundle over P2,
so an irreducible variety in which the pairs with N off the line are dense
(its complement, k = 2, is another case), and Dy C Ty C D} for every pair.
Carry the tails: the first row and its proof hold with I(/N) and Ny in place
of I(Y') and Ny, so p = 12 on the whole variety, and (Q2) applies.

(ii) Type (3), Z° € V. Let oy be the substitution z — x — ty, and put
Ny =Y +tX and Q; = 04+(Q), a hyperplane of o4(1(Y)2) = I(Ny)2 with
dim $1Q; = 9; keep V and Dy = Sy oV C Ty C Dj. The second row holds
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for @; in place of Q, and {I : I{z,y) C Qi} = or({l : l{z,y) C Q}), as oy
preserves (z,y). So p is constant for all ¢t € C, NV, is off the line for ¢ # 0,
and (Q2) applies.

(iii) Type (4). If V = (Y5, F) is binary, we use the data (N, @, [F]), with
N and Q asin (i), F € Ts and V = (N° F) of r = 3: an irreducible variety
in which N off the line is dense, with Dy = S; 0V C Ty + CN* C Dj. If
V = (Y?, XY* + G), we use the curve Ny = Y +tX, Q; = 04(Q), V; =
(NP, (NP —Y?)/5t+G), which tends to V; here S10V; C Dj(t) = (zI(Ny)3)*
for every t (for t # 0 this is Ty ® CN}'), and r = 3 near t = 0. In both
cases V contains N° for the square point N of Q. We show that then
Ky = {l : INy C @}, of dimension one, so that p = 11 on the whole
variety, respectively near ¢ = 0, and (Q2) applies. Let Ny = (mq,ma).
For F; = N°, the elements (v1,0) of Syz are those with v; € Ny; as
dim Syz = 6 —r = 3, Syz is spanned by (m1,0), (m2,0) and an element (v, v)
with v # 0. The equations of Ky are vws = 0 and mjw; + mawsy + aws = 0;
so wg = 0, and (wi,wy) = (moh,—myh) with h € Sy; as wi,wy € (z)
and z divides at most one of mq,mo, h = xl for a linear form [. These
lie in W if and only if INy C @. Write @ = kerp for a linear form ¢
on I(N)2. As Imy,lmy € I(N)2, the conditions are the two functionals
I — @(mql) and [ — @(mal) on S, so the space has dimension at least one.
If they were dependent, some m = am;j + bmgy # 0 would have ¢(msS;) = 0,
that is, mS; C @, against (Q1). So the dimension is exactly one (script
121_136632_kernel, with all parameters symbolic).

(iv) Type (5) overT'.. We use the curve of [16, proof of Theorem A.11], type
(5). Let P(s) = c(s* —t3)X + Y + sZ and I'(t) = {P(t), P(—t), P(2t)}: the
points P(£t) = Y £tZ lie on the line, Ny = P(2t) = 3ct?X +Y +2tZ lies off
it for t # 0, and I'(¢) tends to I'.. Let V; be spanned by the divided differences
fl—t,t] and f[—t,t,2t] of f(s) = P(s)®. Then Vy = (5Y*4Z, 5cXY*+10Y322),
Dy(t) = S10V, Cuy(T'(t)) C Di(t) for every ¢, and r = 3 near t = 0. With
Fy = f[—t,t] and Fy» = f[—t,t,2t], a basis of Syz(V}), polynomial in ¢ and
independent at t = 0, is

S1 = (3370)7 S2 = ( - C(Z + 2ty)a T — 3Ct2y)7 53 = (_y7 Z = Qty)
(script 121_136632_1ine5, part (K)). So p; is the rank of a matrix polynomial
in ¢, and p; > pg near t = 0.

o If Q 2 (Ir,)2, let Qr = {q — q(N1)y? : ¢ € Q} C I(Ny)2, where (V)
is the value of ¢ at (3ct?,1,2t). Here pg = 12 = 4dim Syz is the
maximum, so py = 12 near t = 0.

o If Q = (Ir,)2 ® Cau, let Q¢ = (Ir)2 ® C(q1 — qa(Ny)y?), where
(Iry)2 = (91,92, 93) with g1 = z(z — 3ct?y), g2 = x(z — 2ty), g3 =
2y — cz® + ct?y?. These are the 2 x 2 minors of the matrix with
rows s, $2, 83, on the rows {1,2}, {1,3}, {2,3}, so the two 3 x 3
determinants with a repeated column give g1s3 — go2s2 + g3s1 = 0,
identically in ¢ and c¢. Hence k(t) = g1 ® 53 — g2 ® s2 + g3 ® 51 is a
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kernel vector of the multiplication map (Irq))2 @ Syz(V;) — S2 with
constant coefficients, and k(0) # 0. So xzk(t) is a nonzero element of
Kv,, and near t = 0

11 =po < pr <4dimSyz — 1 = 11.

In both cases dim S1Q: = 9 near t = 0, so V; is the square point of Q¢, and
(Q2) applies along the curve.

These are all cases: type (3) is split by the fifth powers in V, of which
there is at most one as r = 3, and type (5) by the three schemes of length
three in [16, proof of Theorem A.11]. Script 121_136632_moves, part (M),
checks for all parameters that p is constant along moves (i) and (ii); for move
(iv) it certifies po for every ¢ # 0, and the syzygy basis and the kernel vector
used above; move (iii) is 121_136632_kernel. So every algebra with k =1
is smoothable.

k=2: a count with V fized. Here W = x,(I1), for a line £ = V(xy), and
D3 = v3(B,, 1), with B, r = V(x,Ir) as in Theorem A.5, determines (¢,I");
and as (I1)4 = So(I1)2, S20V C D3 means xyoV C v4(T"). These pairs have
dimension A < 3, or 4 if V C v5(¢): if dimxzy oV = 2, T is determined; if
xgoV = Cg, the ([F],¥) with zyo F' = 0 have dimension at most one (V has at
most two fifth powers), and I' > P if g = P*, while otherwise I is unique, as
dimy (') Ny(Te) =41 NT9) < 1. Let r=3, U =S10V,c=dim S, oU.
Then ¢ < 4: if F € V is concise and bo G = «a(b) o F' for the other generator,
the 2 X 2 minors my, ma, m3 of (az ay o= ) kill F', and they contain at least
two independent quadrics: as »_; z;m; = 0 (a determinant with two equal
rows), multiples n;q of one quadric ¢ would give ¢ ; n;z; = 0, so all m;
would vanish and « would be scalar (script 121_136632_k2count, part (Mi)).
Hence ¢ = dim Sy 0 F' = 6 — dim Ann(F')e < 4. If V is binary, S; o U consists
of binary cubics, so ¢ < 4; otherwise two general members are binary with a
common derivative L*, hence aL®+bL*M (as aL®+bM?® would give a concise
combination), and V' = L*A, ¢ = 3. The data D D S;oU, ¢ € Hom(U, T3/D),
¢ € Hom(V,Ty), x € Hom(V,T3/D) of M =T<2® D & {u + p(u)} & {v +
¥(v) + x(v)} have dimension 4(6 — ¢) + 12 4+ 30 + 8, with ¢ raw, and
closedness, a o 1)(v) = p(a ov) modulo D, is 24 conditions: every component
has dimension at least 50 — 4¢ > 34. By duality, over fixed D the solutions
have dimension 26 + &, where ¢ = dim ker(W ® Syz — S%) < 4: this kernel
lies in that of W3 — Sy, (w;) = 3 x;w;, of dimension 12—dim $;W = 128,
if V' has a concise member, and embeds in W otherwise. On the line of a
binary V' = (F1, F3), that is, if ;0 V = 0, Syz is spanned by xy ® F, 2y ® F
and some a ® F} + b® Fy with, say, a ¢ Cz. A kernel element (wy, ws, ws)
then has xpw; + aws = zywa + bws = 0 with w; € W = xy(Ir)2, so it is
(—azgl, —bxel, x31) with I{z¢,a,b) C (Ir)2. These [ form a proper subspace
of S1, as dim(xpS1 + aS1) =5 > 4 = dim(I1)2; so £ < 2 there. So the k =2
points have dimension at most 3 + 26 +4 = 33, or 4 + 26 + 2 = 32 on the
line of a binary V; both are less than 34.
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For r = 2, V = v5(I") with ¢(I") = 2. The data D/v3(I") € Gr(4,8),
[u] in a chart A'2 of P(Ty/S10V), ¢, 1 and x have dimensions 16, 12,
12, 30, 8, and S7 ou C D and closedness are 12 + 24 conditions: every
component has dimension at least 78 — 36 = 42. At the & = 2 points,
[u] € P* and ¢ < 4. Indeed, for a point P of I with (Ip); = (a,b), the
space Kp = {(w,w’) € W2 : aw + bw' = 0} consists of the pairs (bxyl, —azl)
with l{a,b) C (Ir)2, as xy does not divide both a and b; so dim Kp < 2,
as above. The kernel is Kp @ Kq if I" = {P,Q}, and it has dimension
at most 2dim Kp if I is a double point at P, where V = (P5 P*P’) for
some P’. So these points have dimension at most 4 + 4 + 26 + 4 = 38 < 42
(script 121_136632_k2count). So the k& = 2 points fill no component, and
[15, Proposition 2.2(1)] concludes. O

Theorem A.13. Every local algebra with Hilbert function (1,3,6,7,3,1) is
smoothable.

Proof. For each type of top form the algebras form one irreducible family
with a dense linked subset. Let o be the dimension of the linear syzygies of
the net W: 0 <3, 0 = 3 only for W = ¢5; (7<3> = 9 and Gotzmann), and
o > 2 forces a common factor. Say W has (%) if wy, we, w3 + L have local
length at most 41 for a basis of W and some L; by Lemma 2.14, this open
condition settles every algebra with D3 = W+, Script 121_136731, part (C),
checks the arithmetic of the counts below.

F concise. The tails, with R raw, are 15+ 3, the same for all D3; the pairs
([F],Ds3), Sz 0o F C D3, have dimension at least 20 + 21 — 18 = 23, attained
where h = dim Sy 0 F' = 6 (20 + 3), while h = 5,4, 3 give at most 15+ 6 = 21
(a quadric kills F'), 11 +9 = 20 (a pencil), 8 + 12 = 20 (F' € v5(I")). The
member F = XYZ(XY + XZ +YZ), W = (23,13, 23), zero tails lies in
V(x3,13,2%), of length 27.

F binary. With Z as in Theorem A.11, W C (Iz)s3, Dy = S1 o F @ Cu,
and the tails, with R raw, are 18 for all W and u; the bound 12412 -9 = 15,
respectively 15+ 12 — 9 = 18, is attained over ¢ = 0. Over o > 1 the fibre
P(T4(W)/S1 o F') has dimension 3 4+ ¢ < 6, and the nets have dimension
at most 8, respectively 10, by the rank of the coefficients of a syzygy; put
H = (Iz)s, of dimension 7, respectively 8. If they span Sj, a change of basis
of W makes the syzygy zw; + yws + zws = 0, so (wy,wy,ws) lies in the
kernel of H3 — (Iz)4, of dimension 3 -7 — 12 = 9, respectively 3-8 — 13 = 11
(the map is onto, as I is generated in degree at most three): projectively
8, respectively 10. If they span a plane A, then ¢gA C W for a quadric ¢
with Ao (qo F) =0. For go F' = 0, the point [q] € P(Ann(F)s), the plane
A € Gr(2,57) and the third element of W in P(H/qA) give 2+2+4 =8,
respectively 3+ 2+ 5 = 10. For go F' # 0, g o F' is one of the finitely many
cubes in Sy o F' (a line or a plane meets the twisted cubic in finitely many
points), which fixes A and confines [g] to a space of dimension 3, respectively
4: one less. A single coefficient is impossible, as W is a net. So the syzygetic
nets contribute at most 8 + 6 = 14 < 15, respectively 10+ 6 = 16 < 18. For
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each of the five types of Z some net in (Iz)s has (x), with 33 or 31 (part
(A1)).

F = X5, The tails jump (18 + s’ with R raw, 0 < s’ < 2), so we count
all data, with R raw: W € Gr(3,9), Dy/X* € Gr(2,14), 7, R, E give
18 +24 4+ 94 15+ 3 =69, with 18 + 9 equations: the bound 42 is attained
by o = 0 (18 + 6 + 18), while ¢ = 1,2,3 give at most 12 + 8 + 20 = 40,
10 + 10 + 20 = 40, 4 + 12 + 20 = 36. Some W C I(p)3 has (%), with 29 (part
(A1)). O

Theorem A.14. Every local algebra with Hilbert function (1,3,6,7,2,2) is
smoothable.

Proof. We repeat [16, Theorem A.15] with one more cubic. By [15,
Lemma 2.16], Dy, = vi(T'), k = 4,5, {(T') = 2. The data I', D3/v3(T"), Ri1, R
modulo Dy, E7, Es have dimension 4415426+ 6 = 51, and the four columns
>k Uk © Ry, of [15, Theorem C.10] lie in D3: components have dimension at
least 51 — 12 = 39. With the bounds of [15, Theorem C.10] for (R;, R2) and
Ds3/v3(T) € Gr(5 — 0,8 — p), the strata of column rank g = 3,2,1,0 have
dimension at most 44+21+646 =37,4+15+9+6 =34,4+10+1246 = 32,
444+ 1546 =29, and o = 4 gives an irreducible open set of dimension
44264346 = 39 over reduced I'; 3+26+3+6 = 38 over double points. The
anchor My of [15, Theorem C.10], of length 19, lies in a complete intersection
of local length 32. The cubics G = XZ? - XY? and G' = XY Z — %XY2 are
linearly independent modulo D3(Mj) and orthogonal to the cubic parts of
its three equations, so adding them (Section 2.7, twice) keeps the complete
intersection and raises the length to 21: a member (script 121_136722). O

Theorem A.15. Every local algebra with Hilbert function (1,3,6,8,2,1) is
smoothable.

Proof. As Sy 0 F C Dy for D5 = CF, F is a power or binary. If F = X°, we
follow [16, Theorem A.13]: with Dy = (X%, Q) and ® = X° + R+ E, the
space Cp = S10Dy+ (yo R,zo R) C D3 has dimension at most 1+ 3+ 2, so
M = M'& (G,G") with M’ of Hilbert function (1,3,6,6,2,1), and the proof
of [15, Theorem E.12|, case r = 1, with [15, Lemma A.14] gives rays on a
dense subset of a family through A.

Let F € C[X,Y]5. Then Dy = Sy 0o F, W C Ann(F)s, closedness deter-
mines 7 by R and says R L zW, and F is free; so the algebras with this F'
form a vector bundle over Gr(2, Ann(F)3), with coprime pencils dense (g+ 23
and zI? for a binary cubic g € Ann(F)3 and [ { g). Integrating vo F' = P4
shows that a derivative of F is a fourth power only for F = X° +Y?® or X4Y
in suitable coordinates. Otherwise, for coprime W a general quartic of I}
vanishes at no point of B, by (1), and [15, Lemma 3.3] gives 3 -3 -4 = 36.
For F = X° +Y® or X1V, Ann(F)3 = J3 with J = (2,zy) or (z,y?), and
the member with coprime W C J3 and zero tails contains w1, wa, g4 + 16 for
qa € Jy, 1 € 51, of local length 40 (script 121_136821, parts (A1), (A2)). O
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APPENDIX B. SOCLE DEGREE AT LEAST SIX: THE REMAINING CASES

B.1. This appendix proves the eighteen Hilbert functions of Section 7 other
than (1,3,6,3,3,2,1,1,1). Here H4(2) = 6, the socle degree s is at least six,
and, as everywhere in the appendices, the length is twenty-one and all shorter
schemes are smoothable. The first twelve Hilbert functions are settled by
excess linkage, free quartic tails, rays and families with anchors, with linkage
at infinity on a few strata. In the last six, from Section B.19 on, the work
is concentrated in a few graded data over a point [X] of the highest weight
s — 3, or over a line through it.

Two facts are used throughout. A coordinate change v — v+ ¢, where v is
a variable and ¢ a form of degree at least two in the other variables, acts on
inverse systems by exp(V ¢(0)), where V is the variable dual to v; it keeps
the graded data [16, Lemma B.4]. And when the cubic base scheme is a line
z=0and D3 = C[X,Y]s, every Dy, with k > 3 consists of binary forms [16,
proof of Proposition 3.6].

B.2. Three lemmas are used only here. The first lets a point leave along
a line when H4 ends with a long tail of ones, one degree earlier than [15,
Proposition 2.12(2)].

Lemma B.3. Let A be a local algebra with H4(2) = 6 and socle degree s,
and let ko > 3 with Ha(k) =1 for kg <k < s and s > 2ky — 1. Then (y, 2)
is a ray of I in suitable coordinates.

