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Abstract

Let Rn(q) be the all-terminal reliability polynomial of the complete graph Kn, written in the
edge-failure variable. We prove that, for every n ≥ 256 with n ≡ 0, 3 (mod 4), the polynomial
Rn has a real zero qn satisfying

−1 < qn < −n−2/n.

Consequently, 0 < qn + 1 < 2 log n/n. More precisely, Rn(−n−2/n) > 1/3 throughout this range
and Rn(−n−2/n) → 1. The endpoint sign is supplied by an exact sign theorem, while positivity
at the moving point follows from Möbius inversion on the partition lattice and explicit estimates
for partitions with and without a block larger than n/2. This gives an effective quantitative
refinement of the known accumulation of complete-graph reliability roots at −1.

1 Introduction
For a connected finite graph G = (V, E), the all-terminal reliability polynomial records the probability
that the surviving spanning subgraph is connected when every edge fails independently with
probability q. Although its probabilistic meaning concerns 0 ≤ q ≤ 1, the real and complex zeros of
this polynomial encode substantial graph structure. This paper studies the real zeros just to the
right of the boundary point −1.

Write Rn(q) = Rel(Kn; q) for the complete graph on n vertices, in the edge-failure convention.
The main result gives an explicit root window and an effective threshold.

Theorem 1 (Main theorem). For every integer n ≥ 256 with n ≡ 0, 3 (mod 4), the polynomial Rn

has a real zero qn satisfying
−1 < qn < −n−2/n.

Consequently,
0 < qn + 1 < 1 − n−2/n ≤ 2 log n

n
.

∗Dissemination note. All results produced by Bolzano are publicly available at bolzano.app. When a result appears
especially promising, we give it a preliminary review and contact the authors of the source paper, inviting them to use
it in any way they consider appropriate. To avoid excessive unsolicited email, we reserve this outreach for a small
number of cases. This note presents a result that either fell just below our threshold for direct outreach or about
which we contacted the source-paper authors but received no response. We are disseminating it more broadly in the
hope that it may still be useful to the community.
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The proof separates two signs. An exact theorem of Brown and DeGagné gives Rn(−1) < 0
in the two stated congruence classes. At the moving point −n−2/n, a partition-lattice expansion
expresses Rn as 1 plus an alternating sum. Absolute estimates for partitions with a giant block and
for partitions with no block larger than n/2 show that this correction has magnitude less than 2/3
for every n ≥ 256 and tends to zero. The intermediate value theorem then proves Theorem 1.

1.1 Prior work and motivation

Brown and McMullin study real all-terminal reliability roots of simple graphs and ask for their
closure [1, Sections 3–4]. Their final paragraph reports numerical evidence that complete-graph
roots approach −1 and asks whether −1 belongs to the closure [1, Section 4, p. 11]. The qualitative
endpoint statement has since been settled: Buys proves that, for every fixed q ∈ (−1, 0) and all
sufficiently large n ≡ 0, 3 (mod 4), Rn has a zero in (−1, q) [3, Corollary 2.3, p. 6], while Omar
proves the global closure identity Zsimple ∩ R = [−1, 0] ∪ {1} [4, Theorem 1.1, p. 2]. Theorem 1 is a
quantitative refinement for the complete-graph family: its contribution is the moving endpoint, the
effective O((log n)/n) bound, and the explicit threshold.

2 Definitions
Throughout, a graph is finite, connected, and simple. This convention avoids a degeneracy: for
a disconnected graph the all-terminal reliability polynomial defined below is identically zero, so
every complex number would be a root. For a connected simple graph G = (V, E), its all-terminal
reliability polynomial in the edge-failure variable is

Rel(G; q) =
∑

A⊆E
(V,A) connected

(1 − q)|A|q|E|−|A|.

The one-vertex graph is regarded as connected. Put

Rn(q) = Rel(Kn; q), Mn =
(

n

2

)
.

It is convenient to use the connected labelled-graph polynomial

Cn(v) =
∑

H connected
V (H)=[n]

ve(H).

For q ̸= 0, direct expansion over the connected spanning subgraphs of Kn gives

Rn(q) = qMnCn

(1 − q

q

)
. (1)

3 The sign at q = −1
The endpoint value is controlled by an exact result rather than an asymptotic calculation.

Theorem 2 (Brown–DeGagné [2, Theorem 3.1]). If a connected simple graph G has n vertices and
m edges, then Rel(G; −1) ̸= 0 and

sgn Rel(G; −1) = (−1)m−n+1.
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Corollary 3. For every n ≥ 1,

sgn Rn(−1) = (−1)(
n
2)−n+1.