Proof. As s > 2kog—1 > ko+2 (since kg > 3), take Dy, = CX* for kg < k < s,
andlet ® = X*+®,_1+--- be thelift of X*, so that M = (MNT<,)®(z/0® :
Jj < s—kop). Going down from j =s—1to kg+2, yo®;,z0®; € CX7=! and
a gauge by 2577 o ® and the shears y + y + az®* 71 2+ 2 4 b5t [15,
Section 5.17] make ®; = 0; shears with exponent s — ky remove X koy  Xkoz
from ®j,41. Then x5 ko d e ks—o!!XkO + T<opg+1—s With 2kg +1 — 5 <2, s0
Xk e M; and z*oy, zFoz kill M N T<k, by degree and each 27 o @, as the
coefficient of X*0+JY in @4 ;1 vanishes. [15, Lemma 5.4] concludes. O

The next two adapt [15, Corollary D.4] to the top X°Y and [15, Proposi-
tion C.6(a)] to two points.

Lemma B.4. Let A be a local algebra of length d > 20 with Hx(2) = 6,
socle degree seven, Dy = CX®Y, D3 = X2Ty and B = V(m%). Then A is
smoothable.

Proof. Run the proof of [15, Lemma D.3] with y o ®, 25 25y in place of
wo ®, v~ u® and with R = Y*, as [15, Corollary D.4] does with z o ®, 2°,
x°z; its space M" contains £ o ®, 20 ®, and xt o R = z0 R = 0. Then 6;
is a multiple of the coefficient of ® in w; € (y, 2)%2S1, nonzero as y3 € I3,
and the cubics without y® have all binary quadrics as quadratic parts at [X];
so Steps 2 and 3 of [15, Theorem 3.12] with g5 = 25 [15, Remark D.2] give
27+ (6 —3) -4 =39 < 2d. O
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Lemma B.5. Let A be a local algebra with Hx(2) = 6, socle degree seven,
D; = CF with F € (X",Y") and (",F) # 0, Dg C (X6, Y5), D5 C
(X5,Y?) and X* € Dy C(X*,Y*). Then I has a ray along a curve tangent
to the line of X.

Proof. The proof of [15, Proposition C.6(a)] applies to F = X7 or X" + Y7,
with N = M<5 ® CV if Y% € Dg, where ¥ € M has part of degree six Y
(U=yo®/Tif F=X"+Y7). AsxoW¥, 20V have degree at most four, the
quintic part Vs of ¥ lies in (X?, XY Y5 Y4Z), so no element of N contains
X1 or X*Z; and as y o Rg € D5 or y o Rg = 7V for the sextic tail Rg of
F, the monomials of Rg divisible by X2 are still among X% X°Y, X°Z. O

B.6. Over the double point Ty = V(z,5?) at [X] let Ey = v3(Ty) =
(X3,X2Y), and for D D Eglet Ap = {A €Ty :yoAz0A € D}. As
A (yo A, zo A) has kernel CX* and image {(u,v) € D?: zou = youv},
dim Ap = 14+ 2dim D —rank 8p for Sp(u,v) = zou—yow; and rank fp > 3
if D D v3(A) for a line A, as yo or zo maps v3(A) onto va(A), or if
D D v3(Cy) for a curvilinear Cy O I'y of length four (script 121_1366221,
part (B)). If D = X?T} @ E with E spanned by forms Xgo + g3, g; bi-
nary, then X2Q + Xas + a4 € Ap if and only if dy (a3, a4),0z(a3,a4) € E,
and a binary form of positive degree is determined by its gradient; so
dimAp =6+ 2dim E — rg with rg = dim(0zE + Oy E).

Theorem B.7. FEvery local algebra with Hilbert function (1,3,6,3,3,3,1,1)
is smoothable.

Proof. By [15, Lemma 2.16], Dy = vi(T") for k£ = 3,4,5, where I' = B
has length three; D; = CX7, Dg = CX® and [X] € I'. If T is curvilinear,
[15, Corollary 3.15] gives 27 + 3 - 4 = 39. Otherwise I' = V(m%), and [15,
Lemma D.3] applies by the remark after it: 27 + (6 — 3) - 4 = 39. O

Theorem B.8. Fvery local algebra with Hilbert function (1,3,6,3,3,2,2,1)
is smoothable.

Proof. By [15, Lemma 2.16], Dy = v (") for k = 3,4 with I' = B of length
three, and Dy = v (I") for kK = 5,6 with IV C T" of length two. The weights
are 2 off I" and at most 4 on it, so a curvilinear I' gives 27 + 4 - 3 = 39.
If I' = V(m%), then D; = CF with F € v7(I"), so F = X7, where [15,
Lemma D.3] gives 39, or F = X%Y, where Lemma B.4 applies. ([

Theorem B.9. Fvery local algebra with Hilbert function (1,3,6,3,2,2,2,2)
is smoothable.

Proof. By [15, Lemma 2.16], Dy = v(T") for 4 < k < 7 with ¢(I") = 2.
As dimIf = 7 > 6, B D I is finite, of length at most 3% = 3. [15,
Corollary 3.14] with ¢ = 3, s = 7 gives 2s + ¢+ 19 = 36 if B =T near I, and
3s + ¢+ 15 = 39 if B is curvilinear of length three near I'. There remains
one graded datum: B = V(m%), D3 = X?T} and Dy, = (X*, X*~1Y) for
4 < k < 7. We apply Proposition 3.7 at v = [X], the only point of 8. Here
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bs = (1.¢)* and by = (¢,n?) for k = 4,5,6, s0 Ky(Laer) = ((n,€)* pC, p").
This ideal contains 7%, ((p + n), ¢* + p*, of colength 12: on the curve
n? = ¢ + p* = 0 the product ((p+n) of two parameters cuts out 8 on ¢ =0
and 4 on p = —1. So e(K,(Lger)) < 12, part (a) gives e(Lqef) < 27 + 12 =
39 < 42, and part (c) applies (script 121_13632222_fat_param, parts (K),
(J), (W), (T)). In fact the three elements generate a reduction of Ky (Lger),
50 e(Lger) = 39 (part (E)). O

Theorem B.10. Every local algebra A with Hy = (1,3,6,3,2,2,2,1,1) is
smoothable.

Proof. By [15, Lemma 2.16], Dy, = v4(I") for k = 4,5,6 with {(I") = 2,
Dg =CX8® D;=CX", [X] €T, and B D T is finite of length at most three,
as in Theorem B.9. The weights are 5 at [X], 4 at the other point P of ', as
P" ¢ Dy, and 1 off T. For I' = {X, P} this gives at most 27 +5+4+ 1 = 37,
27+ 10+ 4 =41 o0r 27+ 5+ 8 =40, and for I' = T'g with B of length two at
[X], at most 27 + 10 + 1 = 38. There remain three graded data, D3 = v3(*B)
for B =V (z,y3), V(zz — y?,yz,2%), V(m%). By Corollary 3.4 and (5) they
are settled by

(%2, y* 4+ 28, 23 + 2%9?), (222 — xy?, v° + 2B, 22+ 2%y?),
(zy? + 2%, 2% 4+ + 28, zyz + 22+ 232),
of local length 40, 40, 41 (script 121_136322211, part (A)). O

Theorem B.11. Every local algebra A with Hq = (1,3,6,3,2,2,1,1,1,1) is
smoothable.

Proof. Lemma B.3 applies with kg =5 and s =9 = 2k — 1. U

Theorem B.12. Every local algebra A with Hy = (1,3,6,4,2,2,1,1,1) s
smoothable.

Proof. We repeat [16, Theorem 7.1] with D3 = Ey @ K, dim K = 2. As
there, by a closedness computation independent of Ds, the line of X is a ray
unless I' = I’y and the lift of X® has sextic part 6X*Y?2, § # 0; then M is
closed if and only if C5 = i X3Y Z 4+ 2 X3Y? + c3X2Y3 + 4 XY + c5YD
and two cubics, p1 = (6c4XY? + 10c5Y3)/6 and one with linear part z o Hy
in the quartic tail Hy, lie in D3 modulo Ey. As zo: T4 — T3 is onto, the
algebras form two irreducible families: p; = 0, K € Gr(2,8); and 0 # p; € K,
K/Cp; € PS. With weights 5 at [X] and 1 elsewhere, B of length two at
[X] gives 27+ 5-2 4 2 = 39 [15, Lemma A.11]. Length three at [X] needs
K to meet (XY?, X2Z) modulo Ey, which contains 3 of every length-three
scheme at [X] containing I'p: a proper closed condition in both families
(in the second for c5 # 0, as p; then contains Y?). General members are
linked. ([

Theorem B.13. FEvery local algebra with Hilbert function (1,3,6,4,5,1,1)
is smoothable.
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Proof. As Hx(4) = 5 = 48, Gotzmann’s theorem gives D3 = C[X,Y]s,
D, = C[X,Y]; in suitable coordinates [15, proof of Lemma A.11], and
Dj, = CX* for k=5,6. For the lift ® = X6+ P+ Q+ R, yoP,zoP € Dy
give P = P, + ¢X*Z with P, binary, and a gauge and shears with exponent
two remove X°, X4Y, X*Z from P. Then 2?0 ®/30 € X* + D3 + T<2, so
X* € M, while the quartic parts of (y,z) o M liein Cyo P ¥ X*: a ray [15,
Theorem 2.11(2)]. O

Theorem B.14. Every local algebra with Hilbert function (1,3,6,6,3,1,1)
is smoothable.

Proof. Rays settle dense subsets of a few incidences; strata of exactly the
expected dimension are linked by excess, and one family by an anchor. Here
Dy, = CX* for k = 5,6 and X* € U = Dy; as in [16, Theorem C.13], a
gauge and shears make the quintic tail A of ® = X%+ A+ B + C free of
X5, X*Y, X*Z (aspace A of dimension 18), and then Ay = yo A, Ay = z0A
lie in U without X%; let » = dim(Ay, Az). Two rays are used.

(R1) If X* € M, the line of X is a ray [15, Theorem 2.11(2)], as the quartic
parts of (y,z) o M lie in (Ay, Az) # X*.

(R2) Let r > 1, with Az = 0 if r = 1. Suppose that a cubic g with
(9, X3) #0Kkills yoU 4+ 20U + (Axy, Axz), and also Bz if r = 1. Then
some quartic p has (p, Ay) = —(g, By) and (p, Az) = —(g, Bz), as Ay, Az
are independent if r = 2, and Ay # 0= Az if r = 1; and v = g + p has
yu, zu € I. Indeed, g o Ay = 0, as g kills S1 0 Ay = (Axy, Ayy, Ay z), so
(yu) o ® = go Ay + (g9, By) + (p, Ay) = 0; yu kills the lift of R if r =1, as
g kills y o U, and it kills D3 + T<3 by degree; the same holds for zu. As
X3 € M is killed by y and z and (u, X3) # 0, we get u ¢ I + (y,2), and
(y,z) is a ray (4).

If r =0, then A =0, 220 ®/30 € X* + T<y, and (R1) applies.

r = 2. Closedness says V = S;o0U = CX3+ K C D3, K =
<Axy,sz,Ayy,Ayz,Azz>; B,C are free. The pairs (A, Dg) satisfy
20 conditions on A x Gr(5,9), so the bound is 18 + 20 — 20 = 18. Let
p=dimV —1; p> 2 asdimV < 2 would give dim U < dim V by Macaulay’s
bound. If p =5, then dim K = 5,50 X3 ¢ K =yoU + 20U + (Axy, Axz),
and (R2) holds. If p =2, V = 13(T") with ¢(T") = 3 [15, Lemma 2.16], and
a general D3 D V has base scheme I' [15, Lemma A.16]; as e(I') < 4 and
every weight is at most s — 3 = 3, Theorem 2.6 gives 27 + 3 -4 = 39. The
stratum p = 2 is closed, a Gr(3,7)-bundle over its image, so these D3 are
dense in it. If p < 4, respectively p < 3, then I1o A C CX? for a subspace
IT of dimension one, respectively two, of the space L = (zy, xz,9?, yz, 2°)
of quadrics without z2. As ho A € CX3 if and only if A L hMjz, where
M3 = (y,2)S2, and as the quintics of (y,2)?, which contain IIM3, pair
perfectly with A, these A form a space of dimension 18 — dim ITMj3: 9 for
one quadric, and 3, 6 or 5 for a pencil II without common factor, of the form
l{y, z), or I{p1, p2) otherwise (then [ € (y, z)). With the dimensions 4 of P(L)
and 6, < 2, < 3 of these pencils, and the fibres Gr(1,5) and Gr(2,6) of Ds,
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the strata p = 4,3 have dimension at most 4+ 9 +4 =17 and 9+ 8 = 17,
less than 18 (script 121_1366311, part (3b)). So every component has a
dense subset with p =5 or p = 2.

r = 1. After a change fixing X, A is binary and Az = 0; let Uy = (X4, Ay),
Ag = Sy o Uy of dimension dy € {2,3}, and U = Uy @ CR. Closedness
says Ag + OR + CByz C D3, where OR = S1 o R; C and the cubic tail
of the lift of R are free. For fixed A, (R, Ds3) satisfy 12 conditions in
(T4 \ Uo) X GI“(G —dp, 10 — do): the bound is 15 + 4(6 - do) — 12 =27 — 4d,.
Let g = dim(A0+8R)/A0, so that D3/(A0+8R) € GI“(G—do —q,10—dy —q).
If g <2,loR € A for some [ # 0 (dp + 7 parameters). If g <1, Po R C Ay
for a plane P = Lg,so R € {R': S1oR' C Ao} +CL} if Lo ¢ (X,Y) (do+3
in all, with Lg); if Ly € (X,Y), R moves in dimension at most dy + 2. So
the strata ¢ = 2 and ¢ = 1 have dimension at most (dg + 7) + 4(4 — do)
and (do + 3) + 4(5 — dp), both equal to 23 — 3dy < 27 — 4dy. The stratum
g =31is a Gr(3 — dp,7 — dy)-bundle over an open subset of T}, irreducible of
dimension 27 — 4dj.

For dy = 3, every component has its general point in ¢ = 3 or ¢ = 0. If
q = 3, then X3 §é Sy = <AXY7Ayy,Ry,Rz> = yOU+ZOU+<AXY7sz>, as
a relation would put a combination of Ry, Rz in Ag, while X ¢ (Axy, Ayy);
so (R2) holds where Bz ¢ Sy + CX?3, a dense condition, as By runs over
Dj. If ¢ = 0, then U = v4(T") for a collinear I' 5 [X] of length three [15,
Lemma 2.16], a stratum of the expected dimension 15; a general D3 O v3(I)
has base scheme I' [15, Lemma A.16], and Theorem 2.6 gives 27 + 3 - 3 = 36.

For dy = 2, A =Y? or X3Y? (part (2)); then ¢ > 1, as R ¢ Uy = {R':
S10R' C Ap} [15, Lemma 2.16], so the incidence of (R, D3) is irreducible [15,
Lemma 2.18]: its stratum ¢ = 3 is a Gr(1,5)-bundle over an open subset of
Ty, of the bound 19, and the others lie below it. For Y°, So = (Y3 Ry, Rz)
does not contain X3 when ¢ = 3, by the argument for dy = 3, so (R2)
holds on the dense subset where ¢ = 3 and By ¢ (Y3 Ry, Rz, X3). For
X3Y?2 X3 = Ayy/2 lies in y o U, so (R2) is not available; the algebras
form one irreducible family, a vector bundle over the incidence, with the
member R = XZ3 — %X2Y2, B = C = 0, zero tail on R and D3 =
(X3, X%Y, XY Z,XZ%Y?Z 3XY? — Z3), whose ideal contains x2z, zy? +
23— /60, > +y2z2, of local length 2-9+12 = 30: on z = 0, 2% and y(y?+ 2?)
meet in 9; on z = 0, z(y? — 23/60) and y> meet in 3 + 3 -3 (part (5)). This
member is a linkage anchor of the family.

In every case the smoothable algebras are dense in each component of the
families above, and [15, Proposition 2.2(1)] concludes. O

Theorem B.15. Every local algebra with Hilbert function (1,3,6,6,2,2,1)
is smoothable.

Proof. We repeat [16, Theorem C.10] with one more cubic: Dy, = v (T), k =
4,5,((T) =2, Dg =CF. IfT' = {X,Y} and F = X5, [15, Proposition C.6(b)]
gives a ray. If F' is not a power, the general member of the family of [16,
Theorem C.10], now over Gr(6 — n,T3/C), has a curvilinear base scheme of
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length n < 3 [15, Lemma A.16]: 27 +3n < 36. Let F = X% T' = Ty. The
data of [16, Theorem C.10] have dimension 16 + 4 + 30 + 20 = 70, with 4 - 4
conditions: the bound is 54, and the part over a set ¥ of flags has dimension
at most dim ¥ 4+ 4 + 2dim Ap + 20. By [16, proof of Theorem A.14, case
F = X5], B is finite of length at most six or contains a line. With weights
3ex and 1, good flags have B finite with B x curvilinear of length 2, 3, 4:
27+ 645 =238,27+9+4 =40, 27+ 12+ 2 = 41 [16, Lemma 3.2]. The
bad flags have dim ¥ 4+ 2dim Ap < 29: B containing a line (8 +2-10); Bx
curvilinear of length at least five, D3 = 13(C3)®CG (7+20); D3 = X’ @ F,
E € Gr(3,7), dimAp =12 —rp: 12416 if rg > 4; 11+ 18 if rp = 3, a
proper closed condition (script 121_1366221, part (B)); 6 + 20 if rp < 2, as
E then meets the pencils of pairs killed by dz and by dy. The bad part has
dimension at most 29 + 24 = 53 < 54, and [16, Lemma C.6] concludes. [

Theorem B.16. Every local algebra with Hilbert function (1,3,6,5,2,2,2)
is smoothable.

Proof. We repeat [16, Theorem C.8] with one more cubic. If I' = {X, Y},
[15, Proposition C.6(b)] gives a ray. Over I'g the data of [16, Theorem C.8§]
have dimension 15 + 8 + 30 + 20 = 73, with 4 - 5 conditions: the bound is
53, and the part over X has dimension at most dim X 4+ 8 + 2dim Ap + 20.
With weights 3ex and 1 and [15, Lemma A.12], good flags have B x equal
to 'y (27 4+ 6 + 4 = 37), curvilinear of length three (27 + 9 + 2 = 38),
V(m%) (27 + 12 4+ 2 = 41), or curvilinear or a complete intersection of
colength four (27 4+ 12 + 1 = 40). Bad ones have dim ¥ + 2dim Ap < 24:
B x curvilinear of length five (3 + 16); Bx 2 V(m% + a pencil of quadrics),
D3 = X?T1 &CX g ®CG (7+16); B containing a line (54 16). The bad part
has dimension at most 24 4+ 28 = 52 < 53; [16, Lemma C.6] concludes. [

Theorem B.17. Every local algebra with Hilbert function (1,3,6,5,2,2,1,1)
18 smoothable.

Proof. We repeat [16, Theorem C.9] with one more cubic. If I' = { X, Y}, [15,
Proposition C.6(a)] gives a ray. Over 'y, if the coefficient § of X4Y? in the lift
of X7 is not zero, the two families of [16, Theorem C.9] do not involve D3, and
its anchors, of local length 32 and 33 with cubic parts orthogonal to XY Z,
give members of ours when XY 7 is added (Section 2.7; script 121_13652211,
part (E)). If 6 = 0, the data have dimension 15 + 3 + 4 + 30 + 20 = 72, with
4 -5 conditions: the bound is 52, and the part over ¥ has dimension at most
dim X4+ 74+2dim Ap+20. With weights 4ex and 1, good flags have Bx = Iy
(27 + 8 + 4 = 39) or curvilinear of length three (27 4+ 12 + 2 = 41). Bad
ones have dim ¥ + 2dim Ap < 24: D3 = X?T) @ E, with dim Ap = 10 — rp,
which is 6 unless E contains the gradient of a pair (a3, as) # 0, which leaves
8 parameters and dim Ap < 8 (10 + 12, 8 + 16); Bx curvilinear of length
four (7 4+ 16); B infinite (5 + 16). The bad part has dimension at most
24 4+ 27 = 51 < 52; [16, Lemma C.6] concludes. O
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Theorem B.18. Every local algebra with Hilbert function (1,3,6,4,2,2,2,1)
is smoothable.

Proof. The supplement lists the cases of this proof with their certificates
(file COVERAGE_B18_B21_B24.md). Here D;, = (), k = 4,5,6, {(T') = 2,
D7 = CF, and ‘B is finite of length at most four or a line [15, Lemma A.11].
If I' = {X,Y}, Lemma B.5 gives a ray. Over I'y the weight of [X] is 4ex,
and [15, Corollary 3.14] with ¢ = 4 gives 37 if Bx = I'g and 40 if By is
curvilinear of length three. If F = X%Y, after two shears M is closed if and
only if the sextic tail lies in (X, XY, X4Y2 X3Y3), a binary cubic cy lies in
D3, and an affine condition on the quartic tail holds; Fy+ Ccy = v3(B¢) for
a curvilinear B¢ on the line z = 0, and a general D3 has base scheme B¢ [15,
Lemma A.16]: at most 40. Let F' = X". If D3 = X?T} ® C(Xga + g3) with
g3 # 0, then Bx = V(m%), as g3 # 0 lets the cubics of I} have every binary
quadric as quadratic part at [X], and [15, Lemma D.3] gives 27+3-4+1 = 40.
The rest are seven orbits under the stabilizer of I'g and X7: By curvilinear
of length four (two); D3 = X211 & CX g2 with g2 a square (two) or not (two);
D3 = C[X,Y]s. For four, three elements of I* have local length 41, and
Proposition 2.16 with L = I* applies (script 121_13642221, part (B)); for
the other three, elimination with all 120 tail coefficients symbolic gives five
irreducible families [15, Lemma 5.16], with members of local length 41, 39,
38, 36, 41 (part (A)). O

B.19. The last six Hilbert functions share one more device. When the lift
of an extra quartic top form is a free generator, its top form can be moved,
and with it the graded data.

Lemma B.20 (A free quartic). Let M’ C M be a closed subspace of
codimension one that contains T<o & D3, with M = M' & CV for an element
U of degree four. Let Gy be the top form of W, let Dy(M') be the space of
quartic top forms of M', and let Q@ € Ty satisfy S1 o Q C D3. For every t
with G4+ tQ ¢ Dy(M'), the space My = M' & C(¥ + tQ) is closed, with the
graded data of A except Dy, which becomes Dy(M') & C(Gy + tQ)). If the
algebras with the graded data of My are smoothable for all but finitely many
t, then A is smoothable.

Proof. The derivatives of ¥ lie in M and have degree at most three, so they
lie in M NT<3 = T<o ® D3 C M’; so do those of Q. As M NT<s C M,
G4 ¢ Dy(M'), so at most one t is excluded, and dim M; = dim M. By
[15, Lemma 2.3(2)] the spaces M; form a family over an open subset of Al
containing 0, and smoothability is closed [15, Proposition 2.2(1)]. O

Theorem B.21. FEvery local algebra with Hilbert function (1,3,6,4,3,2,2)
is smoothable.

Proof. Excess linkage settles the finite base schemes except two configurations;
there, and on the common line, cubic tails at infinity settle all graded data but
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three, which Lemma B.20 and families with anchors settle. The supplement
lists the cases with their certificates (file COVERAGE_B18_B21_B24.md).

By [15, Lemma 2.16], Dy, = vx(T") for £k = 5,6 and a scheme I" of length
two, so I' C B; by [15, Lemma A.11], B is finite of length at most four, or
D3 = C[X,Y]s. The points of I" have weight s — 3 = 3, the others at most
two.

Finite base scheme. As 37 e, <5 [16, Lemma 3.2], Theorem 2.6 gives
at most 27 + 3er + 2¢’ < 41, with er = 3° crep, and € = 3 41 €p, unless
er =5 and ¢/ = 0. By [15, Lemma A.4] this leaves, up to coordinates: (O1)
= {[X],[Y]}, B=V(m%)U{[Y]}, Dy = (X" Y4 X3L) with L € {Y, Z};
and (02) a double point T'g at [X] in B = V(y?,yz, 23), where substitutions
preserving B leave I'g = V(z,y?) with Dy = (X*, X3Y, X2Z2) or X3Ty,
and I'g = V(y, 2%) with Dy = (X% X327, X222), (X*, X3Z, X3Y + X27?)
or X3Ty. Excess gives 42 on all of them. Except for the two data with
Dy = X3T1, three elements of Lger have local length 40, 40 in (O1) and 38,
41, 41 in (O2) (script 121_1364322, parts (A1), (A2)), for instance zy? + 23,
28+ wyz, 232 + 3 + y2? for Ty = V(2,y?), and Corollary 3.4 applies.

The common line. Now all Dy are binary and I' lies on the line z = 0.
If T = {[X],[Y]}, then Dy = (X% Y% G4), and the torus and X < Y
leave the family G\ = AX3Y + X2Y? + XY? and the data X?Y?, X3Y +
XY3, X3Y, XY3. For G, three elements of Lgef with cubic and sextic
parts independent of A lie in Ann(Mg) for one @ and all A; their ideal
J C Q|z,y, 2z, A] has dimension one and (J : m*) + m = (z,y,2,p) with
p = (9\ — 4)(432)\2 — 1080\ — 677) (script 121_1364322_r2, part (UT)).
So for p(Ag) # 0 the zero set of J near (0, Ag) is the A-line, its local ring
is a one-dimensional complete intersection with the single minimal prime
m, and the local length at \g is the length 40 over C()\); at the roots of
p it is 41 (part (A7)). The data X2Y?2 and X3Y + XY?3 have anchors at
infinity of length 40, and for X Y3, and symmetrically X®Y", the proof of [15,
Proposition C.6(b)] gives a ray, as it uses Dy only through two monomial
conditions (parts (A5), (U8)). If I' = V(z,4?), then Y + Y 4+ uX and the
torus leave Gy € {Y* + X2Y2, Y4 XY3, X2Y?}, the first three with anchors
at infinity of length 41.

Three data with e(Lgef) = 42: N1, N2 = (02) with Dy = X3T} and
I'o = V(z,9%), V(y,2?), and N3 = I' = V(2,y?) on the common line with
G4 = X?Y2. Let Mg be spanned by T<2, D3 and S o @ for the lifts ®
of Dg (derivatives of all orders, the lifts included). If Mg # M, then
dim Mg = 20, and Lemma B.20 with Q = X222, X272, Y* moves Dy,
for ¢t # 0, into the settled orbits of (X*, X3Y, X?22) (by Z — Z — X/(2t)),
(X4, X3Z, X3Y +X272) and Y44+ X2Y2. If Mg = M, write Dg = (X5 X°L),
Dy = (X* X3L, H) with (L,H) = (Y, X32), (Z, X3Y), (Y, X?Y?), and lifts
O =X+ A4+ B +C1, Py= XL+ P+ By+Co, UV =H+r7. Let | be
the variable dual to L and o the other variable among y, z. Closedness is
equivalent to four linear conditions on the quintic tails (A4, P), namely that
the quartic parts of lo®1, 00®1, 00 Py and loPy —x 0Py /6, which have degree
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at most four, lie in Dy, and four cubic conditions, linear in (B, Bo, 7) with
coefficients depending on (A, P); the cubic tails C; are free. The solutions
(A, P) form a ten-dimensional space, the sum of the seven-dimensional space
reached by gauges ®; — ®; — cx o ®; and the shears v — v + cx? (v=uy,2),
o +— o0+ dzl, and of an explicit monomial complement (rq,ry,73) (script
121_1364322_r1, part (U10); the shears act by [16, Lemma B.4]); so we
may take (A, P) = > p;r;. The coefficients of H in the quartic parts of the
four derivatives above are linear in p, and the algebra is non-free, Mg = M,
exactly when one of them is nonzero. With p symbolic, the cubic system
has constant rank on each irreducible component of the consistent non-free
locus (part (U12)): two components for N1 and for N2, sharing the points
(0,0,1), resp. (0,1,0), and one for N3, containing (1,0,0). Over each the
algebras form an affine bundle, and members at these points have triples of
local length 39, 39, 38 (part (A12)); Section 2.4 concludes. O

Theorem B.22. FEvery local algebra with Hilbert function (1,3,6,4,3,3,1)
is smoothable.

Proof. Over a finite base scheme of multiplicity five, free quartic tails, the
tangent cone, a rerun of [15, Corollary D.4] and one family with an anchor
settle the strata where excess gives 42; on the common line a point leaves
along a parabola.

By [15, Lemma 2.16], Dy, = v4(T") for k = 4,5 and F € v4(I") for a scheme
I' C B of length three, and by [15, Lemma A.11] D3 = C[X,Y]s, or B is
finite of length at most four. In the finite case >°, e, <5 [15, Lemma A.4];
if 37, ep < 4, excess gives 27 + 3 -4 = 39, and otherwise, up to coordinates,
B = B4 with local ideal (n?,n¢,¢3) at [X], or B = B = V(m%) U{[Y]}
(script 121_1364331). Then: (i) on Bp with I' fat, k([Y]) = 4 and excess
gives 27 +3 -4 + 1 = 40; (ii) if F = X°, free quartic tails apply, with rank
three (part (D3)), and give 37; (iii) on Bp with I" a double point and [Y],
and F # X° the tangent cone (Proposition 2.16(b) with L = I*) gives
27 4+ 10 4+ 3 = 40, or 41 if F = Y° through Proposition 3.7(a), as the
flag of base schemes does not depend on F' (part (W)); (iv) on B4 with
I' = V(n+ac?,¢3) curvilinear and F # X6, it gives 27 + 14 = 41; (v) on B4
with T' fat, F = X°L modulo X%. If L ¢ (X, Z), we bring F to X°Y and
rerun the proof of [15, Corollary D.4] with y o ®, 2%, 2%, R = Y* in place
of z0®, x5 x5z; the cubics of I} without y3 generate the local ideal of B 4,
and the bound is 27 + 2 -5 = 37 (part (D4)). If L € (X, Z), then F = X°Z,
the algebras form one family over A%® (part (F), elimination with constant
pivots), and its member ® = X7 + Z* ¥ = X*Y contains 2y% + zyz,
523 — x®, xy? — 2222, of local length 38, a linkage anchor of the family.

The common line. Now I5 = 2S5, all Dy are binary, I' = V(z,q) for
a binary cubic ¢, and we choose coordinates with ¢(0,1) # 0. The lifts
of the quartics and quintics are v + Z(ps o v) and v 4 g(v) + Z(p2 o v) +
x(v), with g(v) binary, x(v) divisible by Z, and one binary quadric p;
(script 121_1364331_line, part (L)); the change z — z — pa(z, y), acting by
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exp(—Zp2(0)), removes the terms Z(pyov). Then closedness is linear in all the
tails, g, x and those of the sextic lift ® = F'+ A5+ By + C3, so for fixed (q, F')
the normalized algebras form a linear space Lq p (part (S)). Choose a binary
quartic p4 and a binary quintic ps with (zpy,v) = —(zq, g(v)) for v € D5 and
(xps, F) = —(xq, By) — (xp4, As) (possible: zo is injective on D5, as Y° ¢ Dy,
and Fx # 0), and put u = ¢ + ps + ps. Comparing degrees, zu € I, and zu
and y?u pair to zero with every basis element of M except ®, with which
they pair to k and h. If k = ah for some a, then u € (I : (x,z — ay?)), and
U =Y34+6aYZ € M satisfies oW = (z—ay?)o¥ = 0 # (u, ¥) = 6¢(0, 1), so
u ¢ I+ (z, z—ay?), and a point leaves along the parabola = = 0, z = ay? (4).
If F = P%, then k = 0 for every tail. Otherwise h is a polynomial function
on Ly p, nonzero at an explicit point (part (P)), so the rays are dense in
L, r, and [15, Proposition 2.2(1)] concludes. (Script 121_1364331_line_u
checks the construction of v with all tails symbolic, for four sample cubics
q covering the three root types, each with a sample non-power top and the
top X6.) O

Theorem B.23. Every local algebra with Hilbert function (1,3,6,4,4,2,1)
is smoothable.

Proof. Finite base schemes are treated as in Theorem B.22; on the common
line a point leaves along a line or a parabola, or an irreducible family has an
anchor.

Finite base scheme (script 121_1364421). By [15, Lemma A.11], 9B is
finite of length at most four or D3 = C[X,Y]s. If 37 e, < 4, excess gives 39.
Otherwise B = B4 or Bp as in Theorem B.22, D3 = v3(B), Dy = v4(B),
and k(p) = 6 or 5 according as P® € D5 or not. On B 4: if X5 ¢ Dj, excess
gives 27 +2-5 = 37; otherwise F' = a X%+ X°L, and F = X5 gives 37 by free
quartic tails, a transverse L gives 37 by the rerun of [15, Corollary D.4], and
L = Z gives one family over A3 with an anchor of local length 33. On Bp:
excess gives at most 27 +2-4 +3 =38 if X° ¢ D5, and 27+ 3 -4+ 2 =41
if X5 € D5 # Y% if Dy = (X5,Y%), then F = aX% +bY% and F = X©
gives 37, ab # 0 one family with an anchor of length 34, and F = Y two
irreducible components with anchors of length 35 and 33.