In particular, Rn(−1) < 0 whenever n ≡ 0, 3 (mod 4).

Proof. Apply Theorem 2 to Kn, which has
(n

2
)

edges. A direct parity check shows that
(n

2
)

− n + 1
is odd precisely when n ≡ 0, 3 (mod 4).

4 Positivity Near −1
Let Πn be the set of set partitions of [n]. For π ∈ Πn, let |π| be its number of blocks and let

cr(π) = |{{i, j} : i, j ∈ [n] lie in different blocks of π}|.

If the block sizes are n1, . . . , nb, then

cr(π) =
∑

1≤i<j≤b

ninj =
(

n

2

)
−

b∑
i=1

(
ni

2

)
.

Lemma 4 (partition expansion). For every n ≥ 1 and r > 0,

Rn(−r) =
∑

π∈Πn

(−1)|π|−1+cr(π)(|π| − 1)!rcr(π).

Consequently,
|Rn(−r) − 1| ≤

∑
π∈Πn
|π|≥2

(|π| − 1)!rcr(π).

Proof. For a partition π, let
Fπ(v) =

∏
B∈π

(1 + v)(
|B|

2 ).

This is the total ve(H)-weight of all graphs on [n] with no edges between distinct blocks of π. If
Gσ(v) is the total weight of graphs whose connected-component partition is exactly σ, then

Fπ(v) =
∑
σ≤π

Gσ(v),

where σ ≤ π means that every block of σ is contained in a block of π. Möbius inversion in the
partition lattice gives

Cn(v) =
∑

π∈Πn

(−1)|π|−1(|π| − 1)!
∏

B∈π

(1 + v)(
|B|

2 ),

because the interval from π to the one-block partition is a partition lattice on |π| elements.
Set q = −r. Then (1 − q)/q = −1 − 1/r, so

1 + 1 − q

q
= −1

r
.
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Writing s(π) =
∑

B∈π

(|B|
2
)
, the contribution of π to Rn(−r) = (−r)MnCn((1 + r)/(−r)) is

(−r)Mn(−1)|π|−1(|π| − 1)!
(

−1
r

)s(π)
.

Since Mn − s(π) = cr(π) and

Mn + s(π) ≡ Mn − s(π) = cr(π) (mod 2),

this is exactly the displayed term. The one-block partition contributes 1, and taking absolute values
of the remaining terms gives the inequality.

Lemma 5 (endpoint positivity). Set rn = n−2/n. Then

Rn(−rn) >
1
3 (n ≥ 256).

Moreover, Rn(−rn) → 1 as n → ∞.

Proof. By Lemma 4,

|Rn(−rn) − 1| ≤ Un, Un =
∑

π∈Πn
|π|≥2

(|π| − 1)!rcr(π)
n .

We will prove both Un < 2/3 for n ≥ 256 and Un → 0. Split the nontrivial partitions according to
whether or not they have a block of size greater than n/2.

Suppose first that π has a block L of size n − s > n/2. This block is unique, and 1 ≤ s < n/2.
If the partition induced on S = [n] \ L has j blocks, order those blocks and denote their sizes by
m1, . . . , mj . Ordering converts the factorial weight j! exactly into the number of orders, while

cr(π) = s(n − s) + s2 −
∑j

i=1 m2
i

2 .

Consequently, the contribution An,s of all partitions with this value of s is

An,s =
(

n

s

)∑
j≥1

∑
m1+···+mj=s

mi≥1

s!
m1! · · · mj !n

−2s(n−s)/nn−(s2−
∑

i
m2

i )/n

=
(

n

s

)
s!n−2s+s2/nBn,s,

where

Bn,s =
∑
j≥1

∑
m1+···+mj=s

mi≥1

j∏
i=1

nm2
i /n

mi!
.

Since
(n

s

)
s! ≤ ns and s < n/2,

An,s ≤ n−s+s2/nBn,s ≤ n−s/2Bn,s.

Define

Φn(z) =
⌊n/2⌋∑
m=1

nm2/n

m! zm.
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For n ≥ 256, both n1/n and n4/n are at most 11/10: the function xa/x decreases for x ≥ e, and the
assertion follows by checking n = 256. The first two terms of Φn(1/4) are therefore at most 11/40
and 11/320, respectively. For 3 ≤ m ≤ n/2, consider h(x) = nx/n/x. Its logarithmic derivative is

(log h)′(x) = log n

n
− 1

x
, (log h)′′(x) = 1

x2 > 0,

so log h is convex and its maximum on [3, n/2] is attained at an endpoint. The two endpoint values
n3/n/3 and 2/

√
n are at most 1/2 for n ≥ 256. The estimate m! ≥ (m/e)m now gives

nm2/n

m!4m
≤
(

enm/n

4m

)m

≤
(3

8

)m

.