The common line, F not a power. Here Dy = Sy o0 F, G =
(Fxx,Fxy,Fyy) C Dy, and every algebra is T<o+C[X, Y]s+{v+p(v) : v €
Dy} + (Px, Py, P) with P = F + Ayg+ Zay + B4+ Cs, where Ay € C[X,Y]s,
ay € C[X,Y]y4, By € Ty, and C5 and the values of ¢ are divisible by Z;
closedness says that as € Dy, ¢(F;j) = Z(aa)i; and (Bs)z — ¢(aa) is binary,
and the other tails are free. If dimG = 3, the algebras form an affine
bundle of constant rank over the irreducible incidence of pairs (F, Dy) with
G C Dy (its free data are ag € Dy, ¢ on a complement of G, Ay, C3, and
the binary parts of By and of (By)z — ¢(a4)); its member F = X3Y3,
Dy = (X4 X3Y, X2Y2, XY?), p(X*) = 12Y2Z contains zyz, 222 + 23 — y*,
y?z + 23 — 2%, of local length 36. If dimG = 2, then FF = X% + Y% or
X?Y, a shear removes Zay, and the algebras form one irreducible family, as
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X?Y is a limit of secant sextics, with a member of local length 40 (script
121_1364421_line).

The common line, F = X5, Then Ds = (X% H) with H binary, and a
shear z — z 4+ v'2% makes the quintic tail of the lift of X% binary. Unless
Ds is the tangent pencil (X®, X*Y), a change Y ~ Y + X removes the
term X?Y from H, and a shear y — y + v2? removes it from that quintic
tail; then X* € M and 2%y, 2%z € I, and [15, Lemma 5.4] with k = 4
gives a ray along the line of [X]. In the tangent pencil D5 = (X°, X1Y),
two shears bring M to the form T<y + C[X,Y]3 + {v+ ¢(v)} + (Px,Q, P)
with P = XS+ A+ B+ 2Zb+C, Q = X*Y + g+ x, with A a binary
quintic, B and g binary quartics, b a binary cubic, C' and x divisible by Z,
o(X*) = p(X3Y) =0 and Dy = (y?p)* N C[X, Y]y for a binary quadric p;
closedness is Ay € Dy and ¢(Ay) = Zby. For w = Ay modulo (X*, X3Y),
the loci w = 0 and w # 0 are images of irreducible parameter spaces, as the
pairs (p,w) with Ay € Dy form an irreducible quadric and, for fixed w, the
condition ¢(Ay) = Zby is linear in (¢, b) of constant rank on each locus
(script 121_1364421_tangent, part (I)); on a dense open subset of each,
p = l1lo with distinct factors not proportional to y. For a factor [, with other
factor I, a corrected cubic u = y2I' +ps+c52° has lu € I, and (z —ay®)u € T
if and only if £ = ah for two explicit numbers k, h. Both h vanish only if
w = 0, and then both k vanish, as ¢(Ay) = 0 forces b € CX3. So one factor
gives a ray (I, z — ay?), detected by ¥ = L3 + 6aLZ for the binary linear
form L with lo L =0 and yo L =1 (it exists, as [ is not proportional to y;
then (2 — ay?) o ¥ = 6aL(1 — (yo L)?) = 0), and closedness on each stratum
concludes (script 121_1364421_tangent, all tails symbolic). O

Theorem B.24. Every local algebra with Hilbert function (1,3,6,4,3,2,1,1)
is smoothable.

Proof. Here D7 = CX7, so [X] € B has weight four, and at most one other
point has weight three. The supplement lists the cases with their certificates
(file COVERAGE_B18_B21_B24.md).

A free cubic. If D3 & N =mo M + T<g, then M = M' ® CG with M’
of type (1,3,6,3,3,2,1,1) [15, Lemma A.15], whose cubic data are v3(I")
for a scheme I of length three [15, Lemma 2.16]. Replacing G by a general
cubic gives an irreducible family [15, Lemma A.14] whose general member
has B =TI [15, Lemma A.16], and excess, with free quartic tails if I is fat,
gives at most 39.

Finite base scheme. Now £(B) < 4 and 3_, e, < 5. Excess, with free
quartic tails where their rank, 1 + o for ¢ the socle dimension of B at [X]
(for £(B) = 4 by [15, Lemma A.3], for the fat point of length three directly),
is three, gives at most 41 except in six configurations of length four, with
bounds 42, 43 (script 121_13643211). On three of them the tangent cone
gives at most 41 through Proposition 3.7(a), except on two special flags. Five
residual strata remain: B curvilinear of length four at [X] with a special flag;
[X] with a fat point of weight three; a fat point at [X] with a point of weight
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three; (u?, uv, v3) at [X]; and (u?,v?) at [X] with Dy = X3T}. They have two
normal forms each, seven for (u?, uv,v?). For each we write the lifts with tails
avoiding the pivot monomials and eliminate closedness with constant pivots
(scripts 121_13643211_fam, 121_13643211_fam2, 121_13643211_fam3); the
residual equations, of the shape a - (---) = 0, cover the algebras by 24, resp.
27 for (u?, uv,v?), irreducible families, each with a member of local length
between 34 and 40.

The common line. Now all Dy, are binary and D5 = (X, T') with no X® in
T. Exactly one of the following holds: (R) (X%, T, Ty) has dimension three;
(S) T = AM? modulo X°, M ¢ CX; (T) T = X*L modulo X°, L ¢ CX
(script 121_13643211_cl_ray, part (0)). In (R), and in (S) with 7' = Y® let
p4 be a binary quartic with (ps, Tx) = (ps, Ty') = 0 and (pg, X*) = 1. After
four shears v — v+ka’ (v =1y, 2, j = 2,3) normalizing the sextic and quintic
tails of the lift of X7, py o M C C[X] (part (1), all coefficients symbolic);
sops € (I:(y,2)), while X* € M (it is 23 o ®/210 up to a binary cubic
and lower terms, which lie in M) pairs to 1 with py and to 0 with I + (y, 2):
a ray, for every algebra. In (T), Dy = (X% X*Y) and Dy = (X%, X3Y, R)
with R € {Y* X2Y2 +Y* XY3 X2Y?}; for each R the normalized algebras
lie in three irreducible families, the third in the closure of the first, with
members of local length 39, 41, 40 (script 121_13643211_cl_tangent). O

Theorem B.25. Every local algebra with Hilbert function (1,3,6,5,4,1,1)
is smoothable.

Proof. Here Dg = CX® D5 = CX?®, so [X] € B has weight three and every
other point weight at most two. Let ® = X% 4+ P + R + E be the lift of
X6: the shears y — y + az?, z — z + bx? add 30X*(aY + bZ) to P, and a
gauge removes X°. If afterwards 22 o P € D3 and X* ¢ (y o P,z o P), then
X* € M\ Nx oM, aray [15, Theorem 2.11(2)].

A common linear factor. By [15, Lemma A.12], 9B is finite, or a line
A = V(z) with a point, isolated or embedded, or a line with D3 = v3(A) & CG.
A quartic with all derivatives in D3 has z-derivative a multiple of a cube L3;
so Dy is binary, or the point of 9B is [L]. In each case closedness restricts P to
an explicit space, and after the shears the criterion gives a ray, except when
the point is embedded at [X]; there P = Pb+cX3YZ+%X?’Z2 with P, binary,
and the ray needs a = ¢ = 0. If a # 0, then the substitution Z — Z — (c¢/a)Y
makes ¢ = 0, and the family with L; = X +tZ, D3(t) = C[X,Y]s ® C(L} —
X3)/(3t), P, = Py+a(L? — X5 —5tX%7)/(20t?) and correspondingly moved
quartic lifts (when yo P, € CX*, after correcting R by a regular right inverse
of R +— yo R modulo D3(t)) is closed for every ¢, equals M at ¢ = 0, and has
the point [L;] off the line for ¢ # 0; if a = 0 # ¢, an explicit family moves A
into the case a # 0 (scripts 121_1365411, 121_1365411_line; the rays by
the colon criterion in 121_1365411_rays).

Finite base scheme. As }7,e, < £(B) +1 < 6 [16, Lemma 3.2], excess
gives at most 41 unless the germ of B at [X] is the fat point with a residual
scheme of length two, curvilinear of length five, (u?, uw, w?) with at most one
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more point, non-curvilinear of length five and not a complete intersection,
or a non-curvilinear complete intersection of length five. In the first, third
and fourth cases with ¢(B) = 5, the socle of B at [X] has dimension two,
so the residual of B with respect to mx has length three, the space of
quartics of [15, Lemma D.3] has dimension 15 — (10 — 3) = 8, its kernel
v4(B) has dimension five, and free quartic tails give 27 + 2 - 6 = 39 (script
121_1365411_d3rank); for (u?,uw,w?) alone the rank is three as well, as
otherwise the cubics of I3 would not generate the local ideal, and the bound
is 37 (script 121_1365411, part (B)). If 9B is curvilinear of length five, the
ideal of the proper transforms of I* at [X] contains (w’,u%, p?u, p>w’, p*), of
multiplicity 14 by its Newton polygon, and the tangent cone gives 27414 = 41.
The last case is Proposition 3.11. (]

B.26. The last Hilbert function needs one more variant of free quartic
tails. A quartic tail can add a prescribed quintic direction to the cubic
equations; an operator a chooses that direction, and at a point where a does
not vanish the surfaces separate in degree five. The price is that the cubic
pencil must lie in the kernel of a linear form g, so that its local intersection
length €, replaces the multiplicity e,. In this variant the operator u’ of
[15, Lemma D.3] is replaced by an arbitrary quintic «, no rank condition is
imposed, and cubic tails ride on top as in Lemma 3.9.

Lemma B.27 (Quartic tails along an operator). Let A be a local algebra
of length d with Hx(2) = 6, socle degree siz, Dg = CF, dim I > 3 and B
finite, and suppose that every finite subscheme of A® of length less than
d is smoothable. Let o € Sy and ¢ € Sy satisfy co = (al, F) # 0. Put
Ny ={ve S :{(av,F) =0} and Ko = {R €Ty : Nyo R C D3}, and let
K' C K, be a subspace on which the linear form ¢r: w — (fw, R) on I3 is
not identically zero. For p € ‘B let €, be the colength at p of two general
elements of ker pg, for R general in K', and suppose that every e, is finite.
Let k' (p) = min(k(p), 5) if a does not vanish at p, and k'(p) = k(p) otherwise.
If
27+ Y (K(p) —3)ep < 2d,
peEB

then A is smoothable. If the forms pr, R € K', span a space of dimension
at least three, then e, = e, for every p.

For F = X% a =2° ¢ =1 and K’ = K,, the last sentence gives back [15,
Lemma D.3] in socle degree six.

Proof. We follow the proofs of [15, Lemma D.3] and of Lemma 3.9, with the
functionals o and of. Let ® € M have top form F, and M" = {m € M :
(o, m) = (al,m) = 0}. The two functionals take the values (cy,0) on £o ®
and (x,cg) on @, 50 M = M" @ Clo ® @ CP. Elements of M” have degree at
most five, so M” is closed, and it contains T<o @ D3, the second derivatives
of ® and N,o®. As N, +Cl¢ = S, for R € K’ and C € T3 the spaces

My =M"&C(lo®+AloR+puloC)dC(®+ AR+ uC)
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are closed with the graded data of A, and they form a family over A2
through A [15, Lemma 2.3(2)]. Pairing with this basis shows that their
ideal I, contains I N m®; the element g — )\cal<q4,R> af for every g € I
of order four with leading form q4; and f + A(fa + 6'al) + uq for every
f € I with leading form w € I3 and quartic part fs, where 6 = —pr(w)/co,
0 = ({1, B+ 6{cr, B)) /o and q € S has {g, F) = —(w, C).

Let wy, w2, w3 be general in I3, let f; € I have leading forms w;, let R
be general in K’, and let 6;, 0, be as above; then 03 # 0. Choose L € S;
vanishing at no point of B, and C with (w;,C) = —6;(L5 F), so that
q; = 0;L%; choose g4, g5 € I with general leading forms q4 € I}, g5 € I, and
put a = —{qq, R)/co. For A\ =72 and j = =3 the elements

fi=fit0i(e g +e72(gs + ) + e (aal + L)) + 720 ol

lie in I ,,, and they have the form of Step 2 of the proof of [15, Theorem 3.12],
with the forms qu, g5 + o and a af + L5 in degrees 4, 5, 6. At p € B the first
of these forms that does not vanish has degree k’(p): by generality if k(p) < 5,
and because o or L does not vanish at p if k(p) = 6. Step 2 uses of the cubics
only that w; — (0;/03)ws, i = 1,2, cut out a finite scheme at p, and it bounds
the contribution of p by k’(p) — 3 times its length. These two cubics span
ker pp N (w1, wa, ws). Over the dense open set K = {R € K' : op # 0}
the kernels ker ¢ form a vector bundle of rank dim I3 — 1, whose relative
Grassmannian of pencils is irreducible, and for general R and w; the pair
(R, ker or N (w1, w2, ws)) is a general point of it (a pencil of ker pr and a
cubic outside it span a net). So it lies in the open set where the finitely many
colengths at the points of 9B take their general values, and this length is ¢,,.
For general w; the three surfaces have no common zero outside 8, and Step 3
with [15, Remark D.2] concludes, as in [15, Lemma D.3]. If the ¢r span at
least three dimensions, every pencil of I3 lies in some ker pg, so e, = ¢,. [

Theorem B.28. FEvery local algebra with Hilbert function (1,3,6,5,3,2,1)
is smoothable.

Proof. This profile uses every device. We first separate the algebras with a
free cubic from those whose cubic top forms come from derivatives, D3 C N,
and treat the sector B3. For the others the cubic base scheme is finite or
contains a line. For a finite base scheme, the test of Proposition 3.7(c) on
the flags B3 O By O By at the points of weight three leaves 26 of the
157 configurations, 10 in P2, 6 secant and 10 tangent; free quartic tails,
Lemma B.27, or an irreducible family with an anchor settle them. When the
base scheme contains a line, rays settle most pure tops; the rest form finitely
many orbits and families, in which the free quartic lifts are separated from
those that are derivatives of the sextic lift, and each irreducible family is
paired with a linkage certificate (Lemma 3.13). Table 3 at the end indexes the
cases, and the file B28_COVERAGE.md of the supplement names the certificate
of each.



56 MATEUSZ MICHALEK

Sectors. As dim S7 o Dg < 2, the top form F has at most two essential
variables. If two, then D5 = Sj o F and dim Sy o F' € {2,3}: the value 3
is the sector B3, and 2 means F' = X% + Y% or X%Y, with D5 = v5(I") for
I'" = {[X],[Y]} or the double point V(z,4?). If F = X® then D5 = (X°,G),
and either dim(CX* + S; o G) = 3 (the sector P2), or D5 is (X°,Y") or
(X% X1Y), again v5(I"). When D5 = v5(I"), Dy = vy(I") @ CR; we put
P(R) = v3(I")+ S10 R and ¢ = dim P(R)/v3(I") € {1,2,3}. A point [L] has
weight three exactly when L® € Ds: the points of I, [X] in P2, and none
in B3, where S; o F' contains no fifth power (if v o F' were one, integration
along v would give dim Sy o F' < 2).

B3 and a free cubic. In B3 a finite B has length at most five [15,
Lemma A.12], and excess gives 27 + 2 - 6 = 39; if B contains a line, it
is z =0 and D3 = C[X,Y]3 ® CGjs. For the lift & = F+ R5 + Ry + R3 of F,
closedness then says

zo0Rs=¢qoF forsome q € Clz,y]o, z0R4y —qo Rs € Ds.

As g +— qo F is injective and zo maps T5 onto Ty and Ty onto T3, the Rj
form a vector bundle of rank 9, the R, then an affine space of dimension 10,
and Rj is free: the algebras form a tower of affine bundles over an irreducible
base, with an anchor (script 121_1365321_B3). If D3 Z N =mo M + T<o,
then M = My ® CG3 with M of type (1,3,6,4,3,2,1) [15, Lemma A.15].
For a family of [16, Theorem C.11] containing My, the pairs (M’ , G’) with
M’ in it and G’ ¢ D3(M’) form an irreducible family containing M, an open
subset of its product with T3. Each case of [16, Theorem C.11] gives it a
member in a complete intersection of local length at most 39, after adding
a general cubic, or, at an anchor M, of length 20 in V(fi, f2, f3), a cubic
orthogonal to the three equations [16, Remark 3.7]. Such a cubic exists: as
fi € m>, the three cubic heads impose at most three conditions on T3, which
leaves a space of dimension at least seven, while dim D3(M,) = 4; for G, in
this space outside D3(M,), M, ® CG, has length 21 and lies in V(fi, f2, f3).

Finite base schemes (with D3 C N). Here ¢(%8) < 5 [15, Lemma A.12] and
>opep < L(B) + 1 [16, Lemma 3.2]. If the points of weight three have total
multiplicity F3 < 2, excess gives at most 27 4+ 2 -6 + E3 < 41. Otherwise
Proposition 3.7(c), with the local values bounded over all analytic types of
the flag B3 O B, O By at the points of weight three, where 9, is the base
scheme of I} (157 configurations), gives at most 41 except in 26 configurations
with a non-curvilinear germ of multiplicity at least four there: ten in P2, six
with a secant and ten with a tangent pencil or top (script 121_1365321_wm).
Three devices settle them (script 121_1365321_cfg).

First, when ¢(8) = 5 the rank in [15, Lemma D.3] is at least 1 + o, for o
the socle dimension of B at [X]: the space of quartics there has dimension
5+ dim(Iy : Nx)2 > 5+ (6 — (5 — o)), and the kernel of R — z o R modulo
D3 on it is v4(*B), of dimension five. So free quartic tails give 39 for pure
tops with o > 2 at [X]. The germ (u?, uw,w?) alone also gives rank three,
as in Theorem B.25, and the bound 37. In P2, Dy = CX* + S; o G is never
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X3Ty, as that would put G in X*T (part (U1)); so By is not the fat point
at [X], and the remaining germ (uw,u? — w?) of P2 has the local value 14
(121_1365321_wm, parts (Ul), (U4)), 41 in all.

Second, Lemma B.27, with €, bounded through the conic that contains B
or by an exact computation on each orbit, gives at most 41 in the following
cases, with K/ = K, unless said otherwise. For a pure top with the heavy
germ at the point [Y] # [X] of a secant pencil, take o = b° and ¢ = b for a
linear form b with b(X)b(Y) # 0 (part (A2)). For F = X%+ Y5, take the
heavy germ at [X], a = 2° and ¢ = x; the pr span three dimensions by the
rank formula above, so ¢, = e,, and the bound is 27 + 2e[x] + 3efy) < 41
(121_1365321_tq_secant: each configuration is one orbit, part (Ul); the
R span three dimensions, part (U2); bounds 40 and 41, part (A3)). For
the pure tangent pencil and the germ (uw, u? — w?3), take a = b°, £ = b with
b(X) # 0, and K’ = v4(Z) for the scheme Z D B with the local ideal mxb
at [X]; then ey] < 7 (part (U8)). For F = X°Y, take o = 2° + 'y and
¢ =y, where [a o F] is a general point of the line of I or a point of B on it
(part (AT)); this settles the configurations with ¢(8) = 5 in which this line
meets the germ of 9B at [X] only in IV. Finally, for the tangent pencil and
the tangent top, the germs (u?, uw, w?) alone and (uw,u? — w3) have local
value e(K|x](Laef)) < 14 in Proposition 3.7 when By is not the fat point
at [X], hence e(Lger) < 41: up to automorphisms of the germ, the ideals of
colength two and three between bz and m other than m? are those of part
(U1) of 121_1365321_wm (part (U4)), and a triple chosen with b4 in place of
bs D by lies in K[X](Ldef).

Third, the remaining binary tangent configurations, namely (u?, uw, w?)
with a further point, (vw, u3, w?), (u?, vw?, w?) and (u?, vw, w*) with the line
of I'" meeting the germ of B at [X] in length three, and (u?, uw, w3) alone and
(uw, u? — w3) with B, the fat point at [X], all have ¢ < 2, and we settle the
whole sector F' = X°Y, ¢ < 2, D3 C N by families, for every 8. For instance,
for R = X2Y? we have P(R) = (X3, XY, XY?2) and ¢ = 1, and by (3) below
D3 O P(R) + CAyy = C[X,Y]s, with Ayy binary and outside P(R); so ‘B
contains the line z = 0, and these algebras, which have no free cubic, belong
to this sector and not to a finite base scheme. Here Dy = Ey ® CR with
Eo = (X*, X3Y), and the lifts are ® = X°Y + A+ B+C and ¥ = R+, with
A, B, C of degrees 5, 4, 3 and Az = c1 X* + 2 X3Y + c3R. The closedness
conditions are not jointly affine in all tails, but they are triangular, and we
solve them in the order R, A, B.

(1) R is taken modulo Ey, in a locus with given ¢ and given rank rz of
S1 o R modulo binary cubics.

(2) For fixed R, Az € Ey + CR is a linear condition on A of constant
rank 12, as zo maps T5 onto Ty; its solutions are A = Abm+Z(61X4—|—
e2X3Y) + c3 [ RdZ, with Ay, binary.

(3) D3 is then the space N3 of the cubic parts of the elements of de-
gree three of N, namely P(R) + CAyy + Cg if ¢3 = 0, where

2
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g = Bz — c1Axy /5 — c2Axx /20, and P(R) + CAyy if c3 # 0;
the other closedness conditions then hold, with 7 determined modulo
D3 when c¢3 # 0. The condition dim N3 = 5 splits the algebras into
pieces: for ¢ = 1, ¢c3 = 0 with Ayy, g independent modulo P(R);
for =2, (i) c3 =0, Ayy ¢ P(R) and g € P(R) + CAyy, an affine
condition on B of constant rank 5; (ii) c3 = 0, Ayy € P(R), a linear
condition on Ay, of constant rank for given rz, and g ¢ P(R); (iii)
C3 75 0 and Ayy ¢ P(R)
(4) C is free, and so is 7 when ¢3 = 0.
So each piece is an open subset of a tower of affine bundles of constant
rank over a locus of R. These loci are irreducible over C: the locus ¢ < 2
is the image of a vector bundle of rank five over P?, as vo maps T4/Ey
onto T3/(X3, X2Y) for every v # 0; the locus rz = 0 of binary R is linear;
and the loci ¢ < 1 and {q¢ < 2, rz < 1} are irreducible over Q (script
121_1365321_b2t, part (U6)) and contain a smooth rational point, which
lies on only one component over C, and on all its Galois conjugates (script
121_1365321_irr, parts (P1), (P2)). So Lemma 3.13 applies with one
certified member per piece (121_1365321_b2t, parts (A2), (A7)).

Base schemes containing a line. The same family method settles the
binary tangent and secant tops with ¢ < 2 (scripts 121_1365321_b2t,
121_1365321_b2s; for the secant top with (X*,Y*) and (X3,Y?3) above)
and with ¢ = 3, where D3 = P(R) and the algebras form affine bundles over
irreducible bases (121_1365321_b23). For pure tops, [15, Lemma 5.13] with
k = 4 gives a ray along a parabola y = 3222, 2 = Y922 whenever G can be
chosen without the terms X4Y, X*Z and 220 P € Ds, where P is the quintic
tail of the lift of X% without X°, X4Y, X*Z. Over a line the second condition
always holds, and a change = — x+ay achieves the first, except in three cases:
the tangent pencil, the datum D5 = (X®, X*Y + Z5) of P2, and a point of B
embedded in the line (scripts 121_1365321_rays, 121_1365321_r1s). The
datum (X°, X?Y + Z%) forms one irreducible family for each of two normal
forms, with members of local length 35 (121_1365321_p2g): here D3 C N
means that three cubics hi, hs, h3, affine in the tails, span a plane modulo
S1 0 Dy, and as the linear part of every nonzero combination > A;h; has
rank seven (part (Ul)), these algebras form an open subset of the image of a
vector bundle over P?. With a point embedded in the line, P2 still has rays
unless the point lies at [X] and G contains X*Z (121_1365321_r1s), and
the secant pencil has rays except for one datum, with an anchor at infinity
of local length 41 (121_1365321_r1a).

The rays leave the tangent pencil, and P2 with a point embedded at [X] and
X*Z in G. Here the graded data form finitely many orbits and three families
with moduli (rows 23-25 of Table 3). On an orbit the graded data stay
fixed, except that some free algebras are moved into other orbits. The orbits
certified in 121_1365321_rila, 121 1365321 rib and 121 1365321 r1f2
have anchors at infinity of local length 40 or 41 (row 20). In seven further
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orbits the graded tests give 42-44 (rows 21, 22): R = Z*, Y4, X?Y? over
the line z = 0 and the point [Z]; R = X3Z, Y*, X2Y? over this line with
a point embedded at [X]; and R = X3Z over the line y = 0 with a point
embedded at [X]. In the two orbits R = Y4, X2Y? over the line z = 0 with
a point embedded at [Y], where ¢ = 1, they give 44 and 42; these two belong
to row 23. There Lemma B.20 moves the free algebras, whose quartic lift is
not a derivative of the sextic one, into settled orbits (121_1365321_r1fq).
The non-free ones form irreducible families, for fixed R and every D3 C N,
with members of local length 35-39 (121_1365321_p1t; the P'-bundles:
121_1365321_bundle, parts (U0), (U1)). Indeed, D3 C N means that two
cubics hs, hyg, linear in the tails, are independent modulo P(R) and a third
cubic I/ lies in their span, or that hs, hy are dependent and h’ does not.
Here R’ involves the quartic tail of the sextic lift through a nonzero operator
w'y — Nz, and hg, hy are dependent exactly when phs — Ahy € P(R) for
some [\ : p] € P!, which involves the quartic tail of the lift of X*Y through
uy — Az. As every nonzero uy — Az maps Ty onto T3, both pieces are open
subsets of vector bundles over irreducible bases, the second one over P!.
The families with moduli are settled by Lemma 3.13, with D3 moving.
First, let R be binary and D3 O C[X, Y3 in the tangent pencil; this covers the
line z = 0 in case (d) of [15, Lemma A.12] and the family R = [X?Y 24 X V3 +
Y4 with a point embedded at [Y]. Here ¢(R) = 2 unless R is Y* or X2Y?2
up to coordinates. For ¢(R) = 1 the non-free algebras lie in the families
of 121_1365321_p1t above (anchors 35 and 36), and Lemma B.20 with
Q = X2Y?2 or Y* moves the free ones to ¢(R) = 2 (121_1365321_F1F8_f1fr,
part (U9)). For ¢(R) = 2 the non-free algebras form two families, irreducible
over C by the same P!'-argument (over A' x P! for the family in ), with
members of local length 40 (121_1365321_F1F8_finf, 121_1365321_f4; the
bundles: 121_1365321_bundle, parts (U1)—(U3)); the free algebras are the
images of four components of an incidence variety in eleven variables, each of
dimension six (121_1365321_F1F8_f1fr, part (U7)), with members of local
length 40, 40, 41, 40. Each component is geometrically integral of dimension
six. One is linear. For each of the other three, inverting one of the eleven
coordinates gives a graph over six free coordinates, and the component ideal
is the contraction of this graph ideal (script 121_1365321_F1F8_abs, part
(U4); its parts (U2), (U3), absolute primary decompositions, confirm this).
Second, for P2 with G = IX3Y? + X2Y?3 + Y5 4+ X%Z, the algebras form
two irreducible families over the [-line, open subsets of vector bundles over
irreducible bases, with members of local length 34 (121_1365321_F2_family).
Third, in the tangent pencil over the line y = 0 with a point embedded at [X]
and R,, = mX3Z + X22Z% + Z*, the non-free algebras form two families over
the m-line, irreducible by the P'-argument over A' x P!, with members of
local length 35. The free ones move with m by Lemma B.20 with Q = X327,
as Ry, +tX3Z = Ryyyy; and Lemma 3.9, with £ = x + y, the quartic X?Y Z
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in place of R, and C' = 0, gives the elements
Tyz + > + vy — vp — ﬁ(xf) + 5:U4y), zy? — yz® — up, vz + v,

of Ann(My,), with v, = 2232 — 3ma?2? and v, = 62222 — 24, of local length
40 at m = 17/5 and so for all but finitely many m (121_1365321_F1F8_£8).

Case index. Table 3 lists the cases above, in the order of the proof; each
algebra belongs to the first row that applies, and the last column names
the script parts with the certificates (a script name _x there stands for
121_1365321_x). The computational supplement lists every configuration
and family with its data (file B28_COVERAGE.md). The 157 flags and the 26
configurations index the local possibilities over a finite 2%5; the 25 rows of
the table form an ordered list that also covers infinite base schemes and the
families with moduli.

Table 3: The cases of Theorem B.28. Here E5 is the multiplicity of B at

the points of weight three, o the socle dimension of B at [X], and the
bound is the local length of the complete intersection used.

case method bound certificate

all sectors
1 D3 € N (a free cubic) reduction to (1,3,6,4,3,2,1) <39 —
15, Lemma A.15], [16,
Theorem C.11], [16,

Remark 3.7]

2 B3, 9 finite excess; no point of weight <39 —
three

3 B3, B 2V(z) one family, tower of affine =~ <42  _B3 (A)

bundles; anchor
D3 C N, sectors other than B3, B finite

4 B finite, B3 < 2 excess <41 —
5 B finite, E5 > 3, flag Proposition 3.7(c), local <41 _wm (U1)-(U3)
not among the 26 values over the 157 flags

the 26 configurations left by row 5

6 pure top, £(B) = 5, free quartic tails, rank 39 _cfg (S3)
o> 2 at [X] >1+o0

7 pure top, (u?, uw,w®)  free quartic tails, rank three 37 _cfg (S6)
alone

8 P2, (uw,u® —w®) B4 not fat; 41 _cfg (Ul), _wm

Proposition 3.7(c) (U1), (U4)

9 pure secant pencil, Lemma B27, a=0°,0=b <41 _cfg (A2)
heavy germ at [Y]

10 F=X%+Y5 the Lemma B.27, a =2°, { =x; <41 _tq_secant (Ul),
remaining binary secant €, = e, (U2), (A3)
configurations

11 pure tangent pencil, Lemma B.27, K' = vy (Z), 41 _cfg (UB)
(vw, u? — w®) ex) <7

12 tangent pencil or top,  Proposition 3.7(c), local <41 _wm (U1), (U4)
(u?, uw, w®) alone or value < 14

(uw, u? — w®), By not
fat
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Table 3, continued
case method bound certificate
13 F = X°Y, £(B) = 5, Lemma B.27, o = 2° + B2y, <41  _cfg (A7)
the line of I'” meets L=y
Bx only in I
binary tops, every base scheme not treated above
14 binary top, ¢ < 2, not  families in the order R, A, <41 _b2t (U6), (A2),
above (all other binary B; Lemma 3.13 (AT); _b2s (U1),
tangent flags have (A2); _irr
q<2)
15 binary top, g = 3, ‘B affine bundles over S1, S2; 41 _b23 (U1), (U2),
infinite Lemma 3.13 (A3)
pure tops, B containing a line
16 pure top, B D line, ray along a parabola [15, ray _rays (U1)-(U3),
none of the next rows  Lemma 5.13] _r1s (U)
17 P2, two families over P2-bundles 35 _p2g (U1), (A2)
Ds = (X°, X*Y + Z°)
18 P2, embedded point, rays ray _ris (P2eX),
unless it is at [X] and (P2eY)
X'ZeaG
19 secant pencil, embedded rays; one datum by an ray, 41 _rils, _rla (Sx)
point anchor at infinity
20 tangent pencil, or P2 anchors at infinity 40, 41 _rila, _rib, _rif2
with the point at [X]
and X*Z € G: the
orbits with an anchor in
the last column
21 the seven orbits with Lemma B.20 into settled — _rifq
graded value 42-44 orbits
listed in the text, free
22 these seven orbits, families over P'-bundles 35-39 _pit (Ul), (A2);
non-free _bundle (U0), (U1)
23 tangent pencil, R g=1(R=Y" X?Y?): 35, 36; _pit (U1), (A2);
binary, D3 D C[X,Y]s non-free, the families of row 40,41 _F1F8_fifr (U9);
22; free, Lemma B.20 into _F1F8_finf,
q = 2; ¢ = 2: two non-free _F1F8_fifr (U7),
families and four free (U7b), (A8);
components _F1F8_abs (U4);
_f4; _bundle
(U1)-(U3)
24 P2, G=1X3Y?+ two families over the [-line 34 _F2_family
XY 4+Y®+ X'Z
25 tangent pencil, R,, = non-free: two families; free: 35, 40 _F1F8_f8
mX®Z + X?2*>+Z*  Lemmas B.20 and 3.9
U

APPENDIX C. ONE QUADRIC: THE REMAINING CASES

C.1.

This appendix proves Theorem 1.1 for the twenty Hilbert functions

with H4(2) = 5 that Section 8 leaves open. Throughout, s is the socle degree,



62 MATEUSZ MICHALEK

I; = Ca?, f € I has leading form 22, and K, O, Jix = 7(I}), £(v), p, are
as in Sections 2.8, 2.9, 2.11 and 4.2; on the blow-up we use the chart and
the notation g%, ¢” of the proof of Proposition 4.4, and the length formulas
of [16, Lemma 3.14]. When m” C I we make the reductions of Section 4.2
without comment: the binary case I = 225 © xWa, vf = 0, and f with
cubic part in 225;. Each bound below is the local length of a complete
intersection containing the general member of a flat family through A; as it
is less than 42, that member is smoothable (Section 2.4), and so is A [15,
Proposition 2.2(1)].

C.2. A turning operator must satisfy uoM C T<;. One quadratic defect can
be allowed, at the price of one more moving class: we keep the corresponding
quadratic multiple of the moving equation as an extra class. The condition
X Ry € D3 below keeps the products of the fixed cubic classes out of that
class, and this is what keeps the family an ideal of constant colength; without
it, flatness can fail.