It follows that
Φn(1/4) ≤ 11

40 + 11
320 +

∑
m≥3

(3
8

)m

= 63
160 <

1
2 .

The number Bn,s is the coefficient of zs in Φn(z)/(1 − Φn(z)). Since all coefficients are nonnegative,

Bn,s ≤ 4s Φn(1/4)
1 − Φn(1/4) ≤ 4s.

Thus the total contribution from partitions with a block larger than n/2 satisfies

UA
n ≤

⌊(n−1)/2⌋∑
s=1

( 4√
n

)s

<
1
3 (n ≥ 256),

and this bound tends to zero with n.
It remains to treat partitions all of whose blocks have size at most n/2. For a partition with b

blocks, ordering the blocks gives each partition exactly b! times, whereas its weight is (b − 1)! = b!/b.
Thus the exact ordered-block expression has a factor 1/b; discarding that factor gives

UB
n ≤

n∑
b=2

∑
k1+···+kb=n

1≤ki≤n/2

n!
k1! · · · kb!

n−n+
∑

i
k2

i /n.

The standard Stirling bounds give, for every ordered composition in this sum,

n!
k1! · · · kb!

n−n+
∑

i
k2

i /n ≤ 3
√

n
b∏

i=1

ck
−1/2
i

(
nki/n

ki

)ki
 , c = (2π)−1/2.

Indeed, one may use n! ≤ 3
√

n(n/e)n and k! ≥
√

2π kk+1/2e−k. Define

Ψn(z) =
⌊n/2⌋∑
k=1

ck−1/2
(

nk/n

k

)k

zk.

Summing over ordered compositions yields

UB
n ≤ 3

√
n [zn] Ψn(z)2

1 − Ψn(z) .
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We bound this coefficient at y = 6/5. Since c < 2/5, and since n1/n, n2/n ≤ 11/10 for n ≥ 256,
the k = 1 and k = 2 terms of Ψn(y) are at most

66
125 and 2

5 · 3
4

(33
50

)2
= 3267

25000 ,

respectively. Here again (log h)′′(x) = 1/x2 > 0, so the endpoint argument for h(x) = nx/n/x shows
that nk/n/k ≤ 2/5 when 3 ≤ k ≤ n/2 and n ≥ 256. As k−1/2 ≤ 3/5 in this range, the remaining
terms contribute at most

2
5 · 3

5
∑
k≥3

(12
25

)k

= 10368
203125 .

Therefore
Ψn(6/5) ≤ 66

125 + 3267
25000 + 10368

203125 = 1153299
1625000 <

3
4 .

Nonnegativity of the coefficients now implies

[zn] Ψn(z)2

1 − Ψn(z) ≤
(6

5

)−n (3/4)2

1 − 3/4 = 9
4

(6
5

)−n

.

It follows that
UB

n ≤ 27
4

√
n

(5
6

)n

<
1
3 (n ≥ 256),

where the last inequality follows by checking n = 256; the displayed bound is decreasing thereafter
and tends to zero. Combining the two classes gives Un < 2/3 for n ≥ 256 and Un → 0. Hence
Rn(−n−2/n) > 1/3 in the stated range and tends to 1.

5 Proof of the main theorem
Proof of Theorem 1. Set rn = n−2/n. By Lemma 5, Rn(−rn) > 1/3. By Corollary 3, Rn(−1) < 0
for n ≡ 0, 3 (mod 4). Since 0 < rn < 1, the interval (−1, −rn) is nonempty. The intermediate value
theorem gives a real zero of Rn in this interval.

Finally,
1 − n−2/n = 1 − e−2 log n/n ≤ 2 log n

n
,

using 1 − e−x ≤ x for x ≥ 0. Taking n → ∞ through the congruence classes 0, 3 (mod 4) gives roots
tending to −1.

6 Further questions
The one-sided interval in Theorem 1 does not provide a matching lower bound, uniqueness of the
root in the boundary window, or an asymptotic equivalent. Natural next questions are whether one
can choose qn so that

qn + 1 ∼ 2 log n

n
,

whether the relevant real root is unique, and how the remaining real roots of Kn are distributed
near the unit circle.
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