Lemma C.3 (Turning past a quadratic defect). Let A = S/I be a local
algebra with I} = Cz? and m" C I for some N > 5, and let f € I have
leading form x®. Let R € Ty be nonzero, let Ry = R(0,Y,Z), and suppose
that XRy € Ds3. Let u € m? satisfy uwo M C T<1 + CR. Then there is an
ideal T C S[t] such that S[t]/Z is a free C[t]-module of rank ¢(A), T|i—o = I,
and L|¢=t, contains f + tou and mV for every tg € C.

Proof. For h € S we have (hu) oG = ho (uoG). Som3u C I, and pu € I
for every p € Sy with (p, R) = 0. The map 220 sends X>T, isomorphically
onto Th; let = € X 2Ty satisfy 22 0o Z = R, and let e(h) = (h,Z) for h € Sy.
Then €(x?p) = (p, R); fix po € Sz with (pg, R) = 1.

Let W C I3 be the space of elements of I3 with no monomial divisible
by x?; it is a complement of 22S;. For w € W and [ € S; we have e(lw) =
(w,l 0 =) = 0. Indeed, write = = X2Z’. Then yo = and z o Z lie in X?Ty,
which pairs to zero with w. Comparing X-free parts in R = 22 o (X2Z')
shows that the X-free part of = is Ry/2, so x 0= = X Ry modulo X277y, and
(w,XRo) =0as XRy € Ds.

Choose g, € I with cubic part exactly w, linearly in w € W, and let

K =span{g, :w € W}+{heInm’: ehy) =0}

It is an ideal, by the previous paragraph and since ¢ vanishes on m°. It
contains m", and I = K @ span{f,zf,yf,2f,pof}, as e(pof) = 1. Put
Q=f+tuand Z|; = K + CQ + S1Q + CppQ. For p € Sy with (p,R) =0
we have pf € K, as e(pf) = (p,R) = 0, and pu € I Nm® C K; and
mpoQ C INm® C K. So Z|; is an ideal. The sum is direct for every ¢, by
comparing the parts of degree two and three and the value of € on the quartic
parts; so the colength is constant, and [15, Lemma 2.3(1)] gives freeness. [J



TWENTY-ONE POINTS IN THREE-SPACE 63

With R = 0 the same construction, without pg, is the turning family [15,
Lemma 4.2]. Without X Ry € D3, € does not vanish on S1W, and K is not
an ideal.

Corollary C.4. [15, Theorem 4.5, [15, Corollaries 4.6 and 4.8] and [15,
Lemma F.4] hold for every u € m® as in Lemma C.3 in place of an element
of (I : m?)Nm3.

Proof. Their proofs use u only through the members of the turning family:
a flat family through I whose member at tg contains f + tou and m®.
Lemma C.3 provides such a family. (In [15, Corollary 4.8], u is also replaced
by u+bz°, which again satisfies the hypothesis of Lemma C.3,asm” C I.) O

Corollary C.5. Let A = S/I be a local algebra with I} = Cx?, m® C I,
D; =CY7 and XY? € Ds, in coordinates with [Y] =V (z, 2).
(a) If some f € I with leading form x* has vy = kz3 with k # 0, then A
is smoothable.
(b) If v = 0 and some u € m3 with uo M C T<y + CY? has m(u3) # 0,
then A is smoothable.
No induction is used.

Proof. Let ® = Y7 + -+ lie in M, so that M = C® & (M N T<s). Every
element of M of degree at most six is mapped by y° into T<1, and y° o ® €
2520 Y2 + T<y; so u = y satisfies Lemma C.3 with R = Y2. Every binary
quintic Ts with T5(Y") = 0 lies in (I : m?), as TsoY” is a multiple of T5(Y)Y 2.

(a) In the coordinates of [15, Theorem 4.5], which fix y and z, we have
u(0,y,2) = y° and J,u = 0, so Gy = g + ty° has cubic part kz3. If the
coefficient of y* or of y32 in g is nonzero, case (2) or (3) of the theorem, with
y and z exchanged, holds for all #; otherwise case (4) holds for ¢ # —g,s.
Corollary C.4 concludes.

(b) For s € C and T equal to y° or to a quintic T5 as above, us = u + sT
still satisfies Lemma C.3 with R = Y2, and 9,us = O,u. The cubic part of
Gy is tm(ug). If m(u3) is not a cube, case (1) holds for t # 0. If w(u3) = I3
with root [V] # [Y], take T' = T with T5(V') # 0, and argue as in the proof
of [15, Corollary 4.8] in coordinates (I,1") with I'(V) # 0: the coefficients of
I'"* and 1I”® in G, are polynomials in t; if one of them is not identically zero,
case (2) or (3) holds for all but finitely many ¢, and otherwise the coefficient
of I’” in case (4) is c(t) + st T5(V)c with ¢ # 0, a nonzero polynomial in ¢
for all but one s. If 7(u3) = cz3 with ¢ # 0, the same argument works with
T = 4°. In each case Corollary C.4 concludes. U

Lemma C.6 (Bad roots). Let m® C I, in the binary case with vy =0, and
let 0 # g € Jy, 0# m € Wa. For a rootv of g let w, = min(ord, m,ord, 6,,).
The general member of a turning family of A lies in a complete intersection
of local length at most 32+ 45", w,, which is at most 40.

Proof. As in [16, Corollary B.2(c)], the turning family of 2%, z € S vanishing
at no root of g, contains f + tz*, K,, and G + vz, G € I N m* with leading



64 MATEUSZ MICHALEK

form of binary part g, which give 2 - 3 - 4 plus 2u, at each root with w, = 0.
At a root v with w = w, > 0, in the analogous chart x = pu’, y = pn, 2 = p,
(f +t2*) is, for general ¢, a unit times (u/ — pay)(v — pa_). On the branch
u' = pay, K,hn = pHy, where Hy(n,0) = ax(n,0)m + 6,, vanishes to order
exactly w at v, so the branch contributes p, + £(Bx/(G* 4 vp?)) < py + 2w,
by [16, Lemma 3.14(b)] for By = C{n — ¢, p}/(H), free of rank w. So
Ao < 2py + 4wy, and Y, wy < degm = 2. O

Lemma C.7 (Weights 4, 4, 5). Let mS C I, in the binary case with ¢ = 0.
Let G € I have order five and a leading form with nonzero binary part g,
and let m € Wy satisfy (m(v), 0, (v)) # (0,0) at every root v of g. Then the
general member of a turning family of A lies in a complete intersection of
local length at most 4 -4 -5/2 = 40.

Proof. As in the proof of Proposition 2.12: for b € S; vanishing at no root of
g, the turning family of b* contains f + tb*, K,, and G, with weighted initial
forms z2 4 B +tb*, xm + 0,, and g (= of weight two, B the binary part of fy).
At a common zero (xg,v) # 0 we have v # 0 and g(v) = 0, the second form
fixes xp, and the first fails for general ¢. [16, Lemma 3.11(a)| concludes. O

Lemma C.8 (Two quartics). Let P,Q € I have order four and leading
forms p,q with w(p) # 0, and let N € I have order k > 5 and a leading
form vanishing at no common root v of w(p) and w(q). Then for general v,
V(f,P,Q+ vN) has local length at most 32 + 2(k — 4) >, t, where i, is
the multiplicity of v as a root of w(p).

Proof. As in [16, Corollary B.2(b)]: the tangent cones meet at the common
roots, which gives 2 -4 - 4; at such a root the local ring of V (f%, P?) is free of
rank 21, over C{p} (proof of Proposition 4.7); and (Q+vN)! = Qi +vpF~4N®
with N% a unit, so [16, Lemma 3.14(b)] gives A, < 2(k — 4) 1. O

Lemma C.9 (Quintic radial costs). Let m” C I, I§ = xSy, vy =0, let P € 1
have order five and a binary leading form p, let b € S1 vanish at no root of
p, and let K € I have cubic part xb?.

(a) If a binary quartic h € (I : m?) vanishes at no root of p, then for
general t the member of the turning family of h lies in V(f+th, K, P),
of local length at most 30 4+ 2 - 5 = 40.

(b) Let z € Sy vanish at a root vy of p, b3z € (I : m?), and p,, = 1
or pe(vg) # 0 for the sextic part pg of P. For general (o,7) the
general member of the turning family of ob3z + 7b° lies in a complete
intersection of local length at most 30 +2 -5+ 1 = 41.

Proof. The tangent cones meet at the roots of p, which gives 2 -3 - 5. In the
chart x = pu’, b = p, z = pw, K eliminates v/, C{w — ¢, p}/(P") is free of
rank j,, and f” = p?¢. (a) (f +th)" = p?(¢ +t h(1,w)) with h(1,w) a unit,
$0 Ay < 2py. (b) (f +0b32 +70%)" = p?H, H = ) + ow + Tp, a unit at the
roots w # 0 for general o. At vy (w = 0), if ¢(0,0) = 0, then for general o
we get H = (unit)(w — ¢(p)) with ¢'(0) = =(9,9(0,0) + 7)/(9w1(0,0) + ),
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and Ay, = 2414, + ord, P"((p), p). As P" = p(1,w) + p7(ps)(1,w) + O(p?),
the coefficient of p here is 9,,p(1,0)¢’(0) 4+ m(pg)(1,0), nonzero for general T
under either hypothesis. So Ay, < 2y, + 1 off a proper closed set of (o, 1),
which the line ¢(og, 79) meets in finitely many points for general (o9, 79). O

C.10. Socle degree five. Here m® C I; a quintic orthogonal to Dj lies in I,
and a cubic h with ho D5 = 0 lies in (I : m?) [15, remark before Corollary 4.9].

Theorem C.11. Ewvery local algebra with Hilbert function (1,3,5,7,3,2) is
smoothable.

Proof. Two quartics link A, unless their common factor is a cubic turning
operator. Here I} = x2S, and dim Jy > 12 — 10 = 2, as dim I} = 12 and
dimzSs = 10. Let h = ged Jy, of degree § < 3. If § < 2, two general
elements of Jy have only the roots of h in common, of total multiplicity &,
and Lemma C.8 with N = [, [ vanishing at no root of h, gives 32 + 44 < 40.
If § = 3, then Jy = hSy has dimension two, so dim(I} NxS3) = 10 and Dj is
binary; so is Ds, as an X-term in F' € D5 would give one in yo F or zo F.
Hence hSy C 254+ 51 - hS; C I, that is, ho D5 = 0: h is a turning operator
of type (b). O

Theorem C.12. Every local algebra with Hilbert function (1,3,5,6,4,2) is
smoothable.

Proof. As dim I3 = 4, Wy = Cry # 0; as dimIj = 11 > 10 = dimxS3,
J4 # 0. Lemma C.6 applies. O

Theorem C.13. Ewvery local algebra with Hilbert function (1,3,5,5,5,2) is
smoothable.

Proof. A slide moves A off the one stratum where weighted linkage fails.
Here W3 is a pencil. If J; # 0, Lemma C.6 applies. If J; = 0, then I = xS53
(both have dimension 10), so Dy = Ty, Dj is binary, 6,, is well defined, and
Js = Dé‘ NSy C I¥ has dimension four. Lemma C.7 applies with 0 # g € J5
and m vanishing at no root of g, if Ws has no common zero, or if Wy = 25,
2(Y) = 0 and g(Y) # 0 for some g; and with a general m = zI’ if some
0m(Y) # 0. There remains Wy = 251, D5 = (Y?,G), 0,,(Y) = 0,2(Y) = 0.
If z0G € CY*, yz20 D5 = 0, and y2? is a turning operator of type (b).
Otherwise take Z; € Sy with (Z4,Y4) # 0= (Z4,20G). As 2Zy, 274 1 Dj
lie in I, p(yz) = Z4, p(2%) = 0 satisfies Lemma 4.6 with E = 0. By
Lemma 4.6 the members have the tangent cone of A, hence the Hilbert
function Hy and Jy = 0; for 7 # 0, 6, + 724 does not vanish at [Y], so they
are smoothable by the case above, and so is A. O

Theorem C.14. Ewvery local algebra with Hilbert function (1,3,5,5,4,3) is
smoothable.

Proof. Here W5 is a pencil and Jy # 0, as dim I} = 11 > 10. Lemma C.6
applies. O
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Theorem C.15. Every local algebra with Hilbert function (1,3,5,4,5,3) is
smoothable.

Proof. Here I3 = x52, Dy = T4, and J; = Dé‘ NS; C _Ig“ has dimension
6 — 3 = 3. Lemma C.7 applies with 0 # g € J; and m € S vanishing at no
root of g. O

Theorem C.16. Every local algebra with Hilbert function (1,3,5,4,4,4) is
smoothable.

Proof. Here I; = xS3 and H4(4) < 4, so Proposition 2.12 applies (local
length 32). O

C.17.  Socle degree siz. Here Dg = CF and M = C® & (M N T<s5) for a lift
® of F; so a sextic orthogonal to F lies in I, and u € m? lies in (I : m?) if
and only if its cubic part kills Dy and uo® € T<;. If Hy4(4) < 4, some P €
has a quartic leading form p4 with p = 7(p4) # 0, as dim I} > 10 = dim xS5.

Theorem C.18. Every local algebra with Hilbert function (1,3,5,6,3,2,1)
is smoothable.

Proof. Here Wy = Cry. If F' is binary, we slide: let ¢(ry) = w, a binary
quintic vanishing at no root of p; as xw 1L F, zw € I, and Proposition 4.7
with k = 5 gives 24 + 8 - 2 = 40. Otherwise a corrected cubic is a turning
operator. As dim S; o F < 2, a linear change keeping C2? and the binary
case gives F = XY® D5 = (Y?, XY*%) and ry € {yz,2%}, as aro 0 F = 0.
Then T = T3 — %xy?’ - %%y‘l is a turning operator of type (b) if T3 is a
cubic divisible by z with 7(T3) # 0 and T3 0 Ps = AgY? + BoXY for the
quintic tail Ps of ®, as 2y% o XY5 = 60Y? and 3* o XY® = 120XY. As
20 Ps € Dy, 2?0 Ps € D3 and 22, xry € I*, the operators z?, 22z, xryz kill
Ps5, and so, modulo Ds,

Ps = X X3Y? + 1o X223 + X (Y 4+ 0Y3Z + pZ*) + Bs,
with Bs binary, if 7 = yz, and the same with pY2Z? in place of pZ* if

ro = 22 (part (N1)). Write ho Bs = 31Y? + B2Y Z + 372 for a binary cubic
h, and take h and T3 as follows:

h e conditions T3
p=0 25 Ba=pB3=0 h
p#0, ro=yz (y?z,y2%) BPoa=0 12ph — B3 x2?
pF#0, =2 (yz%,2%)  B3=0 4ph — Bawyz

In each row there are fewer homogeneous linear conditions than unknowns,
so some h # 0 satisfies them; then T3 0 P; € CY?2 + CXY, and 7(T3) is h,
12p h, 4p h, which is nonzero (script 121_1356321, part (N)). O

Theorem C.19. Every local algebra with Hilbert function (1,3,5,5,4,2,1)
is smoothable.
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Proof. We turn by a power, find a turning operator, or slide. Here W is
a pencil. If it has no common zero, Proposition 4.4 gives 24 + 4 -3 = 36.
Let Wy = 25 with 2(Y) =10, s0 Dy C T, ® CXY* =1 If F is not binary,
then F = XY as in the proof of Theorem C.18, Ps has no term XZ* or
XY?Z2 as zoPs € Dy C Ty ®CXY?3, and the operator T' there works, with
0 # T3 € 2S5 (script 121_1355421, part (b)). If F is binary, take d € S; \ 0
with d o F' zero or not a fifth power (d(L) = 0 if F = L°; otherwise the
first derivatives of F' span a plane, which the cone of fifth powers does not
contain). Then (d o F)* C S5 has no base point and contains T5 vanishing
at no root of p, and 2Ty, dTs L F lie in I. For a linear form X on S;
with kernel Cd, ¢(zl) = A(I)T5 satisfies Lemma 4.6: if Y, ¢;zl; = 0, then
d | >; A(li)c;. Proposition 4.7 with E = Cpy and k = 5 gives 40 (script
121_1355421_slide). O

Theorem C.20. Every local algebra with Hilbert function (1,3,5,5,3,3,1)
is smoothable.

Proof. As for (1,3,5,5,4,2,1), with three normal forms of F'. Here W5 is a
pencil. If it has no common zero, Proposition 4.4 gives 36. Let Wy = [pS)
with zero [Vp]; then zo F € CV{, as (zlpl)o F = 0. If F is binary, p(lpl) = I44,
with ¢4 € Sy vanishing at no root of p, satisfies Lemma 4.6, as zlfy, L F,
and Proposition 4.7 with m = lply, 1 vanishing at no root of p, gives 40.
Otherwise take V) = Y, so F = XY® 4+ G¢ with Gg binary. As Dy, of
dimension three, contains Y* and y? o F ¢ T}, the quintic H = z o G has
dim(Y*,yo H,zo H) < 2, so it is zero, aY® +bL> or aY®+bY*L. Integrating,
after X + X + aY + $Z (which keeps Cx2, I} modulo 225, the cubic part
of f in 2?51 and v7 = 0) and a change of y fixing [Y], F is XY® + Z°,
XY® +Y4Z2 or XY®. A turning operator of type (b) is then 73 + T}, with
Ts € (y?2,y22), resp. (yz? — %:zyQ, 23), subject to one linear condition, and
Ty € Sy; for F = XY it is y2? or 23, as Ds contains Z° or Y4Z modulo
(Y5, XY*4) (script 121_1355331, part (N)). a

Theorem C.21. Every local algebra with Hilbert function (1,3,5,4,5,2,1)
is smoothable.

Proof. As I5 = x53 and Dy = Ty, there is no binary quartic equation; we
use Lemma C.9, with P € [ of leading form p in the four-dimensional
Js = D& N Ss. A binary quartic lies in (I : m?) if and only if it kills F', which
is binary. If F' is not a sixth power, D5 = S7 o F'. If moreover J5 has no
common zero, take 0 # h € Sy with h o F = 0 and p vanishing at no root of
h: Lemma C.9(a) gives 40. If J5 has a common zero [V], then V5 € S o F,
so F =YY%+ Z6 or Y°Z in suitable coordinates, and the turning operator
of the proof of [16, Theorem B.10] applies verbatim: that proof uses only
D3 =Ty, Dy C Ty and D5 = Sy o F (script 120_135_s6 of [16], part (421)).
Let F = Y% 2(Y) = 0; then J5 vanishes at [Y], and b3z € (I : m?). If
some p € Js has a simple root at [Y], Lemma C.9(b) gives 41. Otherwise
Js = 2283, both being of dimension four, D5 = (Y°,Y4Z), and the quintic
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tail of ® is aXY* + By with Bs binary, as z o ® and z o ® have binary
tops. If Bs € Ds, y2? is a turning operator of type (a). If not, take p with
(p, Bs) # 0; pairing P = p + pg + - - -, whose quintic part is p, with ® gives
(p, Bs) + 720 p6(0,1,0) = 0, so ps(Y) # 0, and Lemma C.9(b) gives 41. [

C.22. Socle degree at least seven. If the transverse cubics v + m(I3) of
the elements of I with leading form 2 are all cubes, then 7(I3) is zero,
the binary branch, or a line CI® containing V¢, the cube branch [15, proof of
Theorem 4.12]; otherwise [15, Theorem 2.9] applies.

Theorem C.23. Ewvery local algebra with Hilbert function (1,3,5,5,3,2,1,1)
is smoothable.

Proof. We remove nonzero transverse cubes; in the binary branch the method
depends on the common zero vg of Wy and on J4. Here D7 = CY7, Dg = CY©
[15, Lemma 2.16], [Y] = V(x,2), Jy vanishes at [Y] as Y* € Dy, and
dim Jy > 12 — 10 = 2. Let g = ged Jy, of degree 6.

Nonzero cubes. Let vy = al® # 0 (in the cube branch, for some f). If
the root [V] of [ is not [Y], the proof of [16, Lemma 3.9] works with a
binary quintic T, T5(Y) = 0 # T5(V), in place of 2°: T5 € (I : m?), as
(qTs,Y7) is a multiple of ¢(Y)T5(Y) = 0 for ¢ € So, and in coordinates (I,1")
on the line with I/(V) = 1 the jet Gy = g + tT5 of [15, Theorem 4.5] has
I">-coefficient gys + tT5(V). If [V] = [Y] and some element of I} has a term
xy?, [15, Lemma F.4] or [15, Theorem 4.5] applies, as in the reduction of [16,
Theorem B.16]; otherwise XY? € D3 and Corollary C.5(a) applies.

Binary branch, vy = 0. Here Wy is a pencil and, after the shear of
Section 4.2, f has cubic part in 2S1. (a) If W5 has no common zero, or J4
does not vanish at its common zero vy, Proposition 4.4 gives 24 4+ 4 - 4 = 40.

(b) If Jy vanishes at vy # [Y], we slide at vy and turn elsewhere. Let
Wy = ¢9S1, p € Js general, the leading form py of P € I restricting to it,
and ¢4 € S; vanishing at [Y] and at no other root of p. Then ¢(col) = I/,
satisfies Lemma 4.6 with E = Cpy: the septics of m?l¢, are orthogonal to
Y7, and zl¢4 annihilates Y7 and the sextic tail P; = aXY?® + Bg, Bg binary,
of its lift @ (the part of degree four of f o ® = 0 gives 22 o P; = 0, and
x 0 Ps,z0Ps € Ds force z o Ps € CY?). As the members contain m®, the
turning family of 4% in a member, b vanishing at no root of p, contains f 4 tb%,
K, + 17o(m) and P, for m = cgly, l; vanishing at no root of p. The proofs
of Propositions 4.4 and 4.7 give 4u, at a root v # vg, where m(v) # 0, and
2 - 24y, at vp, each on a nonempty open set of (¢,7): in total 24 + 4 - 4 = 40.

(c) If vg = [Y], then Wy = 2S; and z | g. If § = 1, general p,q € Jy share
only the simple root [Y], and Lemma C.8 with N = ¢® gives 32 + 2 - 4 = 40.

(d) If vg = [Y] and 6 = 2, or § = 3 and 22 { g, we slide by forms of order
six, which need not vanish at [Y]. Let z# be the power of z in g, p = gr € Jy4
with r general, ¢ € J4 vanishing at no root of r, P, € I with leading forms
P4, q4 restricting to p, ¢, and £5 € S5 vanishing neither at [Y] nor at the roots
of p. Then p(z1) = If5 satisfies Lemma 4.6 with E = (py,q4), as xlls 1L Y7,
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and the members contain f, P, @, the K,, + 7¢(m), and, for each root
v # [Y] of g, some Q, € INm?® of order x(v) with leading form not vanishing
at v, where k(v) € {5,6} as .J; vanishes at v and V6 ¢ Dg. For m = zly, [
vanishing neither at [Y] nor at the roots of p, and f = f + 0Q + 3, 0, Qu,
the proof of Proposition 4.7, with p3p(m)?, gives 6u at [Y], and that of
Proposition 4.4 gives 2, at a root of r and (k(v) —2)p, < 4p, at a root of g;
each bound holds on a nonempty open set of (0,0,,7). As p <2, and u=1
if § = 3, the total is at most 24+ 6 +4(d — ) +2(4—0) = 32+ 2u+ 20 < 40.

(e) Otherwise g € {23, 2%y} after a change of y; J; = ¢S; has dimension
two, so Dy = {G € Ty : go G = 0}, and Dj is binary and killed by g.
After shears and a gauge the lift of Y7 is ® = Y7 4+ Bg + XAy + Bs + - - -
with Bs, Bg binary, Bs = dY*Z? + eY3Z3, resp. AY*Z? + BZS, and
Ay = agY* 4+ a1Y3Z + aoY?Z?%, resp. agY* + aY3Z + auZ%, in Dy. If
g = 2%y and A # 0 = B, then a4 = 0: the element (2 — %y:s) o® of M
has degree at most three, and its cubic part is 12a4X Z2 plus a binary cubic,
identically in the tails; it lies in D3 = T5& CXY?2, which contains no element
with a term X Z2. Two kinds of operators « € m? are used for turning. As
T<; is the orthogonal of m?, u € (I : m?) exactly when wo M C T<y: an
ordinary colon operator, as in the cube branches below. A quadratic-defect
operator is allowed one quadratic remainder, uo M C T<; + CY?, and it
need not lie in (I : m?); Lemma C.3 with R = Y2 absorbs the remainder,
as XY?2 € Dy for Wy = 25;. In each of the nine charts below there is a
quadratic-defect operator with m(ug) # 0, and Corollary C.5(b) does the
work. The constants ¢; are explicit in the tails. Where u contains a free
pair (f3,7), one homogeneous linear condition on it remains, the vanishing
of the coefficient of Z2, resp. YZ, in u o ®: with Bs = Z?:o b;YP I Z1 it
reads (12bg — %dQ)ﬁ + 60bsy = 0, (12b4 — %A%B + 60bsy = 0, resp.
12b98 + 12b3y = 0 in rows 3, 6 and 8. It has a nonzero solution, also when it
vanishes identically, and 7(us3) depends injectively on (3, ), so m(usz) # 0. For
instance, in the third row u = Byz% 4+ ~23 — %y‘l — % Y3z, and uo ® =
((12b4 — 2Ld?)B 4 60bs7y) Z* modulo T<; 4+ CY? (script 121_13553211_0,
part (U3), with all tails symbolic). The lift of Y% is a derivative of ®, so its
image under u has degree at most one; every other lift has degree at most
five, so the quadratic part of its image is ug o GG for its top form G € Ds, and
usz o D5 C CY? in every row (part (U3)).
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g chart u 7(us)

22 e#0 B4yt + cyz + ey 2B

22 e=0#d, a2 #0 22 +cixy’ + oy’ 23

2 e=0%#d,aa=0 Byz2+v22 +cyt + Pz By2? +42°

22 Bg=0 23 23

22y A#£0+#B Y22 + iyt + oz + ezt y2?

2y A#0=RB Byz® +72° + eyt + Pz By +2°

22y A=0#DB,a1#0 yz2+cizy’ +cp2? yz?

22y A=0#DB,a; =0 PBy’z+yyz®+ci12* yz(By +vz)

22y Bg=0 yz> yz?
Corollary C.5(b) applies in each chart. O

Theorem C.24. Every local algebra with Hilbert function (1,3,5,5,2,2,2,1)
or (1,3,5,5,2,2,1,1,1) is smoothable, without induction.

Proof. Both Hilbert functions satisfy the hypotheses H4(2) =5, Ha(4) =
Ha(5) = 2 and Ha(6) + Ha(7) + -+ < 3 of [16, Theorem B.14], whose
statement places no restriction on H4(3), and whose proof uses no induction.

O

C.25. From now on H4(3) = 4. In the binary branch I} = xSy, Dy, C T},
for k > 3, and we may assume vy = 0, as for vy, = al® # 0 [15, Lemma F.4]
applies to Ky, q € Ss not vanishing at the root of I. In the cube branch, the
reduction in the proof of [16, Theorem B.16] leaves I = 125 + (vyz, x22, 23),
so Dy, C(Yk Yk=17 yk=272 XY*~1) for k > 3, and adding to f a multiple
of go € I with cubic part z® gives V= Az £ 0; let g1 € I have cubic part
TYZ.

For h € I with leading form 2? and cubic part A\z3 + z(ky? + k'yz +
K'2%) + 22(---), X # 0, a formal change of  makes h = 22 + g(y, 2),
where g = h(&,y,2) and 9;h(&,y,z) = 0 (proof of [15, Theorem 4.5]); as
¢ = —3(ky® + K'yz + K"2%) + O(m?), with [] a coefficient of h,

(M) 'l = 'h=4.  P2g= =2 [lg=["h ifk=0.
By [15, Lemma 4.4], with y and z exchanged, h has type Fg if [y*]g # 0,
Er if [y'lg = 0 # [y°z]g, and Es if [y"]g = [y°2]g = 0 # [y°]g; then A is
smoothable (Section 4.1).

C.26. The binary branch when H(3) =4 and H4(4) < 4. Proposition 4.4
applies with 0 # p € J4 = Di NS, and 7, b vanishing at no root of p. For s = 7
its bound is 24+4-4 = 40. For s = 8, D; = CY" and Dg = CY®, so [Y] costs
min(9,7) —2 = 5 per unit of multiplicity, a root v with x(v) < 7 costs k(v)—2,
and a simple root of a general factor costs 2. If Hy = (1,3,5,4,2,2,2,1,1),
then Dy = ('), 4 < k < 6, for I' 3 [Y] of length two on the line; for
p = hrq, hr the equation of I' on the line and ¢ general, the bound is
24454542+ 2 = 38, as the second point [Q)] of a reduced I" has k =7
(Q7 ¢ D7), or 24+2-5+2+2 =38 if [ = 2[Y]. If H4 = (1,3,5,4,3,2,1,1,1),
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then J; vanishes at [Y]; for h = ged Jy, of degree 6 < 3, z# the power of
z in h, and p = hh' with h’ general, a root v # [Y] of h has k(v) < 6, as
V6 ¢ Dg = CY?", so the bound is 24+5u+4(6—p)+2(4—0) = 32+ u+25 < 41,
This settles the binary branch below; the cube branches need no induction,
and the scripts named check their operator identities with all lower tails
symbolic.

Theorem C.27. Every local algebra with Hilbert function (1,3,5,4,4,2,1,1)
is smoothable.

Theorem C.28. Ewvery local algebra with Hilbert function (1,3,5,4,3,3,1,1)
is smoothable.

Proof of Theorems C.27 and C.28. In the cube branch D7 = CY” and Dg =
CYS, as Dy C(Y',YS5Z, Y522 XY®). The cube-branch argument of the
proof of [16, Theorem B.16] uses only the lift ® of Y7, M = C®+C yo®+(MnN
T<s5) and I3, so it applies verbatim (scripts 121_13544211, 121 13543311,
part (R)). O

Theorem C.29. Every local algebra with Hilbert function (1,3,5,4,3,2,2,1)
is smoothable.

Proof. In the cube branch D5 = v5(T"), D¢ = v4(I") for a double point T
at [Y], with Ir = (z,22%) or (z,22) after z + z + cx, and then F is Y7
or Y6Z, resp. Y7 or XY5 (script 121_13543221_cube, parts (U0), (UF)
and (UY)). Let first F' be Y7 or XY°. Then y° o ® € 2520Y2 + T, resp.
720XY + T<q, and y° o (M NT<g) C T<y; as XY?2 € D3 (needed only for
R = Y?), Lemma C.3 applies with R = Y2, resp. XY, and Corollary C.4
gives an equation of type E, as in the proof of Corollary C.5(a). If F = Y%7,
then XY Z ¢ D3 and Lemma C.3 does not apply; instead, except in the last
case below, I itself contains an equation of type E. After shears and gauges,
O =Y0Z+06Y3Z3 +€Y2Z* 4+ P5 + - - -; the parts of degrees three and two
of ggo® = fo® =gy 0® =0 give [y']gy = —€/15, [y>2]go = —6/20, and, if
§=e=0, [y]f = [¥]g1 = [¥32]g1 = 0, [y®2]f = —e1/60, [y°]g0 = —e2/30
and [y°]g1 = —e3/180, where ey, eo,e3 are the coefficients of X2Y3, Y 74,
XY?2Z2 in Ps. By (7), with k = [2y?]f, in turn: if (6,€) # 0, f + tgo has
type Eg or Er for general t; if k # 0 or e; # 0, f has type Fg or Fr; if
ey # 0, resp. ez # 0, f + tgo, resp. f + tg1, has type Eg for general t; and if
e1 = e3 = e3 = 0, then the X-part of Ps is X (AY* + BY3Z), and
U:xy2 — %y4z— %gf

maps ® into T<1, whatever the lower tails: its quadratic part is 124Y2 +
6BY Z —12AY? —6BY Z = 0 (script 121_13543221_cube, part (UY)). This
suffices: the derivatives of ® span M modulo M NT<5, U commutes with
differentiation, and on an element of degree at most five the only possible

part of degree two of its image is the action of the cubic part zy? on
Ds = (Y5 Y*Z), which is zero. So Uo M C T<y, U € (I : m?), and by
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[15, Lemma F.4], with y and z exchanged, a member of its turning family
contains an equation of type FEg. U

Theorem C.30. Every local algebra with Hilbert function (1,3,5,4,2,2,2,2)
is smoothable.

Proof. Here Dy, = vi(T") for 4 < k < 7; in the cube branch I' is a double
point at [Y], the only P with P* € (Y4, Y3Z,Y22% XVY?3), and Ir = (z,2?)
or (r,z?) after z — z + cx. The first derivatives of the lifts ®, ¥ of
the two top forms span Dg, so u € m® with ug € (Ir)3 lies in (I : m?)
once uo ® uoW € T<y. After shears and gauges this holds for u = yz?
if Ir = (z,2%), and for yz? corrected by multiples of 3*, y° and y?z if
Ir = (z, 2%) (script 121_13542222, parts (O) and (I)). As 7(u3) = y22 is not
a cube, u is a turning operator of type (a). O

Theorem C.31. FEvery local algebra with Hilbert function (1,3,5,4,2,
2,2,1,1) is smoothable.

Proof. In the cube branch I' is a double point at [Y], as in Theorem C.30,
and M is spanned by M N T<s and the derivatives of the lifts ® of Y® and
W of the second top form of Dg. If It = (x, 22), after shears and a gauge an
element U with cubic part 2y? € (Ir)s, corrected by multiples of y*z and y5,
maps ® and W into T<y; so U € (I : m?), and [15, Lemma F.4], with y and 2
exchanged, applies. If It = (z,2?), shears remove all terms with Z from the
sextic tail of ® and the quintic tail of ¥, and yz? is a turning operator of
type (a) (script 121_135422211, parts (I) and (O)). O

Theorem C.32. Every local algebra with Hilbert function (1,3,5,4,3,
2,1,1,1) is smoothable.

Proof. In the cube branch, for the lift ® = Y® + Py + Ps + --- of Y&, whose
derivatives span M modulo M N7T<5, gauges and shears give P; = 0 and
Ps = aX?Y* 4+ 0 XYYZ + BY* 2% 4+ €Y3Z3, with 02 = 4af3 and ae = oe = 0,
as x o P, z0 Ps € Ds (script 121_135432111, part (C)). If a # 0, then
Ps = aY*(X + cZ)?, and z + z + /w, which keeps I}, makes Ps = aX2Y*;
then, and also if a = 3 =€ = 0, ¥z € (I : m?), and in [15, Theorem 4.5],
Gy = g + ty?z falls in case (2) or (3) for general t. Otherwise a = o = 0,
and fod® = gyo® = g 0 ® = 0 give [v*]f = [v*]90 = [¥*]g1 = 0 and
[y°]go = —€/1120; if € = 0 # B, also D5 = (Y5, Y4Z), Py = nX?Y?3 +
X(AY* 4+ BY3Z +CY?Z?) + Bs, [y°]f = —1/3360 and 4C +488[y>2]g1 = 0.
By (7), in turn: f has type Eg if [2y?]f # 0; f + tgo has type E; or Eg if
e # 0; f has type Fr or Eg if n # 0; f 4+ tg; has type E7 if C' # 0. It remains
the case [zy?]f = e = n = C = 0, where 3 # 0 and the X-part of Ps is
X(AY* + BY3Z). Then

U=zy’ - v’z — w5y’

maps ® into T<;, whatever the lower tails: its quadratic part is 124Y?2 +
6BY Z —6BY Z — 12AY? = 0 (script 121_135432111, part (C)); its cubic
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part zy? kills Ds, so, as the derivatives of ® span M modulo M N T<s and
U commutes with differentiation, U o M C T<y. So U € (I : m?), and [15,
Lemma F.4], with y and z exchanged, applies. O

Theorem C.33. Every local algebra with Hilbert function (1,3,5,4,2,
2,1,1,1,1) is smoothable.

Proof. We use the mechanism of [16, Theorem B.14]. By [15, Lemma 2.16],
Dy = CY* for 6 < k < 9 and Dy = v(T) for k = 4,5, with [Y] € T and
It = (z,y2), (z,22) or (2,2?). An element u € m® with uz € (Ir)s lies in
(I : m?) once uo® € T<; for the lift ® = Y + Qg + - -, normalized by
gauges and shears to Qg = Q7 = 0 and Qg a multiple of Z%, Y422, X2Y*4,
respectively. Script 121_1354221111 gives, with all tails symbolic, such u
with 7(u3) equal to yz2, yz(p1z + pay) or 2%(poz + p1y), p1 # 0, so that [15,
Corollary 4.6] applies, except when It = (z, 2%), Q¢ # 0, and Q5 has a term
Y Z* but no term Z5. There it gives u with cubic part 2z and V € (I : m?)
with cubic part zy? and 9,V = y?. The degree-six part of fo® = 0is fzoY?,
so ¢ has no term y3, and by [15, Theorem 2.9] we may assume ¢ = cz%;
in [15, Theorem 4.5] for u + V', with y and z exchanged, G; has cubic part

(c+ 1)z and y*-coefficient co + c1t — %: case (2) holds. O

APPENDIX D. COMPUTATIONS

D.1. This appendix lists the computer calculations, in SageMath 10.7. All
are exact, over Q, polynomial rings over Q, explicitly specified localizations
of them, function fields over Q, or number fields; whenever a parameter is
inverted, the excluded locus is treated separately. Every local length used as
a linkage bound is checked twice in Singular, by a local standard basis and by
stabilization (Section 2.4); fixed truncation colengths, Hilbert functions and
Milnor numbers are computed separately, as the manifest specifies. Identities
“with all tails symbolic” hold in a polynomial ring in all tail coefficients.
We mark universal calculations, valid for all values of the parameters or
exhaustive (U), exact anchors and representatives, which certify one member
while exhaustion and irreducibility are proved in the text (A), and sanity
checks, not used in the proofs (S). A universal calculation is valid on the
stated coefficient rings and charts, and the text explains why these exhaust
the case; agreement with a reference output certifies reproducibility, not a uni-
versal statement. The scripts, their outputs and a manifest accompany this
paper as the archive twenty_one_points_scripts.tar.gz on the author’s
web page, with SHA-256 checksum 6a4ac632cc8927f5d638d7dee6b4739b
3dabbb6edf389c834bb88b353914bb59; a reader verifies them from the ex-
tracted archive with ./run_all.sh, which first checks every delivered file
against SHA256SUMS, and ends with ALL RUNS OK only if the internal checks
of every script passed and every output agrees with its reference output char-
acter by character, except in the elapsed-time fields. It compares the outputs
only with private copies of the checksummed reference outputs and refuses
another reference directory; before anything is deleted, it refuses an output
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directory or log location that coincides with, contains or aliases files of the re-
lease. ./run_all.sh --full also runs 121_1365411_qt and 121_hard_n4,
about twenty minutes each. Scripts are named without the suffix .sage,
and parts by the labels that the scripts print. The files B28_COVERAGE.md
and COVERAGE_B18_B21_B24.md list the cases of Theorems B.28, B.18, B.21
and B.24 with their certificates.

script result establishes

121_classify Tables 1, 2 U: the 254 Hilbert functions of length twenty-one
and their rows

121_general_s6 Cor. 3.4 S: the limit of the magnified line on actual
algebras

121_general_WM Prop. 3.7 S: formula (a) against global computations (F);
A: local bounds on fourteen graded data (B)

121_1365411_qt Prop. 3.11  A: ¢(J) = 41 for seven (a, 8) (J); U+S: the

normal form (N), and J C Ann(Ms) on ten
actual algebras (E)

121_1365411_testc Prop. 3.11 A: Proposition 3.7(c) gives 38 for a general Dy
(A38) and 41 when X3Z € D4 3 X3Y (A41); U:
at least 42 when X3Y, X3Z ¢ D, (U42)

121_explicit_triples Prop. 3.11,  U: the normal form of the cubic data, a =1,

Thm. 7.1 B =0 (N); A: J annihilates Mo for four Dy,

local length 41 (J41); the explicit triples of
Proposition 3.7(c), 38 (A38) and 41 (A41); the
two active-Ds triples of Theorem 7.1, 39 each (C)

121 _map_135_turn Prop. 4.4 A: model triples of local length 24 + 4(s — 3) for
s=5,6,7 (T1)

121_general N1 Prop. 4.4 A: graded extreme members, 36 for s = 6 (G); S:
actual algebras (T)

121_general LD Prop. 6.2 A: the triples of local length 36 + 6§, § < 4 (A),

and twenty actual algebras (C); U: the reduction
identities for the five monomial models (H); S:
S2Q = Sy for two Q = (z o G)*, proved in the

text (H)
121_map_LD Prop. 6.2 S: twelve random triples of Lg, of local length 40
(B), and a special triple of local length 42 (A)
121_136452, 121_136443 Thms. 6.4, S: the proposition on actual algebras
6.5
121_136332111 Thm. 7.1 U: excess bounds, the normal form of an active

Ds, closedness with all tails symbolic (F); A:
random triples 39 for the active data (A), the
triple 41 at infinity (W), the anchor 39 of the fat
stratum (A1)

121_1354422, 121_1354431, Thm. 8.1 S: turned members (< 36) against radial costs

121_1354332 (up to 42)

121_1355322 Thm. 8.3 A+S: slid ideals, triples of local length 40 (B); U:
the four differentiation constants; A: the shapes
and the corrected operator on five seeded
algebras and one explicit algebra (N)

121_13692, 121_13683, Thm. A.5 U+S: the counts and the ray conditions; A: an
121_13674, 121_13665, anchor of local length 36 (121_13683, part (B))
121_13656
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script result establishes
121_136551, 121_136542, Thms. A.7- U: tail dimensions at the orbit representatives; A:
121_136533 A9 the curves moving the embedded point; S:

¢® ¢ D5 when r = 4, on random pencils
(121_136542, (R4)), proved in the text

121_136641_0 Thm. A.11  S: ranks and rays on the strata of expected
dimension (D), (R1), (R2); A: the fat-point
anchor (W)

121_136632, Thm. A.12  U: the seven fat orbits and their tails, kernel

121_136632_fat, dimensions, the ingredients of the count; A:

121_136632_line, anchors 36-41, triples 37-41; A: part (F) of

121_136632_line?2, 121_136632_line at one seeded hyperplane

121_136632_line3, (generic values)

121_136632_line4,

121_136632_lineb,

121_136632_k2count

121_136632_kernel Thm. A.12  U: k=1, N on the line, item (iii): dimKy =1
for every square point N, every @ with
dim $1Q = 9 and every pencil V 3 N® with
r = 3, all parameters symbolic

121_136632_moves Thm. A.12 U: p constant along the four moves of N off the
line, including ¢ = 0 (M); S: the tails formula
against the closedness equations (T), actual
closed algebras (C)

121_136731, 121_136722, Thms. A.13— U: the arithmetic of the counts of 121_136731

121_136821 A.15 (C); A: members with triples of local length
27-40

121_13633311, App. B U+S: the hand arguments on representatives and

121_13633221, actual algebras

121_13632222,

121_1363221111,

121_136422111,

121_1364511, 121_1365222

121_13632222_fat_param Thm. B.9 U: the fat stratum, Ky (Lqef) (K), and a
reduction of it, so e(Ky) =12 (E); A: a
parameter ideal of colength 12 in it (J),
e(Lget) = 39 (W), and a triple of local length 39
()

121_136322211 Thm. B.10  A: triples at infinity of local length 40, 40, 41
(A); S: sampled undeformed triples of local
length greater than 41 (S)

121_1366311, 121_1366221 Thms. B.14, U: normal forms, ranks; A: anchor 30

B.15
121_13652211, 121_13642221 Thms. B.17, U: elimination; A: anchors 32—41
B.18
121_1364322, Thm. B.21  U: excess arithmetic, orbits, saturation in
121_1364322_r1, Q[z, y, 2, A], normalization and the symbolic
121_1364322_r2 systems; A: anchors 38—41
121_1364331, Thm. B.22  U: graded data, ranks, local bounds, elimination,
121_1364331_line the lower module; A: anchor 38
121_1364331_line_u Thm. B.22 U in the tails: the corrected cubic v with all tails
symbolic, for sample (g, F'); S: actual algebras of
the non-normalized family
121_1364421, Thm. B.23  U: graded data, eliminations, the tangent pencil
121_1364421_line, with all tails symbolic; A: anchors 33-40; S: rays

121_1364421_tangent on actual algebras
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script result establishes

121_13643211, Thm. B.24  U: configurations, normal forms, eliminations; A:

121_13643211_fam, anchors 34-40

121_13643211_fam2,

121_13643211_fam3

121_13643211_cl_ray, Thm. B.24  U: the three sectors, ps o M C C[X],

121_13643211_cl_tangent eliminations; A: anchors 39-41

121_1365411 Thm. B.25  U: the local bound 14, rank three; A:
representatives

121_1365411_d3rank, Thm. B.25  S: ranks on random embeddings; the

121_1365411_line, deformations of the common line and the rays on

121_1365411_rays actual algebras

121_1365321_B3 Thm. B.28  U: sufficiency of the closedness conditions of
sector B3 with all data symbolic, and the ranks 9
and 10 (F); S: sampled members and negative
controls (F), no fifth power in S1 o F' (L); A: the
anchor (A)

121_1365321_wm, Thm. B.28  U: the 157 configurations, the 26 configurations;

121_1365321_cfg A: anchors

121_1365321_irr Thm. B.28  U: smooth rational points on the R-loci (P1),
(P2); the locus ¢ < 2 (V)

121_1365321_wm (U3), (U4) Thm. B.28  U: the list of the 157 configurations with their
local values and bounds (U3); the ideals of
colength 2 and 3 of the germs (u?, uw,w?) and
(uw,u? — w?) up to automorphisms, local value
at most 14 when B4 is not the fat point (U4)

121_1365321_tq_secant Thm. B.28  U: the two binary secant configurations are
single orbits (U1), the pr span three dimensions
(U2); A: Lemma B.27 with a = 25, bounds 40
and 41 (A3)

121_1365321_F1F8_abs Thm. B.28  U: one absolute prime for each of the four
components of dimension six

121_1365321_bundle Thm. B.28  U: constant ranks over P! (resp. Al x P!) for the
non-free families of 121_1365321_p1t,
121_1365321_f4, 121_1365321_F1F8_f1inf, so
these loci are images of vector bundles

121_1365321_b2t, Thm. B.28  U: closedness, the loci and their irreducibility; A:

121_1365321_b2s, certified members (34-41)

121_1365321_b23,

121_1365321_plt,

121_1365321_p2g,

121_1365321_14,

121_1365321_F2_family,

121_1365321_F1F8_finf,

121_1365321_F1F8_f1fr,

121_1365321_F1F8_£8

121_1365321_rays, Thm. B.28  U: ray criteria, spaces of quintic tails,

121_1365321_r1ls, substitutions; A: anchors 40, 41; S: rays on

121_1365321_rla, actual algebras

121_1365321_r1b,

121_1365321_r1f2

121_1365321_rifq Thm. B.28  U: S; o W C Dg; for every t # 0 a diagonal

change (an identity modulo \*¥ = ¢¥1) maps the
seven data to certified anchors; the substitution
identity for the family with a point embedded at
[Y] over Q[a, b, ¢, t,1/t]; S: sampled substitutions
and actual free algebras
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script result establishes
121_general N234 Lemmas C.6— A: extreme models of local length 40 (A); S:
C.8 actual algebras (T), and seeded algebras with the

turning operator z3 of Theorem C.11, whose
proof is the universal argument (D3)

121_general _Q5MC Lemma C.9 A: models of local length 40 and 41; S: 42
without the hypothesis of (b) (Q); its part (M)
checks an earlier variant of the sliding of
Theorem C.19

121_135732, 121_135642, App. C A+S: certified members and actual algebras;
121_135543, 121_135453, 121_135543 follows the route of [16,
121_135444 Theorem B.7], and Lemma C.6 is checked in

121_general_N234; for 121_135453 the universal
argument is Lemma C.7, and its check symbolic

intis$S
121_135552, 121_1356321, App. C U: the operators with all tails symbolic
121_1355331 (121_1356321, 121_1355331, part (N)) and the

criterion for Z4 (121_135552, part (U)); A: slid
members of local length 40 (121_135552,
121_1355331); S: actual algebras

121_1355421 Thm. C.19  U: the operator T with all tails symbolic (b); S:
an earlier variant of the moving family (c),
actual algebras

121_1355421_slide, Thm. C.19  S: the sliding family of Lemma 4.6 built as in its

121_1355421_slide_bad proof, flat over Q[7] with colength 21, and the
triple of Proposition 4.7 (< 40), also on the
stratum 6,,(Y) =0

121_1354521, 120_135_s6 (of Thm. C.21  U: the operator of [16, Theorem B.10]; S: actual

[16]) algebras
121_13553211, Thm. C.23  U: the nine operators of the case § = 3, and the
121_13553211_0, emptiness of the tenth chart; A: the slides, of
121_13553211_F, local length 40; S: families of the defect lemma
121_13553211_slideS6,
121_hard_n4
121_13544211, App. C U: cube branches; forced coefficients, symbolic in
121_13543311, part (UY) of 121_13543221_cube, which prints
121_13543221, 2e1, ez, ez as Oy, f', Cy, and by their
121_13543221_cube contraction constants in part (R) of
121_13544211, 121_13543311; A, S: binary
branches
121_13542222, App. C U: normal forms of the tails and the operators,
121_135422211, with all lower tails symbolic; the leading effects
121_135432111, of the shears and gauges, and the contraction
121_1354221111 constants of the forced coefficients
121_13552221, Thm. C.24  U: the proof of [16, Theorem B.14], in
121_135522111, 120_13542221 and 120_135422111; S:
120_13542221, 121_13552221 and 121_135522111 test its
120_135422111 (the last two conclusion on actual algebras with H4(3) =5
of [16])
121_135_s7plus_ App. C S: both branches on random actual algebras

engine_sanity,
121_135_s7plus_
cube_sanity
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